DISCRETE APPROXIMATION OF SPACES
OF HOMOGENEOUS TYPE

AIMAR HUGO, CARENA MARILINA, TAFFEI BIBIANA

ABSTRACT. In this note we combine the dyadic families introduced by M.
Christ in [4] and the discrete partitions introduced by J. M. Wu in [12] in order
to get approximation of a compact space of homogeneous type by a uniform
sequence of finite spaces of homogeneous type. The convergence holds in the
sense of a metric built on the Hausdorff distance between sets and on the
Kantorovich-Rubinshtein metric between measures.

INTRODUCTION

In order to introduce the problem considered in this paper, let us start by two
very classical examples.

If for each n € N we define on the Borel sets of the real numbers the normalize
counting measure supported on S, = {i/n:i =0,1,2,...,n}, given by u,(A) =
n%‘_l card ({¢ : 0 < i <mand i/n € A}), we have that

W 00,1 and g, m,

where the dg-convergence is the Hausdorff convergence of compact sets, the wx-
convergence is the weak star converge of measures, and m is the Lebesgue measure
on the closed interval [0,1]. In other words, perhaps the most elementary prob-
abilistic space of homogeneous type ([0,1],] - |,m) can be approximated in the
Hausdorff-Kantorovich sense by a sequence of finite spaces. Moreover, the spaces
(Sn,| - |, un) are themselves spaces of homogeneous type with doubling constants
bounded above by a fixed number independent of n € N. In fact given n € N,
x €8, and 0 < r <1, choosing j € Z such that j/n <r < (j 4+ 1)/n we have

(n+ Dpn(B(z,2r)) < 2(2j+1) +1
< 4G +1)
< An+ Dpa(B(z, 7)),

where B(z,r) ={y: |z —y| <r}.

Most interesting is the case of the Cantor set C'. Let F' be the Cantor function
extended to R as a continuous function by defining F'(z) = 1 for ¢ > 1 and F(z) =0
for < 0. Let u the unique probabilistic Borel measure on R such that ur((a,b]) =
F(b) — F(a) for every a < b. It is well know (see [10] and [13]), realizing the Cantor
set as the attractor of an iterated function system, that (C,|- |, ) is a space of
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homogeneous type en even normal. Let us write
o 2™
C= mcna Cn:UL]w I{L:[aiwbgz]v
n=1 j=1

where C,, is the set obtained_ as the n-th step in the construction of the Cantor set.
For each n € N, let L,, = {af, : j = 1,2,...,2"}, in other words, L,, is the collection
of all the left points of each interval in C),. Notice that for each n we have that
dyg(Ly,,C) <2/3™. Then L, 41, ¢ when n — oo. Let ln be the discrete measure

defined on L,, by p,({z}) = 27" for each z € L,. Then u, 2% u. In fact, for
v € C([0,1]) we have

2n

1

p(z) dpn(z) = 5~
/[0,1] ) 2" z::

On the other hand, for fixed n,the partition of [0, 1] given by
={z,=0/3":0=0,1,2,...,3"}

contains L,,. From the construction of F' as a limit of the continuous and piecewise
linear functions Fy, one easily see that Fy(z¢) = F,(xz¢) for every £ = 0,1,...,3"
and every k > n. Then F(xz;) = F,(z¢) and every £ =0,1,...,3", so that

3n—1 3n_1
> (@) [Fxepa) = Fze)] = Y p(@)[Fo(wesr) = Fulwe))
£=0 =0

1 &
= 27290(@%)
j=1

The last inequality follows from the fact that Fy,(ze11) — Fp(ze) =27 " if ¢y € Ly,
and it vanishes elsewhere. Hence

3"—1
| el i) = 3 plFen) - Fal —— [ ola)dFa),
[0)1] /=0 [071}

5o that ji, — p.

Let us next prove that there exist A > 1 such that (L,,| - |, u,) is space of
homogeneous type with doubling constant bounded by A, for every n. Let us
notice that L, can be obtained by dividing by 3™ all the non-negative integers
whose expansion in basis 3 do not contain the digit 1 and having at most n digits.
So that each point z € L, can be identified with an n-tuple (x1, 2, ..., x,) where
each ; is zero or two. With this notation, following [2], define d,, : L,, x L, — R{

by
|0, ifx =y,
dn(,y) = { 379, ifz; =y, for every i < j and x; # y;.

