RIESZ TRANSFORMS RELATED TO SCHRODINGER
OPERATORS ACTING ON BMO TYPE SPACES.

B. BONGIOANNI, E. HARBOURE AND O. SALINAS

ABSTRACT. In this work we obtain boundedness on suitable weighted BMO
type spaces of Riesz transforms, and their adjoints, associated to the Schrodinger
operator —A + V| where V satisfies a reverse Holder inequality. Our results
are new even in the unweighted case.

1. INTRODUCTION

As it is well known, classical Riesz Transforms map LP(w), 1 < p < oo, into
itself as long as w belongs to the Muckenhoupt class A, i.e. weights satisfying

() ) soor

where B denotes any ball in R¢. However they fail to be bounded for p = co. In
the unweighted case the substitute result is that L°° is mapped into a larger space,
the BMO space of John and Nirenberg. Moreover, it turns to be true that BMO
itself is applied continuously into BM O under the Riesz Transforms. This result
has been generalized to the more general spaces BMO®(w), 0 < 8 < 1, for certain
classes of weights (see [11, 10]). More precisely, for w belonging to A, = Up2; A,
and satisfying

o) B /B wy)  _ w(B)

e lep —y |*H=F T 7 Bl

each Riesz Transform maps continuously BMO?(w) into itself, 0 < 3 < 1, where
1
163 _ 1. _

BMO (w)_{fELIOC S]‘;p |B|ﬁ/dW(B)L|f(m) fB|d$<OO}7
with the supremum taken over all balls B and fp denoting the average of f over
B.

Classical Riesz Transforms are associated to the Laplacian operator by
0
al’i
If we make a perturbation of the Laplace operator we obtain a Schrédinger
operator

Ri=—(-A)"Y2 i=1,2,...,d

L=—A+V,
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where V' is a no-negative function. Correspondingly, we may associate to the dif-
ferential operator £ the Riesz Transforms

0
Ri=—(-A+V)"Y2 =12 ... d.
Q 81'1' ( + )
These operators have been considered in [12], where the author shows that they are
also Calderon-Zygmund singular integrals as long as the potential V' belongs to a
reverse-Holder class RH, for some exponent ¢ > d > 3, i.e. there exists a constant

C such that

1 Va o
3 —/V qd) g—/v dy,
3 (1 [vwra) <5 [ v

for every ball B C R?.

As a consequence R;, i = 1,2,...,d, are bounded on LP(w), for 1 < p < oo
and w € A,, and of weak type on L'(w), for w € A;. Moreover, Shen shows that
if V satisfies (3) with % < ¢ < dand w = 1, then R; are bounded only on a
finite range of p, namely for 1 < p < pg with p% =1 2, which he proves to be
optimal. Consequently, assuming (3) for ¢ > d/2 we will have LP boundedness of
the adjoints R, near p = co. In fact it will hold for pj < p < co when d/2 < ¢ < d
or 1 < p< oo whenqg>d.

Also, regarding these operators, in [4] the authors introduced an appropriate
version of the Hardy space H; which turns out to be invariant by R;, under the
assumption ¢ > d/2. Further related results can be found in [5] and [6].

In connection with boundedness of other operators associated to £, in [3] appears
an appropriate version of the BMO space of John-Nirenberg, for potentials V'
satisfying (3), for some ¢ > %, and d > 3. Such space is defined through the
following function associated to V already used in [4, 5, 6, 12]. Given 2 € R? we
set

1
(4) p(m):sup{r>0zrd_2/B( )V<1}7 z € Re

With this notation the space BMOyg is defined as the set of functions f in L] _
satisfying

. 1
/ \f — fel < C|B|, wmth:f/ 7,
’ B[ /5
for every ball B C R?, and

[1s1=cip
B
for every ball B = B(x, R), with R > p(z).

Clearly BMOyg is a subspace of BMO and contains L. In [3] it is proved that
BMOg is the dual of the Hardy type space Hg introduced in [4].

In [1] we defined the more general space BM Og(w) for an exponent 0 < 3 < 1
and a weight w as the set of functions f in L], satisfying

(5) /B f - ol < Cw(B)|BI*",
for every ball B € R¢, and
(6) / I < Cu(B) B,

B
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for every ball B = B(x, R), with R > p(z).

A norm in the space BM Og (w) can be given by the maximum of the two infima
of the constants that satisfy (5) and (6) respectively. This norm will be denoted by
I- ”BMoﬁ(w)'

The aim of this paper is to explore boundedness properties of the Riesz Trans-
forms R; and their adjoints R} on the spaces BM Og (w). To our knowledge there
were not results in this direction even in the simplest case w = 1 and 8 = 0. How-
ever, during the revision of this article, the referee communicated us that in [2]
the authors have proved the BMOg-boundedness of R;, for ¢ > d. Also, observe
that due to the lack of symmetry of the problem, R; and R; may have different
properties.

