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1 Introduction

Let Qo be a cube in R™. Let @ be another cube in R™, with sides parallel
to those of Qo, centered at a point of @ and side length I(Q) less than that
of Qo, then the intersection of both cubes contains another cube with side
length at least “2?.

This geometric property is actually valid for the family of balls defined by
a norm in R". Not just for ||z« = sup{|z1|,-- -, |z,|}, for which the balls are
the cubes. In fact, take a point zg in the Euclidean space R™ and a positive
number R. Consider the Euclidean distance |z — y|, or any other norm in
R™. Set B(xg,R) = {z € R" : |x — x9| < R}. Pick a point x € B(zo, R)
and 0 < r < R. Then, B(z + §3°2%, r/2) C B(xo, R) N B(z,r). In fact, for

lz—z0]|
y € B(x—l—%‘ﬁ(’:zzgl, £) we have that |y — x| < |y — x — %\io:zzm +5 <7 In
other words y € B(z,r). Also |y—wzo| < |y—z— 5225 |+ |z —zo+ § 25| <

2 [z—zo| 2 |z—xzo|

L | == (|lo — wo| — §)| = |v — wo| < R, then y € B(wo, R). Hence we have

|lz—xo]|

that |B(xo, R) N B(x,r)| > a,r"™, where a,, depends only on the dimension
n,0 < r < R. Here |E| is Lebesgue measure of the set E. On the other hand
|B(xo, R)NB(z,7)| < |B(x,r)| = w,r™. In other words, there exists constants
c1 and ¢y such that the inequalities

err™ < |B(e,r) N B(ag, R)| < cor”

hold for every x € B(zo, R) and every 0 < r < R.

The above property can be stated saying that {(B(xo, R),d,p) : o €
R"™, R > 0} is a uniform family of n-normal spaces, where d is the restriction
of the Euclidean distance to B(zo, R) and p is the restriction of Lebesgue
measure. Let us point out that s-normality of the balls of a given distance
implies that the Hausdorff dimension of open sets is s.

As a consequence of the above property of the family of Euclidean balls in
R, we have that it is a uniform family of spaces of homogeneous type.
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It was first observed by Calderén and Torchinsky [1] that this is not the
general case, even when the balls are convex sets in R"™.

Let us consider the two dimensional case n = 2. Let A > 1 be given and

set Ay = (3 (1)) The generalized dilations induced on R? by A, are given

A
by T = <t0 (t)> ,t>0.If ||| is a norm in R? then the equation ||Tz| = 1,

for x € R? — {0} and A given has only one solution ¢(z) = t(z). The usual
case of parabolic spaces arise when A = 2 and the norm is the Euclidean one.

The distance from z to 0 is given by ﬁ In other words p(z) = ﬁ if
x # 0 and p(0) = 0. Notice that p depends on A and on the particular norm
I - || chosen.

Let us consider the case ||z|| = |jz|l1 = |z1] + |z2|. Since B,(0,r) =
T.(B,(0,1)) = T.(By.(0,1)) we see that B,(0,7) is the rhombus centered
at the origin with vertices at the points:

TT((LO)) = (7")\,0) ;Tr((flvo)) = (77“\70);

Tr((07 1)) = (Oa ’I“) and Tr((07 _1)) = (Oa —7").

For r large consider the ball B,(v,1) = By, (v,1) centered at the vertex
v = (r},0) of B,(0,r). It is easy to see that the intersection of B,(0,r) and
Bp(”: 1)

Fig. 1. The situation for p''*

contains p balls of radii at most r'~*. Hence with A > 1 there is no chance
for the above observed property of the euclidean balls. Let us denote by p'*
this metric.

On the other hand, if instead of ||z||; we use ||z]0 = sup{|z1],|z2|} we
recover for p>* that property of Euclidean balls. In fact, the p>* balls are
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now rectangles of the form [—r*,7*] x [r,r] and at no point of the boundary
such small angles occur. Moreover p'* and p>* are equivalent. So that the
property we are looking for is not invariant by equivalence of quasi-distances.

Fig. 2. The situation for p°*

The issue f 32 of the preprint series “Trabajos de Matematica” published
in 1981 by the IAM (Buenos Aires), contains the preprint “A well-behaved
quasi-distance for spaces of homogeneous type” by Roberto Macias and Carlos
Segovia. There the authors show that it is always possible to find an equivalent
quasi-distance on a given space of homogeneous type such that balls are spaces
of homogeneous type.