It is easy to see that d,, is a distance on L,. Let us first show that (L,,d,, un) is
a uniform family of spaces of homogeneous type, in the sense that there exists a
constant A such that the inequalities

(1) 0 < pn (Ba, (x,2r)) < Apy, (Ba, (2,7)) < 00
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hold for each © € L,,, r > 0 and n € N, where By, (z,7) = {y € L, : d,(z,y) < r}.
Notice that for = € L,, and j € N we have
Ba, (2,377)={y €Ly :yi =z, i=1,2,...,j},
hence o
card (Ba, (x,377)) = { T s
So that

—J 27ja ]Sna
Hn (Bdn (l‘,g j)) = { 2771’ j >n.

From this estimate, for a given 0 < r < 1, choosing j € N such that 377 < r < 317
we have (1) with A = 4. Observe that given n € N and z,y € L, © # y, with
d,(z,y) = 377, we necessarily have that

r—y=) 3"z~ ),
i=

from which we obtain the inequalities

for every n € N and every z,y € L,. Hence also (L,, | - |, tn) is a uniform sequence
of spaces of homogeneous type. In fact, forn € N, z € L,, and r > 0 we have

tn (B(z,2r)) fn (Ba, (z,2r))
4y (Ba, (z,7/3))
43 p, (B(z,r)).

The aim of this paper is to show that the situation of the above examples is
general. More precisely, we shall prove that each probabilistic compact space of
homogeneous type can be approximated in the Hausdorff-Kantorovich sense by a
sequence of finite spaces of homogeneous type with a uniform bound for the doubling
constant.

To prove our result we use the techniques introduced by J. M. Wu in [12] to pro-
duce partitions on the discrete approximation, and those introduced by M. Christ
in [4] to built dyadic type families on spaces of homogeneous type.

In Section 1 we introduce the Hausdorff-Kantorovich distance, and in Section 2
we prove a completeness type property for the families of spaces of homogeneous
type with bounded doubling constant. The main result, providing the discrete
approximation of a given space of homogeneous type, is contained in Section 3.

IN N IA

1. THE HAUSDORFF-KANTOROVICH QUASI-METRIC

Let X be a given set. A function p : X x X — R* U {0} is called a quasi-
distance if p is symmetric, p vanishes on the diagonal of X x X, p is faithful,
ie. p(z,y) = 0 implies = y, and there exists a constant A > 1 such that the
inequality p(z,y) < A(p(z, z) + p(z,y)) holds for every z,y,2 € X. The family N,
of subsets E of X for which, for some r > 0, B,(z,r) :=={y € X : p(z,y) <r} C E
is a neighborhood system for a topology 7 on X. The sets B(x,r) are called the
p-balls or simply the balls in X. The basic result concerning quasi-metric spaces
is a theorem due to Macias and Segovia [9] which actually proves that for each
quasi-distance p on X there exist a distance d on X and a number £ > 1 depending
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only on A such that p ~ d¢. In other words, there exist constants ¢; and ¢y which
depend only on A such that the inequalities

(2) cip(z,y) < d(z,y) < capl,y),

hold for every z,y € X. In particular the topology 7 introduced through the
neighborhood system N, given by the p-balls, is the metric topology induced on X
by d. Hence each topologic concept introduced further can be regarded as a metric
one.

Throughout this paper (X, p) shall be a compact quasi-metric space. With d we
shall always denote a distance for which there exist &, ¢; and c¢o constants for which
(2) holds. For any closed subset Y of X, the quasi-metric space (Y, p) is a compact
subspace of (X, p).

To accomplish our aims we start by introducing a quasi-metric structure on the
closed probabilistic subspaces of homogeneous type (Y, p, u) of (X, p) with uniform
upper bounds for the doubling constants. This topology involves the Hausdorff con-
vergence of compact sets and the Kantorovich weak * convergence of probabilities.

Let K = {K C X : K # (), K compact}. With [A]. we shall denote the e
enlargement of the set A C X;ie. [Alc = U,cq Bp(x,6) ={y € X : p(y, 4) < €}.
Here p(x, A) = inf{p(z,y) : y € A}. Given A and B two sets in K the Hausdorff
quasi-distance from A to B is given by

du(A,B) =inf{e > 0: A C [B]. and B C [A].}.

