PARABOLIC MEAN VALUES AND MAXIMAL ESTIMATES
FOR GRADIENTS OF TEMPERATURES

HUGO AIMAR, IVANA GOMEZ, AND BIBIANA IAFFEI

ABSTRACT. We aim to prove inequalities of the form | §¥=*(z,t) V¥ u(x,t) | <
C’M]};+M§’>"ku(x,t) for solutions of %—1‘ = Au on a domain Q@ = D x R¥,
where d(xz,t) is the parabolic distance of (x,t¢) to parabolic boundary of €,

M]I: . is the one-sided Hardy-Littlewood maximal operator in the time vari-
able on R+, M g’)"k is a Calderén—Scott type d-dimensional elliptic maximal
operator in the space variable on the domain D in R%, and 0 < A < k < A+d.
As a consequence, when D is a bounded Lipschitz domain, we obtain es-
timates for the LP(Q) norm of §27~*(V21)™y in terms of some mixed norm

157 N, t)”ZJJBQ'P(D) dt for the space LP(R T, B?‘p(D)) with ||| denotes

B)P (D)

the Besov norm in the space variable z and where V%1 = (V2, %)

INTRODUCTION

The main result of this paper, which is contained in Theorem 5.4, is a pointwise
estimate for the space time gradients of a temperature u on a cylindrical domain in
terms of an iteration of two maximal operators. The result is an extension to the
parabolic setting of the elliptic inequalities proved by S. Dahlke and R. DeVore in
[2], see also D. Jerison and C. Kenig in [7]. After an improvement of the parabolic
mean value formula and the analysis of the kernel and the operator that provides
the space derivatives of temperatures, we obtain a pointwise estimate for space
gradients weighted by powers of the distance to the parabolic boundary in terms of
an iteration of two maximal operators which are well known in harmonic analysis:
the one—sided maximal Hardy-Littlewood operator M~ in the time variable and
the Calderén-Scott maximal operator M#** in the space variable.

We would like to point out that these results are a part of a larger program
which looks for a parabolic theory, similar to the elliptic one developed in [2], in
order to obtain regularity improvements for temperatures in terms of adequate
Besov type norms which could help in the analysis of the rate of convergence for
nonlinear approximation methods for parabolic equations. In particular we mention
that a time localized version of Corollary 6.2 can be used to obtain, following the
interpolation technique used in [7], parabolic Besov type estimates in space and
time variables in terms of mixed Lebesgue-Besov norms. These results shall be
published elsewhere.
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2 H. AIMAR, I. GOMEZ, AND B. IAFFEI

The paper is organized as follows. In Section 1 we prove a smooth mean value
formula for temperatures and we introduce some basic notation that shall be used
in the sequel. Section 2 is devoted to obtain a distributional representation for
the space derivatives of the kernel obtained in §1. Here we also prove some ba-
sic but essential properties of that distribution. As a corollary we obtain a for-
mula for derivatives of temperatures. In section 3 we introduce the one-sided
Hardy—Littlewood maximal operator M~ and the Calderén—Scott maximal opera-
tor M#**_ We prove in this section a basic lemma which shall be used in §4 in
order to get the pointwise estimate on R?! contained in Theorem 4.1. In §5 we
obtain basic pointwise estimates for some parabolic gradients of temperatures on
cylindrical domains. Section 6 is devoted to obtain LP—estimates for space-time
gradients of temperatures in terms of mixed Lebesgue-Besov norms for cylindrical
domains of the form D x R* with D a Lipschitz domain in R.

1. SMOOTH PARABOLIC MEAN VALUE FORMULA

In 1966 W. Fulks proves in [6] a mean value property for caloric functions

involving integration on the level surfaces of the fundamental solution Wy(z) =
d _lef
(4rt)"2e” 4t for ¢ > 0, for the heat equation %“; = Awu. In 1973, N.A. Watson
gives in [12] a parabolic mean value formula in terms of d 4+ 1—volume integrals over
the heat balls defined by E(xz,t;r) = {(y,s) e R“ : s <t, v(z—y,t —s) <7}
|zz[*

_1 1
where v(z,t) = (Wi(z)) 4 = (4nt)2e4dt . Precisely,

2
|z -y

(1.1) u(z,t) = 4%“‘1 //E(I’t;r) u(y,s)m dy ds

provided that E(x,t;r) is contained in the domain of the temperature u. For a
proof of (1.1) see [5]. From (1.1), by using spherical coordinates for the space
variable, taking derivatives with respect to the radial variable, we get that

(1.2) u(z,t) = —2—7{01 /0 (/Sdl w(z + Ry (s)w, t + s)dw> %‘S)dds,

2
4

with R, (s) = |y| = 1/ —2sdIn 77;5'

Even when smooth versions of (1.1) are considered elsewhere, see [11] for in-
stance, for the sake of completeness and as a chance to write explicitly our notation
we shall state and prove in the next lemma the formula that will be used throughout

this paper.