The construction of Macias and Segovia is based on an iterative process
of composition of the neighborhoods of the diagonal of X x X.

In this paper we aim to explore the relationship between quasi-distances
on X and properties of families of neighborhoods of the diagonal in X x X.
We apply the construction of Macias and Segovia to show a somehow stronger
version of the uniform regularity of §-balls for an adequate 6.

2 Quasi-distance on X and diagonal neighborhoods in
X x X

Let (X,d) be a quasi-metric space and let K be the triangular constant for
d. In other words, d is a nonnegative symmetric function on X x X such that
d(z,y) = 0 if and only if z = y and d(z,2) < K(d(z,y) + d(y, z)) for every
z,y,z € X. We may think that the diagonal neighborhoods induced by d are
given as a function V : RT — P(X x X), where R™ is the set of positive real
numbers and P(X x X) is the set of all subsets of X x X. In fact, define

Vir)={(z,y) € X x X : d(z,y) < r}.
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It is easy to prove from the basic properties of d that this family of sets
satisfies the following properties

(a) V(r1) CV(ry) if r < ry;

(b) UV (r) = X x X;

(¢) NpsoV(r) = A, the diagonal of X x X;

(d) there exists a constant (= 2K) such that V(r)oV(r) C V(Kr) for every
r > 0. Here A o B is the composition {(z,z) € X x X : 3y € X such that
(z,y) € B and (y,z) € A} of A and B;

(e) each V(r) is symmetric, i.e. V(r) = V=1(r).

The main result of this section is the converse of the above remark.

Theorem 1. Let X be a set and let V : RT — P(X x X) be a given family of
subsets of X x X satisfying properties (a), (b), (¢), (d) and (e) above. Then
there exists a quasi-distance d on X such that for every 0 < v < 1 we have that
V(yr) CVy(r) CV(r) for every r > 0, where Vg(r) = {(z,y) : d(z,y) < r}.

Proof. Given x and y two points in X, define

d(z,y) = inf{r: (z,y) € V(r)}

From property (b) of the function V we see that d is well defined as a
function from X x X to the set of nonnegative real numbers.

From (c) a couple of the form (z,z) belongs to every V (r), hence d(z,z) =
0. On the other hand, (c) also implies that if x # y then for some r > 0 the
pair (z,y) does not belong to V(r). Now, from (a), (z,y) does not belong to
any V(s) with s < r. Hence d(z,y) > 0. The symmetry of d follows from the
symmetry of each V(r). Let us check the triangular inequality. For x,y, z in
X and € > 0 there exist 1 and 7o such that

ri <d(z,y)+e and  (z,y) € V(r);

re <d(y,z)+e  and  (y,z) € V(r2);

Then (x,z) € V(rg) o V(ry) which from property (a) of the family V' is con-
tained in V(r; + r2) o V(ry 4+ 72). Now, from (d) we have that V(ry 4+ r3) o
V(r1 +r2) C V(K(r1 + r2)). Hence (z, z) belongs to V(K (r1 + r2)), so that,
from the very definition of d we have that

d(z,z) < K(r1 + 1) < K(d(z,y) + d(y, 2)) + 2Ke.

Which proves the triangle inequality for d with K = K and d is a quasi-
distance on X.

Let us next show that the two families of neighborhoods of A, V and
Vg are equivalent. Take any 0 < v < 1. Assume that (z,y) € V(yr), then
d(z,y) <vr <rand (x,y) € V4(r). On the other hand, if (z,y) € V4(r), then
d(x,y) < r so that, for some s < r, (z,y) € V(s) C V(r).



Balls as subspaces of homogeneous type 5

We say, as usual, that two quasi-distances d and § defined on X are equiv-
alent if the function % is bounded above and below by positive constants on
X x X — A. Precisely d ~ § if there exist two constants 0 < ¢; < ¢2 < ©
such that ¢10(z,y) < d(z,y) < c2d(x,y) for every z,y € X. Given V and
W two families of neighborhoods of the diagonal, defined as before, we say
that V and W are equivalent and we write V' ~ W if there exist constants

0 < 1 <79 < oo such that

V(yr) CW(r) C V(yer),

for every r > 0.

Given a quasi-distance d, we can assign to d a family V; of neighborhoods
of A satisfying (a) to (e) in the standard way, Vy(r) = {(z,y) : d(z,y) < r}.

On the other hand the construction given in the above theorem provides
a method to assign to every family V' of neighborhoods of A, satisfying (a) to
(e), a quasi distance dy such that V ~ V.