In order to give the precise statements we consider the following class of weights.
For n > 1 we say that w € D,, if there exists a constant C' such that

(7) w(tB) < Ct¥w(B),

for every ball B € R? and t > 1. Here, as usual, tB denotes the ball with the
same center as B and ¢ times its radius. We remind that a weight w satisfies the
doubling property

(8) /szSC/Bw’

for every ball B C RY, if and only if w € D, for some 1 > 1.

Let us notice that our assumption (3) on V implies that V' belongs to some A,
class and thus satisfies (8) and hence (7) for some p > 1.

Before stating the main theorems we introduce the definition of the reverse
Holder index of V as q¢o = sup{q : V € RH,}. Observe that since V € RH,
implies V € RHg 4., under the assumption V' € RHy we may conclude ¢o > d.

Theorem 1. Let V € RHy and w € Ao N D,y. Then

(a) For any 0 < 8 < 1—d/g and 1 < n < 1+ 1_d/+_ﬂ, the operators R,
1 <i<d, are bounded on BMOg(w).

(b) Forany 0 < f<landl <n <1+ %, the operators RY, 1 < j < d, are
bounded on BMOg(w).

Theorem 2. Let V. € RHy/y such that go < d, 0 < 3 <2 — qio, and w € Dy N

—d/go—
Usspy (Apy/sr N RH) where pio = q% —Yandl1 <n<1+ M%@ Then the

operators R}, 1 <1 < d, are bounded on BMOg(w).

Remark 1. For R; the condition V € RH, in Theorem 1 can not be relaxed to
V € RHg/, as it is the case for R;. In fact, for w = 1 and V € RH, with
d/2 < q < d, since L C BMOg C BMO we would have that R;, i = 1,...,d,
are bounded from L into the classical BMO. Besides, by [12, Theorem 0.5] they

are also bounded on LP, 1% = 1 _ L Therefore by interpolation R;, i = 1,...,d,

1
q d
would be bounded on any L", p < r < oo, leading to a contradiction since as we
mentioned, the range given in [12] is optimal. This is also the reason why even in

the case V € RHy we obtain a wider class of weights for R}.

Remark 2. We point out that any non-negative polynomial gives an example of a
potential V satisfying the assumption of Theorem 1. In fact, those potentials satisfy
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(3) for any ¢ > 1. In particular it applies to V(z) = |z|? which gives the Hermite
operator. In this situation it can be seen that the weights given by Theorem 1 in
part (a) and (b) and those associated to the classical Riesz transforms coincide (see
Proposition 4 below).

As a corollary of Theorem 1 we have the following application.

Corollary 1. Let V € RHy, w € AN Dy and 1 <y < 1—|—17d/+7ﬁ. If uis a
solution of

—Au+ Vu =divg,
then
H“”BMog(w) < C”g”BMo{;(w)'
Proof. Since Vu = R(R* - g), the result follows applying Theorem 1. a
The paper is organized as follows. On Section 2 we present some estimates
related to the potential V' and properties regarding the spaces and weights under

consideration. Section 3 is due to estimates on the size and smoothness of the
kernels. Finally, in Section 4 we prove our main results.

2. SOME PRELIMINARY RESULTS

We start stating some properties of the function p defined in (4) that we will use
frequently.

Proposition 1 ([12]). Let V € RHg5. For the associated function p there exist C
and kg > 1 such that

0 o) (1+'”;(;§")k° < o) < Cpto) (1+ ”;(;)y')

for all z,y € R,

Lemma 1. Let V € RH, with g > d/2 and € > g, Then for any constant Cy there
exists a constant Cy such that

(10) /B Vg, < Cyre? <T)2d/q,

(z,Cqr) |’U, - x‘d—e p(l‘)

if 0 <r < p(x), and

e 24-(u—1)d
/ V< oy (T) 7
B(z,Cyr) |’U,—J)| ¢ p(.]?)

if > p(x), where p is such that V € D,,.

Proof. Clearly we may assume Cj > 1. Since € > g, by Hoélder’s inequality,

1/q
/ V(uzl,edu < Cre-d/a / vel
B(z,Cyr) |u - .CE| B(z,Cir)
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If 0 < r < p(z), using (3), the doubling property (8) and the definition of p, the
last factor can be bounded by

1/q
</ v‘l) < Op(z)g‘d/ 14
B(z,C1p(z)) B(z,p(x))

< Cplx)i 2

In the case r > p(z), we use (3) and V € D,, to obtain the bound

pd
Cre_d/ V<Cred (T ) / \%
B(z,Cyr) p(l’) B(z,p(x))

Next we present some special properties of the spaces BM Og (w).