Lemma 1.1. Letn be a €>°(R), nonnegative function supported on [0,1] satisfying
dfol n(r)r?=tdr = 1. Then for every temperature u we have that

(1.3) u(z,t) = /]Rd+1 Ks(z —y,t — s)uly, s)dyds

where )
||

K@ﬂzi%ﬂ@@ﬁ)

and
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provided that the closure of E(x,t;0) is contained in the domain of the temperature
u.

Proof. Let us first notice that is enough to prove formula (1.3) for (z,¢) = (0,0).
Take 6 > 0 small enough in such a way that the closure of E(0,0;0) is contained in
the domain of the temperature u. Multiplying both sides of (1.2) by 2dn(§)rd’1
and integrating with respect to r on the interval (0,6), we get

5
u(0, 0) / Zdn(g)rd_ldr
0

(14 =i / (/S R (w9 (w) ) L)

Notice now that the choice of the support of n allows us to apply Fubini’s The-
orem to interchange orders of integration on (1.4). Then for s fixed, performing

the change of variables r — 7 = R, (s ) and taking into account that dR (g) =
—%(Rr(s))’l%d(*i‘fs) = i’m) —2sd 7~ r~! from which & = — T dr, we get the

desired formula

262 u(0,0) = — / / 4Lm/s“ s)w, s)dS(w) R (s)dn(g)%ds
_ / . / e /S dilu(Tw,s)dS(w)Td:ln(R;;(s))des

R =5 (s

Rs 5) dt1 1 1 -7
=- . — T u(tw, s)dS(w)n| 5 (—4ns)2edds |drds
2/_277 82/0 /5(171 ) ( (5 ) )
‘2

1/0 / u(y s)n(l( 4 3)5674‘3 >|y\ dyds
=35 ) s\ —am S )= )
2 )2 Jposmson ’ s?

in the third equality we have used that R ,—(s) = 0. Here B(0; Rs(s)) denotes

—4ms

the d-dimensional Euclidean ball centered at the origin with radius Rs(s). (]

2. SPATIAL DERIVATIVES OF THE CALORIC MEAN VALUE KERNEL

The aim of this section is to obtain an explicit formula for spatial derivatives of
the kernel K introduced in §1. We also prove here some useful structural properties
of the family of kernels which represent those derivatives.

Let us first observe that for fixed § > 0 and ¢ < 0 the kernel Kj(x,t) is a
smooth function of x, actually €°°. Let us write N*(z,t) to denote the classical

derivative 0K = 8%8‘7‘&1[( of K for fixed ¢t and a = (v, . .., ag) a multi-index
Ll/'d .

of nonnegative integers (v € IN?). Let us observe that N® needs not generally be
an integrable function on R4*!. In fact, for « = 1 and d = 1 for example, with
11(s) = sn’(s) we have that

N (@, t) = 5 om (e, 1) + 25w, 1)

It is easy to see that if for example 7 is a positive constant on the interval (%, 3),

11
we have that [ { dxdt = +00. On the other hand,

(Jc,t):z<1/(ar,t)<z,x>0} tQTI( ( L, ))
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since 71 (s) vanishes for s € (1, 2), we see that

I Wl - I 2mnew = oo

{ (w,t):%<u(1,t)<%, w>0} { (J;,t):%<u(a:,t)<%, .'L'>O}

Since K is an L'(R4*!) function with compact support, the derivatives of order a
of K, with a = (a1, ...,aq4), make also sense as distributions. Let us denote by
D“K the distributional derivatives of K. Even when these derivatives are generally
not functions themselves, we shall prove some integral representation formulas. The
precise result is contained in the next theorem. The angle brackets (-, -) are used for
the distributional duality of £ = ¢ (R4*!) and £’. For a given ¢'>°(R4*1) function
¢ we write Pyp(x,t) to denote the Taylor polynomial at xyp = 0 (MacLaurin) of
degree k for the function defined on R? by z +— ¢(x,t) for ¢ fixed.