The next proposition contain basic properties of these equivalences. Let
us denote by V the class of all families satisfying (a) to (e) and by D the set
of all quasi distances in X.

Proposition 1.

(i) For every V € V we have that V = Vg, ;

(i) for every d € D we have that d ~ dy,;

(iti) for V and W in V we have that V = W if and only if dy ~ dw;
(iv) for d and § in D we have that d ~ § if and only if Vg =~ V5.

The above proposition shows that we can identify D/ ~ and V/ ~ through

Va
—_—
D — V
dv
IIp l l Iy

where H(d) =V, for any d € d. Here d denotes the ~ class of d € D and V,
denotes the = class of V € V.

Several problems in generalized harmonic analysis are invariant under
changes of equivalent quasi-distances. For example the Holder-Lipschitz as
BMO type spaces are the same for d and ¢ if d ~ §. The Muckenhoupt classes
do not change by changing equivalent quasi-metrics, etcetera. Even some ker-
nels like fractional integrals define equivalent operators. When a particular
property of the quasi-distance function becomes relevant for a specific prob-
lem in harmonic analysis, the question is whether or not such properties holds
for at least one representative of each class in D/ ~.
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For example the well known result of R. Macias and C. Segovia [2] asserting
that each quasi-distance is equivalent to a power of a distance can be written
saying that the mapping

J
DXR+—>D/N

given by

(p,a) — J(p, ) = p*

is onto, where D is the family of all distances in X. Notice that J can not be
one to one since p® = (p'/2)%* and p'/? is still a distance if p is.

We are interested in finding an as large as possible family of measurable
subsets Y of X such that (Y,dy,uy) is a space of homogeneous type, where
dy is the restriction of d to Y and py is the restriction of p to the measurable
subsets of Y. Moreover, from the point of view of its applications in problems
of harmonic analysis, we would like to have large families F of sets Y such
that the spaces (Y, dy, py ) are uniformly spaces of homogeneous type. If F is
such a family of subsets of X we briefly say that F has the u.s.h.t. property.
Of course the u.s.h.t. property depends of the distance d and of the measure
1. But it is easy to check that if F satisfies the u.s.h.t. property with respect
to (X,d,u) and § ~ d, then F satisfies the u.s.h.t. property with respect to
(X, 0, ). We shall actually deal with a somehow improved version of u.s.h.t.

3 Regularization of neighborhoods of A

The smoothing procedure designed by Macias and Segovia in [2] is based in
a self-similarity argument which we proceed to describe. Let d be a quasi-
distance on X with constant K. For simplicity of notation, set U(r) = Vy(r).
In other words U(r) = {(z,y) : d(z,y) < r} r > 0.

Pick a fixed positive number « less than 7. We start by the construction
of a sequence U(r,n) in the following way

U(r,0) =U(r)

U(r,1) = U(ar) o U(r) o Ufar)
U(r,n) =U(a"r)oU(r,n —1) o U(a"r).

Lemma 1. For every r > 0 and every n we have that
U(r) c U(r,n) C U(3K>r).

Proof. Since each U(s) contains the diagonal A of X x X, then it is clear
that U(r) C U(r,n) for n = 0,1,2,.... So that, we only have to prove that
U(r,n) C U(3k%,r). Let (z,y) € U(r,n). Then, there exists a finite sequence
T =20, T1,L2, -, Tn,Yn,---,Y2,Y1,Yo = y of points in X such that
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(Tnsyn) € U(r)=U(r,0),
($j,$j+1) S U(a”_f_r),and
(y;,y5+1) € U(a"Ir), 5 =0,1,...,n.

Let us now estimate d(z,y) by repeated use of the triangle inequality,

d(z,y) = d(zo,y0) < K*[d(wo,25) + d(2n, Yn) + d(Yn, y0)]
<K? [Z?;ol (i, i) K+ d(2, yn) + Z?;ol d(yi, yir1) K"
< K2[S0 S an KT e+ 0 e i K
=rK?[1 4250 aK) ]

< 3K?r.

The inequality d(d,y) < 3K?r proves that (x,y) € U(3K?r), and the
lemma is proved.

Given a positive r, define

V(r)= U U(r,n)
n=0

Lemma 2. The family V(r) is equivalent to the family U(r) and satisfies
properties (a) to (e) in Section 1.