Proposition 2. Let 0 < 8 < 1 and a weight w € D, for some n > 1. A function
f belongs to BMOg(w) if and only if condition (5) is satisfied for every ball B =
B(z, R) with R < p(x), and

(11) / 1] < Cw(B(z, p(x))) o)),
B(xz,p(z))

for all x € RY.

A proof of this result can be found in [3] for the case w = 1 and 8 = 0, and in
[1] for the general case.

Recall that functions belonging to the classical BMO space satisfy the John
Nirenberg estimate (see [9]). An extension of this result to the weighted case was
given by Muckenhoupt and Wheeden in [11] and a general version that includes
BMOPB(w), 0 < 3 < 1, appears in [10]. Even though the proofs are worked out in
d =1, they can be easily carried out in higher dimension as well.

Weighted John-Nirenberg inequalities have an important consequence, namely
that equivalent norms can be obtained taking appropriate r-averages for the oscil-
lations as long as 1 < r < p’. More precisely, a function f € BMO?(w) if and only
if

1 1 1/r
12 _ T, 1—r

and, moreover, this quantity gives an equivalent norm.
An extension of such results for BM Og(w) spaces is contained in the following
proposition.

Proposition 3. Let 0 < 8 <1, w € A, and 1 < r < p', r < oco. Then f €
BMOg(w) if and only if

1 1 1 r, 1—r Y
(13) S%pW<U)(B)/B|ffB|w ) < 09,



6 B. BONGIOANNI, E. HARBOURE AND O. SALINAS

and

14 "

a9 328 a7 (i /™ )

where B, is the set of balls B = B(x,R) with R > p(x). Moreover, the mazimum

of the two suprema gives an equivalent norm.

Proof. First, if (13) and (14) are satisfied, Holder’s inequality implies that f €
BMOg(w) with the norm is controlled by the sum of the two suprema. On the

other hand, by the continuous inclusion BMO?: (w) € BMOP?(w) we only have to
prove that the left hand side of (14) is dominated by ”fHBMoQ(w)' Since A, C A,

for every ball B € B, we have

(st o)

1 AT w=r(B)\ "
(15) = (w(B)/BU_fB| v ) + /sl ( w(B) )
1/r' wl=r 1/r
<fllprro2 w)|B|ﬁ/d <1+ w(5) (|B| (B) >

B/d
< Clfllparos uy | BI7'™.

O

Before finishing this section we state the following lemma, providing a very useful
property for the functions on BM Og (w). A proof for the case v = 1 was given in

).

Lemma 2. Let w € Ay N D, witht > 1, n>1and f € BMOg(w). Then, for
every ball B = B(x,r) and any finite v < t', we have

1 Y 1/ B/d p(z) dn=d+s
(L 1) < Clluogn w15 maxd1, (220 ,

ifn>1o0rp>0, and

1/v
</ |f|”w1_”> < CfllBMOe(w) w(B)l/” max{Ll—i—log(p(m))},
B r

ifn=1and g =0.

Proof. The proof follows the same lines as in [1] for the case ¥ = 1. For the sake of
completeness we include it here. We write f = f — fg + (Zjo ) - f2,+13) +

faiop, where 27071 < @ < 270, Then,

1/v
(/ |f|yw1_y> < I+ 1+ 13,
B

: —n\1/v —v v jo—
with Iy = ([ |f — fel'w'™) / , I = (w(B)Y 220211 |foip — foit1p| and
I = (W= (B)Y" | flas0 -
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For the first term we just use Proposition 3. For I5 and I3 we bound the oscil-
lation and the average using the definition of the norm, and

B|
1—v B 1/v <C |
(= (B) Y < Ot
since w € A,.

Combining these estimates we obtain

Jo
L+ 15 < C|fllpmogsw w(B)/¥|BIY*Y " 2itdn=d+6),

j=1
Evaluating the sum according to the cases dnp —d+ 3 =0 and dn—d+ (3 > 0 we
arrive to the desired result. (I

We finish this section making some remarks about the weights appearing in
Theorem 1 and Theorem 2.

The weights for classical Riesz transforms are given by an integral condition (2)
while our classes are stated through a doubling condition. Nevertheless, all the
classes can be described in both ways as the following proposition shows.

Proposition 4. Let v > 0 and s > 1. Then, w € RH; N D, with n < 1+ ~/d if
and only if

s 1/s
3 w(y)
1 B _—
(16) s ([ )
for every ball B = B(x,r).