Theorem 2.1. For § > 0 and o = (aq,...,aq4) a multi-index of nonnegative
integers and for every ¢ € €= (R¥) we have that

@1 (D(E.) =5 [[ i) [ )~ Prptant)] deat

where the integral on the right hand side converges absolutely.

The proof of Theorem 2.1 will be a consequence of the following basic properties
of the derivatives of K. We shall use the following notation. For m € INg, h(m)
equals 3 if m is even and mT_l if m is odd. For a given multi-index o € INd we write
h(«) to denote the d—vector of integers given by h(a) = (h(a1), h(ag),...,h(aqg)).

Lemma 2.2. For § > 0, a fivzed multi-index o = (a1, ...,aq) with |a] > 0, we
have

(2.2.1) for every t real K(x t) is a € function of x € R and

a+(4—25)e;+20

(22) ZZ Z e @)

i=1 j=10<B<h(a—(j—1)e:)

where 77;3] are € functions of a real variable with support contained in
Supp 7).

(2.2.2) Forp €€ (R¥*) and each s €R the function of y given by N®(y, s)po(y, s)
belongs to L*(R?). Moreover the function of s f]Rd N*(y, s)e(y, s)dy be-

longs to L*(R) and the distribution DK is given as the iterated integral

(2:) k) = [{ [ 5 wopt s as

(2.2.3) For eacht, the function N*(x,t)z? belongs to L'(R?) and [, N*(z, t)x dx
=0 for every 0 < |8 < |a].
(2.2.4) N°[p — Ploj—1) € LY(RYTY) for every o € €(R4T).

Let us give the proof of Theorem 2.1 assuming that Lemma 2.2 holds.

Proof of Theorem 2.1. We shall first show that the integral on the right hand side
of (2.1) is absolutely convergent. From (2.2.4) we know that this property is true
when 6 = 1. On the other hand, since for any positive ¢ we have that P,_1ps =
(Piaj—1%)s, the convergence of the integral for general ¢ follows from (2.2.4) by
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changing variables. From (2.2.2) and (2.2.3) we have, for each ¢ € € (R4,
that

(DK, @) = /]R{ » N(z,t)[p(z,t) — Pa|_1<p(x7t)]dx} dt.
Now from (2.2.4) and from Fubini-Tonelli Theorem we have (2.1) for § = 1. Take

x

now any 0 > 0. By the change of variables y = £ and s = 5%, we have that

//]Rd+1 571N s (e, ) o, t) — (Plaj—19¢)(x,t)] dxdt
— 5l / N(y, 5)lp(6y,6°s) — (Paj-19)(0y, 6°s)] dyds
]Rd+1

- 6a|d2/]Rd+1 N*(y, s) [qp; (y,5) — (P|a|—190(1§)(y,8)] dyds.

Now, applying the case of § = 1 already considered with ¢ 1 instead of ¢, we readily
5
see that the right hand side in (2.1) is given by

5‘|a_d_2<D“K, ¢§>:5—al—d—2(_1)lal<f(, o (¢§)>:6‘d_2(—1)|0‘<l(, (aa¢)é>.

Finally, since K € L*(R1),
S s 0l 0) = (Play-r)a )]

1)led / K(x,t)0%p(6x, 6*t) dadt
Rd+1

5(12 |a// aa ,dd
R 552 (Y, s) dyds

— (1)l / K5(y,5)0% 0y, 5) dyds
Rd+1
= <Da(K5), 90> .
[

For the proof of (2.2.1) in Lemma 2.2 we shall make use of a somehow explicit
expression for the space derivatives of ¢(v(x,t)) where ¢ is any € function of a
real variable.

Lemma 2.3. Let ¢ be a € function of a positive real variable. Then for any
multi-index v € IN¢ we have
Y28
e E St YOT)

0<B<h(y)

where each (;Sg is a E° function of a positive real variable with support contained
in the support of ¢.