Proof. Let us start by noticing that from the above lemma, for every r > 0
we have U(r) C V(r) C U(3k?r). If ry < 7, then U(a?r1) C U(a’ry). Hence
U(ri,n) CU(rqe,n) and V(r1) C V(ry), which proves (a). Properties (b) and
(c) for V(r) follow from properties (b) and (c) for U(r) and from the above
lemma. The symmetric of V(r) follows from the symmetric of U(r). Let us
finally check that V(r) satisfies property (d). In fact from Lemma 1 we have
that

V(r)oV(r) Cc UBK?r) o UBK?r) c U6K3r) C V(bK3r),
is (d) for V(r) with K = 6 K3.

Let 6 = dy. Then § ~ d. The basic scheme of the procedure is this

Here the middle arrow is the regularization procedure of Macias and
Segovia and the other two are the canonical mappings.

Since the regularization procedure produce equivalent neighborhood sys-
tems we obtain a new quasi-distance § which is equivalent to d.
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4 The main result

In this section we aim to prove the following result.

Theorem 2. Let (X,d) be a quasi-metric space. Then there exist a quasi-
distance 6 on X and a positive constant vy such that

(i) 6 ~ d;

(i) the §-balls are open sets;

(iti) for every x € X, every choice of r and R with 0 < r < R and every
x € Bs(xo, R) there exists a point £ € X such that

B(&§,) € Bs(x, R) N By, 7).

We are using the notation Bs for the d-balls and B for the balls defined by
the original quasi-distance d on X. We may think of B as the testing balls for
Bys, the tested set. Hence the family of d-balls can be changed to the family of
balls corresponding to any other quasi-distance equivalent to d. In particular
by the §-balls.

Let us first notice that it is enough to prove the theorem for the case of a
distance p on X instead of a general quasi-distance d. In fact, given d on X
there exists p a distance on X and a > 1 such that d ~ p“. Let us assume
that we know the result for p. In other words, there exist a quasi-distance J,
and v, > 0 with §, ~ p, the J,-balls open sets and, for every z € X every
0 < s < S and every y € Bs,(x,5) we have that for some € X, that

B,(&,7,8) C Bs,(x,S) N B,(y, s).

Take 0 = 05 ~ p® ~ d. Since Bs(z,7) = B;, (z,7/%) we see that d-balls
are open sets. Notice also that B,e(2,7) = B,(Z,r/). Take now = € X,0 <
r < R and y € Bs(z,R). Then, with s = r'/% S = RY® we have that
y € Bs,(x,5), hence from our assumption, we get

B(gv C’Ygr) C Bp"‘ (fa 7?7“) = Bp(f, 'Yps)

C B(Sp(x’S) mBP(yvs) - B6(x7R) ﬂB(y,Er).

From now on we shall assume that d is a distance on X, i.e. K = 1. One
more reduction of Theorem ()is in order. Assume that we can prove that there
exists a positive A such that for every distance d on X there exists a quasi-
distance § on X satisfying (i), (ii) and (iii) with R = 1. Then the theorem
follows. In fact, if d is a distance so is ud for g > 0. Since A does not depend
on the given distance, the scaling argument is clear. To obtain our main result
we only have to prove the following statement.

Proposition 2. There exists a positive constant \ such that, for every metric
metric space (X, d), there exists a quasi-distance § on X, equivalent to d, such
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that the §-balls are open sets and for every x € X,0 <r <1 andy € Bs(z,1)
there exists £ € X such that

B(&,Ar) C Bs(z,1) N B(y,r).

For a metric space the result of Lemma 1 reads

U(r) cU(r,n) C U(3r),

for every » > 0 and every n € N if U(r) = {(z,y) : d(z,y) < r}. For fixed
n € N the family U,, = {U(r,n) : 7 > 0} satisfies properties (a) to (e). Then

On(z,y) =inf{r >0: (z,y) € U(r,n)}

is a quasi-distance on X, equivalent to d. Moreover, since U(r) C U(r,n) C
U(3r) for every n, the equivalence constants are independent of n. Also the
triangular constants are uniformly bounded above. In fact, if z,y,2z € X and
e > 0, pick 71 and ry such that 1 < 0,(z,y) + € and 7o < 0,(y, z) + & with
(x,y) € U(r1,n) and (y,z) € U(ra,n). Thus

(z,y) € U(r1,n) oU(re,n) CU(r1 +12,n) 0 U(ry +12,n)
CUB(r1+12)oUB(r1 +12))

C U(6(r1 +12)),
which proves that d,(x, z) < 6(d,(z,y) + dn(y, 2)). Since U(r,n) C V(r) for
every r > 0 and every n € N we have that 0, (x,y) > 6(z,y). On the other
hand, since V(r) = |J,, U(r,n) we have the pointwise convergence of §,(z,y)
to 6(x,y).