Proof. If we suppose w € RH; N D,, denoting By, = B(z, 2k ),

[ s L
Ja—y [ S e B,

k=1

= w(Bp) \°

> ()
(ke

k=1

w(B)

1Bl

IN

C

IN

IN
Q

IN

where the last series converges since 7 < 1 4 v/d, obtaining (16).
On the other hand, if we suppose (16), by Holder’s inequality we have

(17) |B|¥/B‘| vy owB)

ele—ylte = Bl

and this implies
w®(2B\ B) < C w®(B)
which in turn gives the doubling condition for w®. Therefore, with standard argu-
ments we obtain
w®(B) < C w®(2B\ B).
Now it is easy to see that (16) implies w € RH,.
Next we check that the function () = w*(B(z,t)) satisfies

/Oo v(s) ds < C 40

5d+'ys+1 — td+'ys '
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This follows from (17) splitting the integral dyadically and using the doubling
condition for w?.
Therefore, applying [8, Lemma (3.3)] there exists there exists e > 0 such that

w* (tB) < Ct 75~ <w*(B),

for every ball B and t > 1. Finally, as a consequence of Holder’s inequality and
w € RH¢ we obtain that w € D, with n <1+ 7. O

Remark 3. In view of this proposition the class of weights appearing in Theorem 1
are those A, weights satisfying (16) with s =1, and y=1—- 3 — q% for the part
(a) and v = 1 — (3 for the part (b).

Regarding Theorem 2 we obtain the weights satisfying (16) with s > pj and

v =2 — 3 —d/qo, which also belong to A, /.

Remark 4. Clearly, the class of weights mentioned in the introduction regarding the

classical Riesz transforms coincide with that of Theorem 1 part (b) and contains
those of Theorem 1 part (a) and Theorem 2.

Examples of power weights satisfying the assumptions of the previous results are
w(z) = |z|®, with —d < a < 1——d/qo for Theorem 1 part (a), and —d < a < 1—-0
for part (b), while for Theorem 2, the exponent « should be in the range

d d
—d+——-l<a<l—f3—(—-1).
qo qo

3. SOME ESTIMATES FOR THE KERNELS

We shall denote by R and R* the vectors whose components are the Riesz
Transforms R, and R} respectively, i.e.,

R=V(-A+V) V2 R* = (-A+ V)72V,

According to [12], under the assumption that V' € RH, with ¢ > d, R is a
Calderén-Zygmund operator. In particular he shows that its R? vector valued
kernel K satisfies for any 0 < § < 1 — d/q the smoothness condition
jz —yl°
(18) (K(z,2) = K(y, 2)| + [K(z,2) = K(z,y)| < Cmv
whenever |z — z| > 2|z — y|.

However, Calderén-Zygmund estimates are not enough to obtain our results.
We shall need some sharper estimates for the kernel and its difference with the
corresponding to the classical Riesz operator. That is the content of the next
lemma which is basically contained in [12].

Lemma 3. IfV € RH, with ¢ > d, then we have:
(a) For every k there exists a constant Cj such that

Ci 1
k _ ld”
(1 n |9H|> |z — 2|

(b) If K denotes the R? vector valued kernel of the classical Riesz operator R, then

(19) K(z,2)| <

Kz » C |z — 2| 2=d/q
(20) Ko - Kol < o (5
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Proof. For part (a) we refer to [12, inequality (6.5)]. To deal with (b) we first
observe that if | — z| > p(x) the result is true since both are Calderén-Zygmund
kernels. The case |z — z| < p(z) is a consequence of the estimate (valid for ¢ > d/2)

IK(x,2) — K(z, 2)| <

C V) o1 (e 2=d/a
xr — Z B(z,|m—z\/4) u—x xr — zZ piC
| |41 | |41 | I\ plz)

appearing in the same paper as inequality (5.9). In fact if ¢ > d, we may use
Lemma 1 with ¢ = 1 and we bound the first term in the sum by the second one. [J

In order to control the operator R acting on functions in BM Og(w) we need a
new estimate concerning the smoothness of the difference K — K.

Lemma 4. Let V € RHy; with ¢ > d and 0 < § < 1 — g. Then, there exists a
constant C' such that

- - . Cle =y’ (e —2\*™"
(21)  |[K(z,2) — K(z,2)] — [K(y, 2) — K(y, 2)]| < |z — 2|d+o ( o(z) ) )

whenever |z — z| > 2|z — y|.

Proof. Inequality (21) certainly holds when |z — z| > p(z) since both kernels K and
KC satisfy the Calder6n-Zygmund smoothness estimate (18) for § < 1 — d/q. Now
suppose |z — z| < p(x). Let A(z,z,7) and I'(z, 2, 7) be the fundamental solutions
of (A +V +ir) and (—A + i7) respectively. It is well known (see [12, p. 529])
that for any positive k there exists a constant Cj, such that

Ck 1

22 r =
(22) VS G =2 fe =
and

1
(23) [(V1)?T(,2,7)| < =

A+ |2 = 2)F o — 2|*7
for all 2, z € R?, where V; means that we are taking all the partial derivatives with
respect to the first variable. Also, from [12, Theorem 2.7], we have
C

[+ 712z = 2]]F [L+ |z — 2/p(2)]* |2 — 2|72
for all x, z € R Notice that since A(z,z,7) = A(z, 2, —7) we may replace p(z) by
p(z) in the previous inequality.