Of course dy is the usual Hausdorff distance when p itself is a metric. The next
result is a corollary of the completeness of the Hausdorff distance (see [7]) and of
the above mentioned theorem of Macias and Segovia.

Proposition 1.1. (K,0y) is a complete quasi-metric space.

Proof. Set dy to denote the usual Hausdorff distance on K associated to d. In
other words if [A]cq = {z € X : d(z, A) < €} denotes the e-neighborhood of A with
respect to d, then dy (A, B) = inf{e > 0: A C [B].q and B C [A]. 4}, for A, B € K.
Since for every € > 0 we have that

[Al(ejery/e a S [Ale € (Al yare. 4
we have that

5H<A,B) > iIlf{E >0:AC [B]( /¢ g and B C [A](cze)l/s,d}

co€)
= = [mf{(ch) L AC (B0 g and BC [A}(m)l/&’d}]

2
1
= —dy(A B),

C2
for every A and B in K. With a similar argument we can show that dy (A, B) <
d%(A,B)/cl. Hence oy ~ d%, with the same constants ¢; and cg in (2). Since
(K,dp) is a complete metric space, we have that that dp is a quasi distance on K
and (IC,0p) is a complete quasi-metric space. O

Let us now introduce the Kantorovich-Rubinshtein distance (known also as the
Hutchinson distance, see [1], [8]) on the set of all Borel regular probability measures
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on the quasi-metric space (X, p). Let
P(X) = {p: pis a positive Borel measure on X and u(X) =1},

and let C(X) be the space of continuous real valued functions on X. Since the Borel
o-algebra induced by the quasi-distance p is the same as the one induced by d, we
have that every measure p in P(X) is regular (see [3]). For ¢ > 0, let us denote by
Lip. the space of all d-Lipschitz continuous functions defined on X with Lipschitz
constant equal to one, i.e. f € Lip, if and only if | f(z) — f(y)| < ed(x,y) for every
rzand y € X.

Since (X, p) is compact, dx (u,v) = sup {|[ fdu— [ fdv|: f € Lipi} gives a
distance on P(X) such that the dx-convergence of a sequence is equivalent to its
weak * convergence to the same limit. Hence, in our situation, the metric space
(P(X),dk) becomes complete.

Even when the results stated in the above paragraph are well known, specially
for subsets of the Euclidean space, for the sake of completeness, we shall briefly
sketch their proofs.

Let us remind that y,, — p if and only if [ @ dpu, — [ ¢ du for every ¢ € C(X).
Notice that weak star convergence depends only on the topology of X, not on the
specific metric or quasi-metric that generates it. Since X is compact, P(X) is
sequentially compact by Prohorov’s Theorem (see for example [3]), that is, for every
sequence {py,} in P(X) there exist a subsequence {u,,} and a measure p € P(X)
such that g, — u. This fact implies that P(X) is complete with the weak star
topology.

Lemma 1.2. Let py, pip... and p be measures in P(X). Then p, — u if and
only if O (pon, ) — 0 when n — co.

The proof follows the lines of Lemma 1.10 in [6], actually the fact that the weak
star convergence implies that &g (tun, 1) — 0 is valid with no changes.

For the converse suppose that dx (i, ) — 0. Notice that since X is compact,
then the class A = (J,.( Lipc is a subalgebra of C(X). Also A separate points;
that is, given two distinct points 2 and y in X, we can find an f in A such that
f(x) # f(y). In fact, given z,y € X with z # y, it is enough to take f(z) = d(z, 2),
which belongs to Lip;. Since A contains the constant functions, then from the
Stone-Weierstrass theorem for compact metric spaces (see [11]) we have that A is
dense in C(X). Then given ¢ € C(X) and € > 0, there exists f € Lip, for some
¢ > 0 such that |p(z) — f(z)| < €/3 for all x € X. Let ng = no(e) be such that if
n > ng then dx (tn, pt) < €/(3c). Then if n > ng we have

’/@dun—/wdu‘ /\s@ fldpn + ‘/fdun— fdu‘Jr/lso—fldu

< 2¢/3+ O (pins p) <

Hence p, — p.