Proof. Let us start by showing by induction on m that for each ¢ = 1,...,d the
formula
am A
(2.49) ) = Y e la,)
K3

0<n<h(m)
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holds for some smooth functions ¢ supported in the support of ¢. When m =1
(2.4) reads a%i(gb(z/(x,t))) = Ligl(v(z,t)) where ¢j(s) = s¢/(s). Let us assume
that (2.4) holds as stated for derivatives of order m. Let us assume that m is even.
The case m odd can be handled in a similar way. Hence

a'm—i-l
W(ﬁb@(%lf)))
1 0 m—2n ;m
= O<Z<m W@(ml ol (V(mat)))
<n<o
1 dor z;
o )+
1 m—2n—1_m m— nd¢zl Ty
£ | 2 )+ o S e e )
O§n<7
x<m+1)—2(n+1) (m+1)—2n _
— 3 m 1 m
= Zm W¢n (v(z,t) + Zm W(rbn (v(z,t)).
0<n< 0<n<®

Since in the case m even we have that h(m+1) = %, we only have to observe that
each term in the above two sums can be identified with some of the terms of the

following

x(.erl)ka
sy W (v, )

m
0<k< 7

for adequate w;nﬂ with support contained in the support of ¢. The desired result
for any arbitrary multi-index v follows by iteration of (2.4). O

Proof of (2.2.1): From Leibniz rule, we have that

N, ) = ia (Sa)

1 & a
=52 ¥ (5)7 e o)

i=1 0<B<a

= <§) gaan(u(x,t)w

d
—

%
d

Y2 <Z‘> %8“—€in(u(:c, £))+

i=1
¢ a1l
22(2@)tgaa-%in@(m).

i=1

For each one of the three derivatives in the last term above, we apply Lemma 2.3.
The first one gives the terms in (2.2) corresponding to j = 1. The second to j = 2
and the third to 5 = 3. (I
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Proof of (2.2.2): Take ¢ € €°(R4*1), and s € R. If s > 0, then N(y, s)p(y,s) =
0 on R For s < 0, the function of y defined by N%(y,s) is bounded and has
bounded support. So that N%(y, s)¢(y, s) is in L'(R?) as a function of y € R?. On
the other hand since for s fixed K(y,s) is €>°(R?) of y, integrating by parts, we
see that
N*(y,s)p(y,s)dy = (1)1 | K(y,5)0%(y,s)dy
R4 R4

Notice now that K(y,s)0%p(y, s) is absolutely integrable on R**! since K belongs
to L'(R4*!), K has compact support and 9%p is bounded on the support of K.
Hence from Fubini’ Theorem the function of s given by [, K(y,s)0%¢(y,s) dy
belongs to L'(R). So does [po N%(y, s)¢(y,s)dy. Let us finally check (2.3). By
the same integration by parts in the integral with respect to y performed before,

/]R{ » Ny, s)p(y, s) dy} ds = (1)l /]R{ g K(y, s)0%p(y, s) dy} ds

= (—1)l 5)0¢ s s
Ol [ K9 el dud
= (—)*I (K, %)
= (DK, o).
0

Proof of (2.2.8): The integrability of 0°K (z,t)z” as functions of z are easy to
check. In fact, for ¢ > 0 the function of x given by 9“K(z,t) is identically
zero. For t < 0, 0“K(-,t) has compact support and is bounded as a function
of x. Integrating by parts, with 0 < 8| < ||, we have then [, 0K (z,t)zPdx =

Dol fo. K(z,1)0%(2?)dz = 0. O

Proof of (2.2.4): Let us write o; to denote the function of the variable x € RY
defined by ¢;(z) = ¢(z,t) when ¢ € €°(R?*!). The MacLaurin polynomial for
¢ of order |a| — 1 is given by

la]—1
R(ﬂ 1S0t( Z Z aVQOt
k=0 "7 |y|=k
and
1
¢i(r) = Plaj1p(z) = (=11 337/ D pi(ox)(1 — o)l do.
lvI=le

In order to prove that N*[p — P,|_1¢] as a function of (z,t) belongs to L*(R*™!)
we only have to check that each function of the form zYN<(z,t), with |y| = |
belongs to L'(R?*!). On the other hand, using formula (2.2) for N¢, it will be

enough to show that each function of the form 7(v(x, t))%x belongs to

LY (R4 when |y| = |al;i=1,...,d; j =1,2,3; 0 < 8 < h(a— (j — 1)e;) and 7
is a bounded function of real variable with support contained in that of n. So that
it shall be enough to show that

|$a+(4_2j)ei+25+7‘
// 0,01y  telmIBlE3= dzdt < oo
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for E*(0,0;1) = {(z,t) : (x,—t) € E(0,0;1)} and those values of «, 3, v, i and j.
The above integral can be estimated after an application of Fubini’s Theorem and
the introduction of spherical coordinates in R? by an integral of the form

1 ) Ry(—t) '
/ f—lal+181-3+ / plalti-2t2lslth+a-1, | gy
0 0
1 2 4—25+2 d
:C/ 41l +HB1 =347 (31(715)) lof+4-2j+2|5]+ ”
0

1 . d
:c/ gl Hal-a o423 H1B14 5 (1 _Lylabe2=i+ioleg g,
0

Tt

1 d
— 2|1Bl+5 -1 1\¢

for some positive number €. Since the last integral is finite, we are done. (]

Since from Theorem 2.1 D®Kj is a compactly supported Schwartz distribution
on R given by (2.1) its convolution with a €>°(R*!) function v(x,t) is well
defined and is nothing but the weak derivative of Ks * v.