With this notation, following [12, p. 538] the difference of the kernels can be
written as

K(z,2) — K(z,2) = —% /R(—ir)—lm[VlA(x, z,7) — Vil'(z,z,7)] dr.

(24) Az, z,7)] <

On the other hand since u = A — T, as a function of the first variable, satisfies the
equation —Au + iTu = —V A, we obtain

AfF:f/ I'VA.
Rd

Then
(25) K(z,z) —K(zx,z) = —% /(—iT)_l/Q Vil'(z,u, )V (u)A(u, z,7) dudr.
R R4
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Consequently,
[K(z,2) — K(z, 2)] = [K(y, 2) — K(y, 2)] =
— % (—iT)_1/2/ [Vil'(z,u,7) = V1T (y, u, 7)]V(w)A(u, z, 7) du dr.
R Rd

We will deal first with the absolute value of the inner integral before performing
the integration in 7. To this end we consider four regions covering R%:

3
E={u: |u—x\<§|x—y|};
3 1
Ey={u: §\x—y|§|u—x|<§\x—z\};

1
Es={u: 5\x—z\§|u—x|<2|x—z|};
Ei={u: |lu—z|>2)z—z|}.

After taking absolute value inside, we call I, j = 1,2,3,4, the corresponding
integrals and we proceed to estimate them.

For I, we majorize by the sum of the gradients and estimate each integral
separately. Since both are similar we work out one of them. Due to the assumption
|z — 2| > 2|z — yl, for u € Ey we have |u — 2| > |z — z|, and by (22) and (24), we
get

/E|V1P($,U7T)A(u,z,7)|V(u)du

Vi(u)

<C d
- /E (U+ (7172w = 2)Flo — uft=Tu — 2]==2

(26)

< Ck / & du
T (T2 = 2P = 2|92 B ga—y) [T — ultT

. Ciele —y|° @ — 2]\
= A+ [ = 2D)Fle = 2|5\ p(a) ’

where in the last inequality we have used Lemma 1 with e = 1 and r = |z — y| <
3|z — 2|, and 6 < 1—%.

Next, to take care of the integrals on the remaining regions, we observe that for
lu — z| > 2|2 — y| the Mean Value Theorem together with (23) and (24) give

[[Vil(z,u, ) — Vil(y, u, 7)]V (u)A(u, 2z, 7)|
27 < Cr |z — y|V(u)

— k .
(L o172 = 2k (14 23) = 242 (14 [7[1/2] = ul)Ho — uf

Then, since u € E, implies |u — z| > |z — 2| — |u — x| > 3|z — 2|, we obtain

Gl — | [

I, < d

B R T R e A T
. Okl — yl° / Vi
= P = 2Pl = 277 Jpa o o — ulTT55
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By Lemma 1 with e =1 — ¢ and r = |z — 2|, we arrive to
—d
Ci |z —y? [w — 2\
(L + |72z — 2)F|z — 2|71\ p(z) ’

By (27) and using that v € E3 implies |z — z| ~ |u — x|,

Cy Jz — y| / V(u)
I, < d
A+ 2 e — 2 [ — 24 S, Ju— 22

(28) I, <

and since E3 C B(z,3|x — z|) we may use Lemma 1 with e =2 and r = |z — z| to
obtain

2—d
(20) I < Ci |z — y] w =2\
= W7 = 2D — 27\ o) ’

where we have use also that p(z) ~ p(x).
Finally, to deal with I, we use again (27). Noticing that for u € Ey |lu—z| ~ Ju—z|
and p(z) ~ p(z) we get

Crlz =y / V(u)
E

Iy <
(30) (T PTe = 2DF S, Jo— uf=2(1 + B2

du.

We split the integral above into F4 N B(x, p(z)) and E4 N B(x, p(x))°.
For the first part, we have

|4
[ W,
2|z—z|<|u—z|<p(x) |(E — U‘2d_2(1 + %)k

1 1/q 1/q
(31) < / —— du / &
- B(z,2|xz—=z|)¢ |u - ‘T‘(gd_Q)q B(z,p(x))

C <x—z|)2_d/q
< 5 ;
lz — 2|4\ p(x)

where we have used (3) and the definition of p.
For the other term, splitting into dyadic annuli and choosing k£ big enough, we
obtain

1%
/ (u) S—
lu—al>p() |2 —ul?2(1 4+ 50k

p(z)
V(w)
< p(a)* / V.
lu—z|>p(z) [T — ulFT2d=2
< _ y
(32) p(x)2d—2 ; 2020) o

¢ 1

J

. 2—d/q
< C’d < C . <x z) ’
plx)? = |z —z" \ p(z)

where in the third inequality we have use that V' belongs to D,, for some p > 1.
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From (30), (31), (32), we obtain

@ e Gl O (i)

L+ |72z = z)* o — 2|7\ p()
Now from (26), (28), (29) and (33), integrating on 7 we get the desired estimate
and we finish the proof of the lemma. ([l

Regarding R* we will work under a milder condition on V, that is V satisfies
(3) with ¢ > d/2. Under this hypothesis R* is not necessarily a Calderén-Zygmund
operator. However, by [12] it is bounded “near” L. We state in the next two
lemmas properties of K* that replace (18) and inequalities of Lemma 3.

