
Approximation to PDE
by narrow-base trial functions

• Defining the PDE problem
• Introduction to the PDE approximation
• Weak formulation and the Galerkin method
• Some 1D problems.
• Generalization to 2D and 3D problems
• 2D heat equation
• 2D elastic stress analysis
• Finite differences as a special case of finite

elements



Defining the PDE problem
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Introduction to the PDE approximation
How to choose the trial functions

( )
( )

Γ∈=





==
−=

Γ

=≅ ∑

xxx

mN
r

xNxx

m

m
mm

 allfor )()(ˆ

,2,1;0
  on 

 )()(ˆ)(

φφ

ψ

φφφ

LM
M



Introduction to the PDE approximation
The trial functions and its derivatives

form weak ain  problem  theredefine it werelax  to
by  imposed regularity  theneeds 
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Approximation by weighted residual
Weak formulation and the Galerkin method
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Weak formulation and functional regularity



Weak formulation and functional regularity
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Some 1D problems
Again solving example 5 now with FEM
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Example 5 by piecewise linear Galerkin
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Example 5 by piecewise linear Galerkin
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Example 5 by piecewise linear Galerkin
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Example 5 by piecewise linear Galerkin
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Example 5 by piecewise linear Galerkin
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Example 5 by piecewise linear Galerkin
(routine Ej_4_1.m)

Ke = zeros(numel,2,2);
fe = zeros(numel,2);

% loop over each element
for k=1:numel

psi = (0:10)'/10; 
node1 = icone(k,1);
node2 = icone(k,2);
xx = psi*(xnod(node2,1)-xnod(node1,1))+xnod(node1,1);            
[N,L_N] = shape_function(xx);        
for mi=1:2

for mj=1:2
Ke(k,mi,mj) = Ke(k,mi,mj) + trapz(xx,N(:,mi).*N(:,mj));
Ke(k,mi,mj) = Ke(k,mi,mj) + trapz(xx,L_N(:,mi).*L_N(:,mj)); 

end
end

end

Assembling



Example 5 by piecewise linear Galerkin (routine
Ej_4_1.m)

% gather Ke and fe in Kg and fg
Kg = zeros(Nx+1,Nx+1);
fg = zeros(Nx+1,1);
for k=1:numel

for mi=1:nen
for mj=1:nen

Kg(icone(k,mi),icone(k,mj))=Kg(icone(k,mi),icone(k,mj)) + Ke(k,mi,mj);        
end
fg(icone(k,mi),1) = fg(icone(k,mi),1) + fe(k,mi);

end
end

% reducing the global system for fixations
free = (2:Nx)';
fg(free,1) = fg(free,1) - Kg(free,1)*phi_lef - Kg(free,Nx+1)*phi_rig;
Kg = Kg(free,free);
fg = fg(free,1);
% solver
phi = Kg\fg;

phi = [phi_lef;phi;phi_rig];

Gathering

Applied BC
and solving



Example 5:  
Heat

equation in 
1D with

FEM
Results

GRID USED



Exact solution to Example 5
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Example 5:  
Heat

equation in 
1D with

FEM
Results

[phi , phi_th] = [ …
0                         0

2.885539967914507e-001     2.889212154417394e-001
6.097683214596928e-001     6.102431352945081e-001
1.000000000000000e+000    1.000000000000000e+000  ]



Some 1D problems
Example 5 now with Neumann BC at x=1
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Example 5 by piecewise linear Galerkin

[ ] [ ]

[ ]

[ ] 1,,2,1,     ;
ˆ

unknownan  as
ˆ

retain   Again we

0
ˆ

ˆ
ˆ

0ˆ
ˆ

ˆ
ˆ

h        wit0   &     Choosing

0

1

1

0

1

0

0x

1

0

1

0

1

0

1

)(DIRICHLET 0

0

0

1

0

1

0

+=−=

+=

=−++⇒

=+−−−−

Γ∪Γ=Γ=−=

=

=

=

=

=

=

=

=

=

ΓΓΓ

∫ ∫

∫ ∫

∫ ∫

MMml
dx
d

WWf

dxNWdx
dx

dN
dx

dW
K

dx
d

W
dx
d

WdxWdx
dx
d

dx
dW

WW
dx
d

WdxWdx
dx
d

dx
dW

WWW

x

lxll

ml
ml

lm

xl

x

ll
l

xlxl

x

ll
l

qlll

K

43421

φ

φ

φ
φ

φ

φ
φ

φ
φ

φ
φ



Exact solution to Example 5 with Neumann BC
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Example 5:  
Results

with
Neumann
BC at x=1
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Example 5:  
Results

with
Neumann
BC at x=1

[phi , phi_th] = [ …
0                         0

2.192827911335199e-001    2.200407092120653e-001
4.633853662097133e-001    4.647576055524206e-001
7.599367659842332e-001    7.615941559557650e-001 ]