We are now in position to describe the basic quasi-metric space whose structure
and convergence properties are of our interest. Let 2~ be the set of all couples
(Y, 1) such that Y is a closed, and hence compact, subset of X, and p is a regular
Borel probability measure on X. In other words, & = K x P. Given two elements
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(Y;, i) of Z', i =1,2, define
O (Y1, 1), (Yo, p2)) = 05 (Y1, Y2) + 0k (1, p2)

so that (£27,d) becomes a complete quasi-metric space. Let & be the set of all
(Y, ) € 2 such that the support of u is contained in Y, in other words

E={(Y,p) € Z :suppu C Y},

were suppy is the complementary of the largest open set G in X for which [ ¢ du =0
for every ¢ € C(X) with suppy C G.

Theorem 1.3. The set £ is closed. Hence (£,6) is a complete quasi-metric subspace

of (X,5).

Proof. Let {(Yn, pn) : n € N} be a sequence in € with (Y, pn) LN (Y,p). Let us
start by proving that suppy C Y. Let us show that [ ¢ du = 0 for every ¢ € C(X)
with suppp N Y = (). Take € = p(suppy, Y) > 0 and notice that suppy N [Y]. = 0.

Since, on the other hand, Y, LER Y, for the same value of ¢, there must exist
N = N(e) such that Y,, C [Y]. whenever n > N. Hence suppp NY,, = 0 for every

n > N, so that
/s@du= lim /wdunzo-

2. SUBSPACES OF £: THE DOUBLING PROPERTY

Let (X, p) and d as in Section 1. Even when in most applications of spaces of
homogeneous type as models for analytic problems the p-balls are open sets, or
even when after the above mentioned theorem of Macias and Segovia every quasi-
metric is equivalent to another, d¢, for which the balls are open and hence Borel
sets, it is not difficult to construct a translation invariant quasi-distance p(z,y) on
R generating the usual topology and equivalent to |z — y| for which the p-balls are
not even Lebesgue measurable sets. Hence for a Borel measure p on (X, p) it could
happen that the expression u(B,(x,r)) is not well defined. To avoid this difficulty
we shall keep assuming that every p-ball is a Borel set.

Let A be a given real number with A > 1. Let D(A) be the set of all couples
(Y, ) in € such that the inequalities

(3) 0 < p(By(y,2r)) < Au(By(y, 7))

hold for every y € Y and every r > 0. Such a couple (Y, 1) is usually called a space
of homogeneous type if we understand that the quasi-metric is the one inherited
from the environment X.

Theorem 2.1. Let {(Y, pn)} be a sequence in € such that (Y, pn) 2, (Y,u). If
there exists A > 1 such that (Y, pn) € D(A) for every n, then there exists A’
depending only on A and A such that (Y, u) € D(A").

Proof. Let ¢ be the continuous function defined on the non-negative real numbers
as ¢ =1 on [0,1], » =0 on [2,00) which is linear in the interval [1,2]. Take y € Y

and r > 0. Since Y,, O, Y, let us take y,, € Y, such that d(y,,y) — 0 as n — oc.
Then, since X[g,1] < ¢, the following inequality follows easily

u(Balw20) < [ ¢ (C“Qy)) ().
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Also, for y and r fixed, ( 27”) is a continuous function of x € X, and since

i — 1 we have

w(Ba(y,2r)) < tim [ (‘W> ().

n—o0 2r
Now, since y, — y and ¢ < Xg 9] we have the inequalities

w(Bg(y,2r)) < lim inf tn (Bq (y,4r))

n—

< lim 1nf tn (Ba (Yn, 57))
< liminf A%pu, (Bd <ym )>
< A*liminf p, ( ( ))
< A' lim ( ) dpin ()
— A4 / die,y ) dp(z)
T
< A'u(Baly,r))-

Since for every s > 0 we have B,(y,2s) C Ba(y,(2c2)"/¢s'/¢) and B,(y,s) 2
By(y, c'/¢s'/¢), applying k times the above inequality we obtain

w(By(y,28)) < p (Bd (y, (262)1/551/5))
< A (Bd (y cl/ 1/5))
< A"™u(B,(y,9)),
1/¢
where 2% > (%) providing a k which only depends on A. O