Lemma 5. If V € RH, with d/2 < g < d, then we have:

(a) For every k there exists a constant C such that
(34)

1 1
IK*(z, 2)| < < % -1 / V(ut)ifldu + '
(1+ x—z\) |£E—Z| B(z,|lz—z|/4) |U—Z| I‘T_Z|

p(z)
Moreover, the last inequality also holds with p(x) replaced by p(z).
(b) For every k and 0 < 6 < 2 —d/q there exists a constant C such that

IK*(x,2) = K*(y,2)| <

(35) c i lz —y|° / V) gy LY
(1 + \w—zl) |2 — 2|97\ Jpa jomsyja) [ — 2[471 |z — 2|
p(z)
whenever |z —y| < Z|z — z|. Moreover, the last inequality also holds with p(x)
replaced by p(z).

(c) If K* denotes the R? vector valued kernel of the adjoint of the classical Riesz
operator, then

K (2, 2) = K* (2, 2)] <

36 — 2\
%) Cd—l </ V(ut)i_ldu+ ! <|z Z|) > )
|z — 2| Bz Ja—z/4) [u — 2| |z — 2| \ p(=)

Proof. Inequalities (34) and (36) can be found in [12], pages 538 and 540 respec-
tively. We point out that inequality (36) is proved only for |x — z| < p(z) but using
the size of K* and K* this restriction is not necessary. Estimate (35) appears in
[7, Lemma 4] for |z — y| < 15|z — 2|. However, it is possible to change the factor
1/16 for any positive constant less than one. In order to see that both estimates
(34) and (35) still hold with p(z), it is enough to consider the case p(z) < |z — z|,
since otherwise p(z) ~ p(z). In that case, using Proposition 1 we have

o —k - —(1—0o)k
(37) (1+x()z> §c<1+|x()’z')
p(x p(z
where 0 < o < 1. O

Lemma 6. If V € RH, with ¢ > d, then we have:
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(a) For every k there exists a constant C such that

C 1
k _ sla”
(1+ \H|) |z — 2|

(38) IK*(z,2)| <
p(z)

Moreover, the last inequality also holds with p(x) replaced by p(z).
(b) For every k and 0 < & < 1 there exists a constant C such that

) . C a:—y5
(39) IK*(z,2) = K*(y,2)| < R | — z|d+8’
(1+LZ|) T—z
p(z)

whenever |z —y| < %|z — z|. Moreover, the last inequality also holds with p(x)
replaced by p(z).

(c) If K* denotes the R? vector valued kernel of the adjoint of the classical Riesz
operator, then

C (|asz|>2_d/q
40 K*(x,2z) — K*(z,2)] < .
(40) K (2) =K (o2)| < g (o
Proof. Since K*(xz, z) = K(z, ), inequality (38) is a consequence of (19) and (37).
In order to see (39), given 0 < § < 1, we consider d/2 < s < d and such that
0 < é < 2—d/s. Since V satisfies (3) for every s < ¢, inequality (35) holds, in
particular with p(z). Now, if |x — 2| < p(z) we use the first inequality in Lemma 1

to see
%4 1
[ V0 o L
B(z,|z—z|/4) lu — 2| |z — 2|

In the case |z — z| > p(z), using the second inequality in Lemma 1 we get

1 . 24+(p—1)d
/ EACRYe <1 LIz Z) .
B(z,|z—z|/4) lu — z] |z — 2] p(2)

Finally, by (37) we may replace p(z) with p(x) and (38) holds.

To check (40), if |z — z| < p(z) the result follows from (20) since p(z) ~ p(z).
1

In the case |x — z| > p(x) we use that the size of each kernel is like 7= and that

2—d/q>0. O

The following result gives an appropriate version of Lemma 4 for R* under the
weaker assumption V € RHgj,.

Lemma 7. Let V € RH, with ¢ > d/2 and 0 < § < min{1,2 — d/q}. Then, there
exists a constant C such that

K" (2, 2) = K" (2, 2) = [K7(y, 2) = K" (y, 2)]| <

(41) Cle —y|° / Vw 1 <|x— d >/
|z — z|d-1+9 B(z,|z—z|/4) lu — 2[4t |z —z| \ p(=)

whenever |x — z| > 2|z — y|. Moreover, in the case ¢ > d,

* * * * C|£L’ - y|6 |(E B Z| 2d/a
42 x,2) — K*(x,2) — z) — z
(42) 1" (0,9) - Ko 2) — K 2) - Kol < o2 (22

whenever |r — z| > 2|z — yl.
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Proof. First observe that for |x — z| > p(x), estimates (41) and (42) can be derived
using the smoothness of each kernel (see (35) and (39) for £*).