Corollary 2.4. For any v € € (R**1) we have that D*(Ksxv)(z,t) = (D*Kj)
U(x,t) = 57|a\ ff]Rd+1 (Na)ts(x - y7t - S) [U(yv 8) - ‘P\od—lv(yv 8)] dyds

3. HARDY-LITTLEWOOD AND CALDERON-SCOTT MAXIMAL OPERATORS.
A TECHNICAL LEMMA.

In this section we introduce the maximal operators that we shall use in the proof
of Theorem 4.1 of §4. We shall also review the basic boundedness properties of
those operators and we shall state and prove some technical lemmas that will be
used in §4.

The one-sided character in the time variable of the kernel K (z,t) introduced in
81 leads us to handle the one—sided Hardy—Littlewood maximal operator

M~ (g)(t) = sup - / 19(s)] ds.

h>0 v Jin
defined for any g € Li,.(R)

loc
On the other hand, since the projection on the space of the space—time heat ball
E(z,t;r) is an Euclidean ball centered at x and since in the space variable we shall
look for regularity properties of temperatures, the natural operator is given by the
sharp maximal function of order A. For a given positive number A\ and a given

Li,.(R%) function f, define

loc

M#(f)(z) = sup inf L

A
PO | B(ay )

/ F) — ()] dy
B(z;r)

where [)] is the largest integer less than or equal to A and P, is the space of all
polynomials of degree at most m.

The boundedness properties of these two types of operators have been extensively
studied. Regarding the one-sided operator M ™, let us only point out that since
M~ (g) < 2M(g) where M is the centered Hardy-Littlewood maximal operator,
then the boundedness of M~ on LP(dt) (1 < p < 00) follow from the same property
for M. On the other hand the boundedness of M~ as an operator on weighted
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Lebesgue spaces has been obtained by E. Sawyer [10], see also K. Martin—Reyes [8].
Actually these results provide a class of weights which is strictly larger than the
usual Muckenhoupt A, weights which is associated to M.

Regarding the sharp maximal operator, let us mention the comprehensive treat-
ment of maximal functions measuring regularity by R. DeVore and R. Sharpley [4].
From [4] we shall borrow the following estimate which holds for any A > 0 and any
1 <p<oo,

HM#7)\(JC)|‘L1>(]Rd) <c HfHB;vP(]Rd) )
where || f]] B (R) denotes the Besov norm with regularity exponent A and p = gq.
See [9].

We shall actually deal with the maximal operator defined for any smooth function

and k > A > 0, with k € IN by

1
(3.1) MAFAME(f)(x) = sup ——— / |f(y) — Pu(y)| dy
r>0 ‘B(Jt, T)|1+E B(x;r)
where P, (y) is the Taylor polynomial of degree k —1 for f at x. Notice that when A
is non integer and k = [A]+1, this operator is the Calderén—Scott maximal operator

(see [1]).

The next lemma provides pointwise estimates in terms of the one—sided maximal
function for convolution operators which naturally appear in the proof of Theorem
4.1.

For a given L' (R) kernel x, a given L (R) function g and a given positive number

0, let us define
1 S
S/R/f(g)g(t—s)ds

Lemma 3.1. Set x(t) = t” (In %)QX(O’l)(t) with —1 < ¥ < 0 and § > 0. Then,
there exists a constant C' depending only on ¥ and 0 such that *(g)(t) < CM~(g)(¢)
for every integrable function g defined on R.

K" (g)(t) = sup
6>0

Proof. Let us first show following the lines of chapter 10 in [3], that if x is a
nonnegative integrable kernel supported on IR and nonincreasing on R, then for

every 6 > 0
(3.2) ’;/}Rﬁ(;) ot — s)ds g4(/ﬂ{ﬁ) M= (g)(1).