Notice that, since (€, §) is complete, given a Cauchy sequence {(Y,, p,)} in D(A),
we have a limit couple (Y, i) € € for that sequence. The above theorem shows that
(Y, 1) € D(A*) which is a kind of completeness of the doubling classes. Let us also
remark that the class |J 4+, P(A) C € is not complete. In fact, consider X = [0, 1]
with p the usual distance. Take Y;, = [0,1] for each n and p, the measure with
density f,(t ) =n-—1+4+1/non [0,1/n] and f,(¢t) = 1/n on (1/n,1]. Tt is easy to
see that pu, o do, and that each (Y, un) € D(4,), with 4, = 2n(n — 1+ 1/n)
as a possible doubling constant. Actually it is also easy to show that A, can not
be bounded above, since by taking the balls B(z,r) = B(2/n,1/n) we see that
A, > %. Since in each space of homogeneous type atoms are isolated (see
[9]), the space ([0,1],] - ],dp) can not be a space of homogeneous type.

Let us finally observe that the well know doubling property for the Hausdorff
measure of order log2/log3 on the Cantor set is a consequence of the uniform
estimates obtained in the introduction and of Theorem 2.1.
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3. DENSITY OF FINITE SPACES IN D(A)

Let us denote by F the family of all couples (Y, u) in € for which Y is finite. In
other words
F={(Y,u):card(Y) < co}.
Let us observe that each (Y,u) € F for which u({y}) > 0 for every y € Y, we
have that (Y, i) belongs to D(A) for some A. The main result of this paper, which
is contained in the next statement, shows that every space (Y, u) € D(A) can be
approximated in the metric § by a sequence in F with uniform doubling constant.

Theorem 3.1. Let (X, p) be a compact quasi-metric space for which the p-balls
are Borel sets. Then, given A > 1, there exists A’ > 1 depending only on A and
on the triangular constant A for p, such that for every (Y, u) € D(A) there exists a
sequence (Yo, un) € FND(A"), n € N, for which

(Yna Nn) i (Y, :u)

as n — Q.

Before starting with the proof of the theorem we shall state a basic properties
of spaces of homogeneous type which is actually contained in the first systematic
treatment of spaces of homogeneous type due to R. Coiffman and G. Weiss [5], and
reflects the fact that spaces of homogeneous type have finite uniform metric (or
Assouad) dimension.

Lemma 3.2. For each spaces of homogeneous type there exists a geometric constant
N such that every r-disperse subset E has at most N™ points in each ball of radius
2™r, m € N.

Here r-disperse means that the distance between two different points of F is
larger than or equal to r.

Proof of Theorem 8.1. It is easy to see that from the above mentioned theorem of
Macias and Segovia, we only have to prove the theorem for metric spaces (X,d)
checking that, in this particular case, A’ only depends on A.

Let d be any one of the metrics provided by the theorem of Macias and Segovia
associated to p. Since (X, p) is compact, we can normalize the distance d in such a
way that the d-diameter of X is less that one.

Let A > 1 be a given constant and take (Y, d, u) € € such that

0 < pu(Baly,2r)) < Ap(Ba(y,))

hold for every y € Y and every r > 0.

We shall combine the idea used by J. M. Wu in [12] and the construction of
dyadic sets given by M. Christ in [4] in order to define the approximating sets and
the approximating measures.

For each n € NU{0}, let S, = {zp 1 : 1 <k < J,} bea 10" "-net (10" maximal
disperse) in Y with

SpCS5C---CS5 81 S
Notice that since diam(Y") < 1, the net Sy contains only one point 1.

For each n € NU{0}, set P, = {T}, 1 : 1 <k < J,} to denote a partition of S, 41

satisfying

Spt1 N Ba(xn,5,107"/2) C Ty, 1 € Spt1 N Ba(zp, kg, 1077).
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Let us observe that card(S,,) < oo for every n € N.

Set A= {(n,k) :n e NU{0}, 1 <k < J,}, and let us define a partial order <
on A by extending by transitivity the following basic relations
o (n,k) =< (n, k) for every (n, k) € A;
e (n+1,q9) = (n,k) if and only if 41,4 € Ty k-
Let us notice that this order satisfies the following tree properties
(a) (n1,k1) < (ng, ko) implies ny < ny;
(b) for every (n1,k1) € A and every ny < ji, there exists a unique 1 < ko < J,,,
such that (nl, k‘l) ‘j (TLQ, k‘g);
(c) if (n,k) = (n—1,¢), then d(zp g, Tn_1,) < 107"

() if d(pk, Tn1,0) < 257, then (n,k) < (n—1,).