For the rest of the proof we assume |z — z| < p(z). From (25) and the fact that
Alu,z,7) = Az, u, —7) we obtain

K (2, 2) — K" (2, 2) = [K*(y, 2) = K" (y, 2)] =
1

- — —ir) /2 1I(z,u, 7 u T, U, —T) — ,u, —T)| dudr.
3 [ [ ViV @A =) = Ay, )] dud

We call I the absolute value of the inner integral in the above expression, and we
split R? into the same regions E;, j=1,2,3,4 as in Lemma 4. We denote by I},
the integral over F;, j = 1,2, 3,4 after taking absolute value inside.

For I, we majorize the absolute value of the difference related to A by the sum
of the absolute values of each term and estimate each integral separately. Since
both are similar we work out one of them. First we notice that |z — z| > 2|z — y|
implies |z — u| > §|o — 2| for u € E1. Then, using (24) and (22), we have

/E Vil (z,u, 7)A(x, u, —7)|V (u) du
Ck / V(u) du

43 < — —
(43) T+ 7722 — 2Dz — 2171 o afoy)y 18— uld2

Cy |z — y|° & — 2|\ >
= (U + [Pz — z)F |z — 2|5 149\ p(x) ’

where in the last inequality we have used Lemma 1 with e = 2 and r = |z — y| <
2p(z), and that 6 <2 —d/q.

For the remaining regions we will use the following estimate taken from [7, p.
427],

|A($, u, _T) - A(ya u, _T)‘ <

for |z —y| < %\x —u| and 0 < 6 < min{1,2 — d/q}. In fact, in [7] the inequality is
proved for ¢ < d. However, for ¢ > d since V belongs to RH, for every s < g, the
above inequality holds for any 0 < § < 1.

To estimate Iy we use (44) and (22) to get

Cilz — yf? / V(u)
I, < — 7 _d
. 22 WA Pl — 2Dz — 219 S 1y Tu—a] a2
Cila —y° j — 2]\~
= (U 712z — )Mo — 210\ p(x) ’

where in the last inequality we have used Lemma 1 with r = %|$ —z|land e =2-9.
To deal with I3 we notice E5 C B(z,3|z — z|). Using again (44) and (22) we
arrive to

Cile — ff [ V()
46 I3 < ——du.
(46) A+ 7122 — 2)Ma — 2725 S gpamap Tu— 241
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Finally, for u € E4 we have |u — | ~ |u — z| and hence, using (44) and (22),

Crlz —y|° / V (u) lu—z[\]7"
I, < 1 du.
ST 2 — ) Se, T — = | o) !

We set Fy = Ef UE?, where Ef = {u: 2|z — 2| < |u— x| < p(x)}. Applying
Hélder’s inequality the above integral over E} is bounded by

1/q 1/q'
/ Ve / (21d73+5) rdu
B(z,p(x)) lu—z|>2je—z| U — Z| 1

- c |z — 2|\ 21
T =24 p(2) ’

where in the last inequality we have used the reverse Holder condition on V' and
the definition of p.
To estimate the integral on E2, by Proposition 1 we have

(47) p(u) < Cp(x)'~7|u — |7,
with 0 < o < 1. Therefore, we set N = k(1 — o) to get

/ V(u) < plz) )N "
lu—a|>p(a) [t — 2|23\ |u — z

< pla) 250 22—3'(2(1—3+6+N)/ v

=1 lu—=z|<29 p(z)

Since V satisfies a doubling condition and we can choose k large enough, pro-
ceeding as in (32) the last expression is bounded by a constant times

Cde1— C |x — 2| 2-d/q
d+1-6
Py S ( e ) ’

sinced—1+d>2-4d/q.
Now using the estimates in £} and E7 reminding that |z — z| < p(z), we obtain

(48) I < Cile —yl” ('m_z|>2 "
L+ 2w — 2] |2 = 2|14\ p(x)

From (43), (45), (46) and (48), performing the integration on 7 we get (41).
It remains to check (42) for |z — z| < p(z). For ¢ > d, this is a consequence of
Lemma 1 and the fact that p(x) ~ p(2). In the case ¢ = d we use that V' belongs
to RHy, for some n > 0. O

4. PROOFS OF THE MAIN RESULTS

Proof of Theorem 1. First we will prove (a). Notice that by our assumptions if we
fix 8 and n we may choose ¢ > d and § < § <1—d/q such that V € RH, and

(49) 1§n<1+i%£

According to Proposition 2 we only need to check that

(50) [ IRA1 < €1l a0 B 1B,
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for all B = B(zq, p(%0)), To € R?, and