By dyadic decomposition of RT and since & is nonincreasing, we get

L@t E5 [ ()0t
<3 52 | l9(t = 5)] ds

ez 0<5<§29+1
o 1
=2 27k(27) </ lg(t — )| ds)
j% 0X* Jocsconina

<2 S22k | M- (9)(0).

JEL
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and we also have that

/ ds—Z/ s)ds > " k(29)(27 —27) = Zw 29).

JEL JEL jEZ
Hence we obtain (3.2).
To show the integrability of the special kernel x(t) = ¢” (In %)9 X(0,1)(t) notice
that with ¥ —e > —1 and € > 0 we have
k(1) = 77 15 (In 1) X1 (¢)

and that t° (ln%)e is bounded on (0,1]. It is easy to see for ¢ € (0,1) that « is
nonincreasing. O

4. MAXIMAL FUNCTION ESTIMATES FOR THE CONVOLUTION OPERATOR INDUCED
BY THE DISTRIBUTION D®Kjs oN R4+!
We know, see Corollary 2.4, that the derivatives of the convolution of Ks (6 > 0)
with a > (R*!) function v is given by
(4.1) DK #v)(a, 1) =671 / (N®)s (2 —y.t=5) [0(y, 8)~ Piaf10(y. 8)] dyds.
Rd+1

For a given positive real number A, and k any integer larger than A, let us define
the maximal operator

M E () (2,t) = sup 65 ’V" Ks xv)(x,t)|,
6>0

where V¥ is the vector of all the space derivatives of order k. The main result of
this section is the following pointwise estimate for MM,

Theorem 4.1. For 0 < A < k < A+d and k € IN there exists a constant C =
C(\ k,d) such that the inequality

(4.2) MM (@) (2, 1) < CM ™[ M#FA*(0)](x, )
holds for every €>° function v defined on R4+,

Let us point out that the right hand side in (4.2) is the iteration of the operators
M#MF acting on 2 and M~ acting on the time variable, precisely,

¢
M~ [M#A*(0)](z,t) = sup — ! M#ANE(u(-,5)) (z) ds.
h>0 b Jip
Proof of the Theorem 4.1. Take v € €°°(R%*!) and fix § > 0. In order to estimate
V*(K§*v) we shall consider a fixed multi-index « of length & and we shall estimate
D*(Ks*v) using the representation formula (4.1). Now, from (2.2.1), the kernel N*
splits as a finite sum ;. ; N{* of kernels each of them bounded above in absolute
value by kernels with the following basic shape N°(z,t) = Q¥(|z|,t)n®(v(x, 1))
with n® a € function of a real variable with compact support and Q% (|z|,¢) is
€ on RU = {(z,t) € R¥': ¢ >0}, and increasing as a function of |z| for ¢
fixed. Also the kernel Q¢ is parabolically homogeneous of degree — |a|— 2, in other
words, O (u|x|,u?t) = p~1*1=2Q%(|x|,t), p > 0. Since in the proof of (2.2.4)
we actually show that Ni*[¢ — Plaj—1¢] is integrable for each i € I, each integral
Jfgars (N&)s(@ =y, t—s) [v(y, s) — Paj—1v(y, s)] dyds is absolutely convergent and
its sum for i € T gives us a representation of D*(Kj * v)(x,t). Hence in order to
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show (4.2), we have to estimate the maximal operator induced by anyone of these
terms with kernel (Nf)s. From the absolute convergence of the integral, and from
Fubini’s Theorem we have that

M35 () (,t) = 65 5_‘“'/ (N{)s(x =y, t = s) [v(y, 5) = Plaj-1v0(y, s)] dyds
Rd+1

t
<o [ [ @5t 0t = 9)o009) ~ Pag-1o( )] duds,
yEB

where B is the Euclidean ball B(z, Rs(t—s)) with Rs(t—s) = \/Qd(t —s)ln #2_5).
Next we multiply and divide the inner space integral by the Lebesgue measure of
the ball B raised to the power of 1+ 3 and we use the boundedness of 7 in order
to obtain the upper estimate

Mis(v)(2,1)

t A 1

sw/ B+ . /(Qm(\x—ym—s)lv(y,s>—aa|,1v<y,s>1dy ds
|B|1+E B

C

< g [ Rl = ) QR Rt ), M0l ) ) .

where the monotonicity property of Qf in its first variable together with the fact
|z — y| < Rs(t — s), the homogeneity of Q% and the definition of M#** have been
used.