Lemma 3. For every x € X and every r > 0 we have that

Bs, (z,1) ={y : (z,y) € U(r,n)}
and that

Bs(w,r) = {y: (z,y) € V(r)} = | Bs, (2. 7).

Proof. Applying the argument used in Section 3 for the case of a distance d, we
can take the number a to be 1. Hence U(r,0) = U(r) = {(z,y) : d(z,y) < r}
and U(r,n) = U(f)oU(r,n —1)oU(4z) for n € N.

If y € Bs, (x,r), then §,(z,y) < r, so that (z,y) € U(s,n) for some s < r
and (z,y) € U(r,n). Take now (z,y) € U(r,n), then there exists a chain of
points in X

Lo =Ty, L1, L2, "y Tn—1,Tn;Yn,Yn—1,""",Y2,Y1,Y0 = Y
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such that d(x,, yn) < 7; d(@n_jt1,2n—;) <7477 and d(Yn—j41,Yn—j) < 147
for j =0,1,---,n.

Since we have a finite number of strict inequalities we certainly have that
for some s < 7 we must also have that d(zn,yn) < s d(Tn—jt1,Tn—j) <
s477; and d(Yn—jt1,Yn—j) < s477; for j =0,1,2,---,n. This fact proves that
(x,y) € U(s,n) for some s < r, then d,(x,y) < s < r. Hence y € Bs_(x,r).

Notice also that since d is a distance the sets U(r) and U(r,n) are open
sets in X x X. The same is true for each V(r). Hence their sections Bs, and
Bgs are open sets in X.

The proof of Proposition 2 is then reduced to the proof of the next result

Proposition 3. Let (X,d) be a metric space. Then, for every n € N, for
every i € {1,---,n} for every x € X and for every y € Bs, (x,1), there exists
a point & € X such that

B(£,4771) C Bs, (x,1) N B(y,47").
Also B(y,47%) C B(&,4711).
Proof. Since y € Bs, (x,1), then 6,(z,y) < 1. From the definition of 4,, we

know that there exists s € (0,1) such that (z,y) € U(s,n). In other words,
there exists s € (0,1) and a finite sequence in X

C:2x=20,T1,%2," *, Tn-1,Tn} Yn> Yn—1," "> Y2, Y1, %0 = ¥

such that d(2n,yn) < 8, d(Tn—ji+1,Tn—;) < 479 and d(Yn—j41,Yn—;) < s477
for j=0,1,2,---,n.
Fix now ¢ in {1,---,n}. The proposition is valid with £ = y,,_; if we prove

(A) B(yn—i, 4771 C Bs, (z,1);
(B) B(y,47") € B(yn—i,4");

(C) Blyn_i,4"1) C B(y, 47%).

Proof of (A): Take z € B(yn_;,47""1). From Lemma 3, in order to show
that z € Bs, (x,1) we only need to check that (z,x), or (z,z), is an element
of U(1,n). Let us use some points in the chain C' to produce another chain
C’ joining x to z,

! . _ . e
C 'x*x07x1>$27'"axn—lamnvynayn—l,"'ayn—iMZ’Z’ ’Z,
n—1

Let us see that C” is an admissible chain to show that (x, z) € U(1,n),
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d(Tp,yn) <

d(Tp—jt1,Tn_ ])<34 J,5=0,---,n
A(Yn—j+1,Yn—j) < 4~ J,J*O

d(Yn_i,2z) < 471 sinceze B(yn 174 =1y

d(z,2) = 0.
Since s < 1 we have that C’ satisfies the required condition for (x,z) €
U(1,n).

Proof of (B): Take z € B(y,4%). Then
d(z,yn—i) < d(z,0) + d(y, yn—:)

<47+ d(yo, Yn—i)
S 471‘ + Z;‘L:H-l d(yn—j—i-h yn—j)

<A s 4T <4

Proof of (C):Take z € B(yn—i,47""1), then
d(Z, y) S d(Z7 y’nfz> + d(ynfia y)

< 4—i—1 + %4—1 < 4—2’

Let us finally point out that, even when the preceding proof is essentially
the given in [2], Theorem 2 is giving more information than doubling. If for
example (X, d, ) is a s-normal space then the family of d-balls is a uniform
family of s-normal subspaces.
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