Starting from that order and following M. Christ, define

Qr=|J Balwie 1077,

(i,£)2(n,k)

In [4] M. Christ showed the following properties

7 is an open set for every (n,k) € A;

)

) Ba(Zp,, 107771 C Q7 for every (n, k) € A;

) Q7 C By(nk, 107"1/9) for every (n, k) € A;

) for each n € Ng, QF N Q} # 0 implies k = ¢,

) for every (n,k) € A and every i < n there exists a unique 1 < ¢ < .J,, such

that Q7 C Q%;

(f) if n > i, for every 1 < k < J,, 1 < ¢ < J; we have that Q) C Q@ or
QrNQ; =0;

(g) u (Y\Ulgngn Qg) =0, for every n € Np;

(M) w(@QF) = i< w(QY), for every n € NU {0}, £ > n + 1, and

1<k<J,

The next step is the construction of measures p,, on Y with total mass on .S,,.
Let us define

pn ({7 }) = p(Qy),

for every n € NU {0} and 1 < k < J,. Notice that u,(S,) =1 for every n. Let us
check that i, — u. Take a continuous function ¢ on Y, and let € > 0 be given.
Since Y is compact, ¢ es uniformly continuous, hence there exists 7 > 0 such that
lp(z) — o(y)| <€, for every x,y € Y tales que d(x,y) < n. Let us observe that

In
/ o din = @(wn k) (Q1),
Y k=1

and on the other hand

Jn
o dp = / e dp.
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Thus

Jn
‘/ sodun—/ wdu‘ < Z/ [o(xn,k) — @(2)| du(z) <e,
Y Y k=17 Q%
choosing n large enough to get 107"+ /9 < .
Since 6(S,,Y) < 10", we have that S, 22 Y. So that (S, ) > (Y, ).

It only remains to prove that (S,,d, ) is a uniform family os spaces of homo-
geneous type. The proof will be based on the following three properties.

First: If we define for £ > n + 1
Ty = {zei: (6,0) 2 (n,k)},

from (h) we have,

@ T = Y mzad) = Y Q) = m({war}).

Z’:CEg’iGTTl;,k z(i,z)j(n,k)
for every n e NU{0}, 1 <k < J,and £ >n+1.

Second: Forz, j € S, and 41,0 with (n+1,£) < (n, k) we have d(xy, i, Tnt1,0) <
10~". Then Q7 C By(zns1.6,19107"/9). So that

1(Ba(zn1,6,19107"/9))
AP p(Ba(ni1,6,107772))
A (@)

AP pin i ({2 y1,0})-

IN N IA

(5)

Third: If z,,; and x,; are points in S, such that d(zy, , T, ;) < 210752 then

(6) i ({Tn,k)} < Allﬂn({xmi})'

Let us prove that (Sp,d, i) is a uniform family of spaces of homogeneous type.
For n = 0 we have pg (Ba(xo,1,27)) = po (Ba(zo,1,7)) = po({zo,1}) = 1 for every
r > 0, and the result is trivial. Let us take n > 1 fixed, x = =, ; € S, and r > 0.
We shall divide our analysis according to the relation between r and n:

i 0<r<107"/2;
ii. 107"/2 <r <3107t
iii. r > 310"+,
Case it 0 < r <107™/2. Since S, is 10~ "-disperse, we have By(z,2r) NS, =
Bi(xz,r) NS, = {z}, and again the result is trivial.

Case ii: 107"/2<r <3 10~ Let 7 be the set defined as

T={q: xpn-14 € Ba(z,23r)}.
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Applying Lemma 3.2 we have
card(Z)

card (S,—1 N Bq(x,23r))

< card (Sn_l N By(zx, 69 10_"+1))
< card (Sn_l N By(z, 2710_"+1))
(7) < NT.
Claim 3.3.

Sy N By(z,3r) C U Th-1,q-
qeT

Poof of Claim 3.3. Take x,,; € By(z,3r), and let ¢ be the unique index such that
ZTn,i € Th_1,4. Let us prove that ¢ € Z. In fact, since

Ty-1,4 C SN Ba(zn-1,4,107"),
we have
d(zn—1,q,Tn;:) + d(zni, x)
107" +3r
20r + 3r
23r,

d(zpn—1,4,)

VANVANRVANRN VAN

which proves the claim.