Notice that from the definition of Rs(t — s) and the homogeneity of Qf, we have

QF (Rs(t — s),t —5) = QF ((t—s)im t—s>

1
WQ ( 2d In 47_r( ) ].) .
(t—s) 2

By inspection of the terms in the expansion for N given in (2.2.1) we see that for
each 7 € I, we have

0.
1 k3
2d1 1) < In——— ith 8; > 0.
o2 <\/ n——— (t 3 )_c<n4ﬂ(t5_2$)) wi
Hence

M 5(0) (1)

t ( ) 1 19+di2)\
< 2—\+k—d #FXNE (L ) () ds
<of o i k( ) MG

2

(t—

. d+A—2—Fk . PREDY
c t—s 2 T2
— 62

d+A—2—Fk
2

Since from our choice of k and A, > —1, from Lemma 3.1 the last integral
is bounded by the one-sided Hardy—Littlewood maximal operator M~ for each
§ > 0 and each i € I, hence M ¥ (v) < CM~[M# M (v)). O
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5. ESTIMATES FOR SPACE AND TIME DERIVATIVES OF TEMPERATURES ON
CYLINDRICAL DOMAINS

In this section we shall write 2 to denote a cylindrical domain on R¥*! of the
form D x R*, where D is an open set in R%.
We shall use the standar parabolic distance function defined on R ! x R4+!

as p((z,t); (y,s)) = max{|:cfy| At — 5|} Let us define the function 0(z,t)

on Q as the parabolic distance of (z,t) € Q to the parabolic boundary of Q.
Precisely, §(z,t) = p((z,t), 0part) = inf {p((z,1); (y,5)) : (y,5) € Fpar}, where
Oparl = (D x {0}) U (8D x R™) is the parabolic boundary of .

Notice that for any temperature u in €2, any (z,t) € Q and any 0 < 6 < (=, 1),
the mean value formula (1.3) holds true since for those values of § the support of
Ks(z—y,t—s) as a function of (y, s) is contained in Q. Moreover, the same is true
for the support of the kernel (N%)s(x —y,t —s) when 0 < § < d(x,t). In particular
the formula for the space derivatives of K * v given in Corollary 2.4 remains true
for v € €°°(Q2) for these values of ¢.

From de above observations and the results of the previous section, we readily
realize that we shall be able to obtain estimates for a local version of the maximal
function M** in terms of local versions of M~ and M#*F.

For a given A > 0, k any integer larger than A and v € ¥*°(Q2), we define

MGF@)(x,t) =  sup 6P |V¥(Ks % v)(2,t)| .
0<5<d(x,t)

1
loc

(R) function g supported on R* and a given ¢ > 0, let us write

1 t
M t) = su 7/ s)| ds,
r+(9)(t) JSw g lg(s)]

For a given L

to denote the local version of the one—sided maximal operator restricted to R™. On
the other hand for a given f smooth function on D we define the local version of
the Calderén—Scott maximal function of order A by

1
MEM(f)(z) = sup 7)\/ |f () = Pe()] dy
0<6<6(@) | B(g; 5)|'+d /B(:d)

where §(z) = inf {|z — y| : y € D} and P, is the Taylor polynomial of degree k—1
for f at x.

By simple inspection of the proofs of Theorem 4.1 and Lemma 3.1 and the above
remarks, we have the following result.

Theorem 5.1. For 0 < A < k < A+ d and k € N, there exists a constant
C = C(\k,d) such that for every Q = D x R* with D open in R? the inequality

MG (o) (1) < CMg [MEM ()], 1)
holds for every function v in €°°(Q) and every (x,t) € Q.

When the above result is applied to a temperature v = u(x,t) in Q we have the
following statement.

Corollary 5.2. If u is a temperature in 2, then
55 (2, 8) [V¥u(e, £)] < CMyg, IME* (w)](, 1)
for every (z,t) € Q, when 0 < A<k <A+d, k€N,
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In order to obtain estimates for mixed space—time derivatives of temperatures, let
us introduce some notation. Given a smooth function v on € let us write V21v(z, t)
to denote the d? 4+ 1-vector given by the d? second order purely spatial derivatives

of v and the first derivative of v with respect to time, i.e., VZ1lv = (V2v7 %). We
shall also say that given a multi-index & = («, ..., @g; @g4+1) in ]Ng+1 the derivative
0% is of parabolic order |a| + 2a441. By (V?1)"(v), n € IN we mean the vector
of all the derivatives of parabolic order 2n of the smooth function v. Explicitly,
each component of (V21)™(v) has the form 0%v with |a| +2a441 = 2n. So that we
always have, in each one of these derivatives, an even number of space derivatives.
We shall use the notation |(V*!)"u| for the Euclidean length of (V*!)"u. The
next elementary lemma shall allow us to transfer the spatial estimates in Corollary
5.2 to mixed space—time derivatives for temperatures.