Example 8 : SoDE – 2nd order to 1st order
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Example 8 : two 1st order ODEs instead of
one 2nd order ODE
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Example 8 : SoDE – 2nd order to 1st order

dx

QN

QN
f

dx

dx

dN
N

dx

dN
N

dx
dN

NNN
dx

dN
NNN

dx

dN
N

dx

dN
N

dx
dN

NNN
dx

dN
NNN

K

NNNNNN

e

qq

qq

qq

qq

e

mmqmlll

∫

∫



















=





























=

====

1

0

2,2

2,1

1

0

,2
2,2

,1
2,2

,2
1,2,21,2

,1
1,2,11,2

,2
2,1

,1
2,1

,2
1,1,21,1

,1
1,1,11,1

,,2,1,

0

0

00

00

elementeach over on Contributi

;

φφ

φφ

φ

κκ

κκ



Example 8:  
Results
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Example 8:  
Results
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Weak form and mixed formulation

Some figure with weight and trial
Functions for different fields



Example 8 : weak form and mixed formulation
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Weak form and
mixed formulation
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Weak form and mixed formulation
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Mixed formulation for heat equation

for k=1:numel
psi = (0:20)'/20; 
node1 = icone(k,1);
node2 = icone(k,3);
xx = psi*(xnod(node2,1)-xnod(node1,1))+xnod(node1,1);            
eval(['Qx=' filename '(xx);' ]);
[N,L_N] = shape_function(xx);        

Ke(k,1,2) = Ke(k,1,2) + trapz(xx,L_N(:,1));  
Ke(k,3,2) = Ke(k,3,2) + trapz(xx,L_N(:,2));  
Ke(k,2,1) = Ke(k,2,1) + kappa*trapz(xx,L_N(:,1));      
Ke(k,2,3) = Ke(k,2,3) + kappa*trapz(xx,L_N(:,2));          
Ke(k,2,2) = Ke(k,2,2) + 1*trapz(xx,ones(size(xx)));              

fe(k,1) = fe(k,1) - trapz(xx,Qx.*N(:,1));      
fe(k,3) = fe(k,3) - trapz(xx,Qx.*N(:,2));          

end

Assembling



Mixed formulation for heat equation

Gathering

for k=1:numel
node_i = icone(k,1);
node_j = icone(k,3);
node_e = icone(k,2); 
Kg(node_i,node_e)=Kg(node_i,node_e) + Ke(k,1,2); 
Kg(node_j,node_e)=Kg(node_j,node_e) + Ke(k,3,2);
Kg(node_e,node_i)=Kg(node_e,node_i) + Ke(k,2,1);
Kg(node_e,node_j)=Kg(node_e,node_j) + Ke(k,2,3); 
Kg(node_e,node_e)=Kg(node_e,node_e) + Ke(k,2,2); 

fg(node_i,1) = fg(node_i,1) + fe(k,1);
fg(node_e,1) = fg(node_e,1) + fe(k,2);
fg(node_j,1) = fg(node_j,1) + fe(k,3);        

end

% reducing the global system for fixations
free = (1:2*Nx+1)'; free(1) = [];
fg(free,1)    = fg(free,1) - Kg(free,1)    * phi_lef ;
Kg = Kg(free,free);
fg = fg(free,1);
% solver
phi_new = Kg\fg;
phi = [phi_lef;phi_new];

Solving



Mixed formulation - Results

Piecewise constant q

Piecewise linear phi



Generalization to 2D and 3D problems

• 1D problems are attractive to check numerical schemes (exact
solution availability)

• 1D problems have little practical (industrial) interests
• 2D or 3D problems have analytical solution only for very simple 

geometries and boundary conditions
• In general only numerical methods may be used
• In 2D and 3D the choice of the shape functions depends on the

equation to be solved and the type of element being used. 
• Triangular and quadrangular types are commonly used (not

necessarily restricted to these).
• In 3D tetrahedra are widely used because of mesh generators

availability. 
• Hexahedra are less common but they are attractive for their

accuracy if the geometry allows for them.
• Prismatic elements close to bodies where boundary layer are 

expected may be included.
• 2D & 3D the idea is to cover the whole domain with simple non-

overlapping elements



Example of 3D flow analysis

Aerodynamic analysis of a race car
The importance of computational geometry
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CAD – From production to analysis
Geometría relevada

Geometría simplificada (limpia)



Geometrical model & mesh generation



mesh generation details



The linear triangle
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The linear triangle
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The linear triangle – How the numbering impact on the
algebraic structure of the stiffness matrix ?

Boundaries approximated
by straight lines

* Non zeros terms



The linear triangle – How the numbering impact on the
algebraic structure of the stiffness matrix ?

• The numbering influences the bandwidth

• The bandwidth is closely related with the computational cost and
memory requirements.

• Sparse matrices are found due to the narrow-based trial
functions

• The computation may be divided in three main steps

– Element assembling
– Gathering

– Solver



The linear triangle – How the numbering impact on the
algebraic structure of the stiffness matrix ?

* Non zeros terms



The bilinear rectangle
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The bilinear rectangle
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Approximation of curved boundaries



3D elements – tetrahedron and hexahedron

( ) ( )
( ) ( ) ( ) ( ) ( )

ezyxzyxN

zyxzyxzyxzyxzyx

zyxzyx
zyxN

e
i

e
i

e
i

e
i

e
i

ilkj

ie
i

element on      ),,(

 ,,,,,,,,,,for     0

,,,,for     1
),,(

δγβα +++=




≠===

=
=