Let p be such that x € T;,_1 . If ¢ € Z, then

A(Tn—1,g:Tn-1,p) < d(@Tn-1,4,7) +d(T,Tn-1,)
23r + 107" "1

69 107"+ 4+ 107!

2107 "+3,

AN AN A

and we can apply (6) to get

-1 ({Tn14}) < A1 {wp_1,}), forevery g€ Z.
Then, from (4), (7) and (5) we have

pn(Ba(z,3r)) < Zﬂn(Tnfl,q)
qeT

= Z Mn—1 ({$n—1,q})

qe€T

Z Au;unfl({xnflyp})

g€
N7A11Mn71({xnfl,p})
NTA® p, ({x})
N7AYp,, (By(z,r)).
Hence for every 107"/2 < r <3 10~"*1 we have

a(Ba(@,2r)) < po(Ba(,3r)) < NTA®p, (By(x,r)).

IN

IA A IA
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Case iii: r > 3107"*!.  Since we can assume r < 1, this case is only possible
if n > 2. Let 0 </ <n—1such that 107¢ < /3 < 107+, and define the set
J = {] Ty € Se N Bd(l',?)?“)}. Then

j€.7
In fact, take x,,; € Bq(x,2r) and ¢ ; such that z, ; € 17;. Then

d(zej,x) < d(xej, Tn)+ d(Tn., )

10—Z+1
< 2
9 + 2r
10
— 2
< 27r+ T
< 3,
and thus j € J. Hence we have
(8) w(Ba(@,2r)) < 3" i (175) = 3 e{aves}) = je(Bala, 3r)).
JjET JjeT

On the other hand
U T, € Sp N Ba(z,7).
z,;€Bq(z,r/2)
In fact, if x¢; € Bq(x,r/2) and x,p € 17, then

dz,2np) < d(@, @) +d(@ei, Tnp)

ro 107
< —

5T 9
< +10

9 "7
< r

By the above inclusion we obtain

(9) pn(Ba(w,r) = Y o (TE) = D mel{wes}) = pe(Byya),
Z¢,i€Br/2 z¢,i €8y /2

where B,y = By(z,7/2).

Claim 3.4. pe(Bg(x,3r)) < AY¥N8uy(By(z,7/2)).

Proof of Claim 3.4. If we define
T =A{q:xp4 € Bq(z,197/3)},
J ={j:x—1; € Ba(x,197/3)},
we have
card(Z) card (S¢ N By(z,19 107°T1))
card (S; N Ba(x, 256 107°))
N&.

ININIA
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Notice that

S¢N Ba(x,3r) € | To,;-

In order to prove the above inclusion,
Ze; € Tp—1,5. Then

d(ze-1,4,7) <
<
<

Hence j € J.

jeT
take x¢,; € Bg(x,3r) and xy_1 ; such that

d(xe-1,5,20:) + d(wg3, )
107" + 3r

10r/3 + 3r

197/3.

On the other hand, if € T}, and ¢ € 7 we have

d(Tep, eq) <

<

<

<
and by applying (6) we obtain

pe({zeq}) < AN pe({zep}),

Finally, if we define

d(zp,x) + d(x,20,4)

10—41 N 19
—r
9 3

]_OfZ«H

+19 107!

172

9
2102,

10—@-‘1—1

for every q € 7.

A= {i: there exists j € J satisfying x,; = x¢_1;}.

from the considerations above we have

pe(Ba(z,3r)) <

IN

IN

IN A

where the last inequality holds since

107Z+1

d(zp,x) <

> e (Teer )

jeT

Z te—1 ({xe—1;})

jeT

A3 " pe({e})
€A

A8 Zﬂe({w,i})
ieT

AP Z pe({zep})

i€T
AlgNsue({xﬁ,p})
AY Ny (By(x,7/2)),

10

< <7"
o o
9 27" %2

because z € Tj,. This proves the claim.
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Then, from (8), Claim 3.4 and (9), we can conclude that
pn(Ba(z,2r)) < pue(Ba(x,3r))
< AYN® pg(Ba(x,r/2))
< AYN® po(Ba(z, 1)),

A

for every x € S, and every r > 3 107" +1,

So that we get the desired inequality for every = € S,,, every r > 0 and every

n € NU{0} with A’ = A1YNS. O

10.

11.

12.

13.
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