Lemma 5.3. Let u be a temperature in Q and & = (a; gr1) € NI with 2n =
|| + 2a411, n € N. Then the derivative %u belongs to the linear span of V*"u.

Proof. Induction in ag41. When agz41 = 1, we have that
9% = 9@ (9%Vy) = 940 (Au) € span V" u.
Assuming that result holds for ag41 = j € IN and let us prove it for ag11 =75+ 1,
9%y = (@0 g(0:i+1),, — §(@i0) 5(0ih) Aq, = G0 A §050)y,.

Notice now that the last term is a linear combination of derivatives of the form
9P09(09)y, with |8 = |a| + 2. So that we can apply the induction hypothesis to
each one of this terms to obtain that 9%u is in the linear span of V2"u. (]

As a corollary of Theorem 5.1, its Corollary 5.2 and the above considerations we
readily have that the next statement holds true.

Theorem 5.4. For 0 < A <2n < A+d and n € IN there exits a constant C such
that the inequality
5 (. ) (V) ula, )] < CMp. [ME" (w)](a, 1)

holds for every temperature u in Q and every (x,t) € Q.

6. LP—ESTIMATES FOR SPACE—TIME GRADIENTS OF TEMPERATURES IN TERMS
OF MIXED LEBESGUE-BESOV NORMS

In analogy with the definition of C}(D) (see §6 in [4]) let us write €™ (D)
to denote the space of all those L?(D) functions f for which Mﬁ’)"m( f) belongs
to LP(D) equipped with the norm ||f\|<gpx,m(D) = [Ifllzepy + HM;E”\’"L(]")‘

Lr(D)
From Corollary 5.4 in [4], when X is a non integer positive number, M’g’)‘ =

_1-4

A
SUPo<y (o) Mfrepy, [Blair)| " d fB(m;T) |f — | is pointwise equivalent to the Cal-

derén—Scott maximal operator, so that in this case %ZJ\’[/\]+1(D) = C}(D). Hence,

from the immersion of Besov B,*(D) spaces into the space C; (D) (Corollary 11.6
in [4] and the footnote at page 7 in [2]) when D is a Lipschitz domain, we conclude

that Bgvp(D) — ‘Kp)"[A]H(D) which, for a bounded D is continuously immersed
in €™ (D) for m > [A] + 1. Let us introduce the mixed norm spaces defined by
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LR, 6»™(D)) and by LI(RT, B)P(D)) with 1 < ¢ < 00,1 <p < ooand A > 0.
The corresponding norms for a d + 1 variables function v are

1
q
_ ) q
olunesapon = [ 10O )
1
q
ol s oom = (1060100 1)

As a corollary of Theorem 5.4 we obtain the next basic result.

and

Theorem 6.1. Let Q@ = D x Rt with D a bounded domain in R?. Let 1 < p < oo
be given. For 0 < A <2n < A+d and n € N there exists a constant C1 depending
on p, A and n such that for every temperature u in ) we have the inequalities

H52n—>\ |(v2,1)"u| HL?’(Q) <Cy ||U||Lp(111+,<€$‘2"(D)) )

Proof. Follows from Theorem 5.4 and the boundedness of My on LP(R) for p > 1.
t

Notice also that for p =1 a weak type inequality of the form

/D [{te RT: 52, t) [(V>D) u(z, t)| > p}| da

<*/ e ute )

g L
i

LI(RT)
|u||L1 ]R+ ch 2n(D))

follows from the weak type (1,1) of the time operator My

Since the weight functions w(t) for which the one-sided maximal operator M ~
is bounded on LP(wdt) (p > 1) are characterized by the one-sided Muckenhoupt
condition A" (see [10], [8]), the above results extend to mixed norms with weighted
LP-norms in the time variable.

Corollary 6.2. IfQ = D xR" with D a bounded Lipschitz domain in R?, 1 < p <
00, A a non integer positive number and n an integer such that [\|+1 < 2n < A+d,
then

521721l ) < Co o oo

for some constant Co and every temperature u in €.
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