(51) | IRE = (R1)51 < €l asog el B)1B1,

with B = B(xg,7), 1 < p(z0)-
We start with (50). For B = B(xq, p(xo)) we write f = f; +f2, with f1 = fx2B.
Since w € Ao, w € A, for some 1 < p < oo and hence w'~ P g Ap. Using that
under our assumptions R is a Calderén-Zygmund operator we have

, N L/
JEG -
B B
1/p’'
C B 1/p< p’ 1p/>
<cum ([ 1

<C Hf”BMog(M)w(B) |B|ﬁ/da

where in the last inequality we apply Proposition 3 and the doubling property of
the weight w.
On the other hand, an application of Lemma 3 gives,

/B Rfa| < /B /@B)u K (2, 2) £(2)| dz da
plx) \* 1
SC"’/B/@B)c(m—a) g/ (2 dzdr

< Croplg) /( @,

2B)e lzg — 2z[k+d

where we have use that p(z) ~ p(xg) (Proposition 1) and |zg — z| ~ |z — z|.
Splitting the integral into dyadic annuli and using the doubling property, the
above expression is bounded by

o0

1 = w( 2JB
)3
O3 gt |, )8z < Ol lmniognelen)” S gy
j=2 j=
= 1
< Ck||f\|BMog(w)P($o)ﬁw(B) 2:2 St d—p—dn)’
o

and the last sum is finite choosing k big enough. This completes the proof of (50).
In order to check (51) we consider the ball B = B(xg,7), r < p(zo).

| 1R#@) = (Rp)5|da
(52) g/ |(R—R)f(x)—[(R—R)f]B\d:B—F/ IRf(z) — (Rf) 5| dx
B B
=1+11.

Since BMOg(w) C BMOP(w) and the weight w satisfies (2) (see Remark 4),
the classical Riesz transform preserves BMO?(w) and thus

11<C ||fHBMo§(w)w(B) |B|ﬁ/d~
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It remains to take care of I. We set f = fi1 + fo + f3 with f1 = fxsp and
f3 = fxsg with By = B(xo,5p(w0)). Then I < Ij + I3+ I3 where I; is the integral
that defines I with f; instead of f.

To estimate I; we use Lemma 3 obtaining

I < /|R R)f(z)| dx

o f [ ol <|x<>z>2d/q dede

1
Cptant? [ [ s o)l
p(fL'()) sz /B |£L’—Z|d+d/q72 a:|f(z)\ z

<c (l)(;()))?_d/q /53\f(z)|dz.

By Lemma 2 in the case § > 0 or np > 1, the last expression is bounded by

IN

IN

r 2—d/q—dn+d—@ ) ]
(o) 0B ooz < OB amozr

since by assumption the exponent 2 — d/q — dn + d — (3 is non-negative. The case
[ =0 and n = 1 follows in the same way.
To deal with Iy we clearly have

ﬁ /B /B/B - [[K(z, 2) — K(z, 2)] — [K(y, 2) — K(y, 2)]| | f(2)| dz dz dy.

Now, since z,y € B and z € (5B)° it follows |z — z| > 2|z — y|, and therefore we
may apply Lemma 4 for § chosen as above to get

c/// o — y|? (m—z)Q‘d/q

L < — z)|dzdx d

2= |B| J5 JB JBo\5E | — 2470\ p(2) 7=l Y
IO

p(xo)2=d/a /30\53 |zg — z|d+o—2+d/a

since p(zo) ~ p(z) and |z — z| ~ |zg — 2.
Splitting the integral, using Lemma 2 for # > 0 or n > 1, and the doubling
condition we obtain for jo the integer part of log(p(x)/57),

r 2—d/q Jo 1
C|— - d
(p(x)) Jz:; 9j(d+5—2+d/q) /2j+13\2j3 |f(2)|d=

r 2—d/q—dn+d—p 5 Jo s/
j(2—é—d/q
¢ () P w(B) |l parosn 2

j=2

I

IN

e

S—dn+d—p3
) W(B) 1/l mas0 oy

= ¢ <p<xo>

and since r < p(zo) and (49) implies 0 < § — dn + d — 3, we arrive to the desired
estimate. The case § = 0 and n = 1 follows in the same way majorizing the log
function by an appropriate positive power.

Finally, for I3 we use that both kernels K and K satisfy the Calderén-Zygmund
smoothness estimate (18) for § < 1 — d/q. Therefore proceeding as with I we
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obtain

I3

IN

crrs [ UL,
B

 [wo — 2|4¥5

Y g [, G

J=jo 2B

IN

B
O 1 flparoni) O grars—ar (@ B):

J=Jo

IN

Applying the doubling condition our choice of § implies that the last series converges
and we obtain the desired result.

In order to prove (b), we may proceed as before, this time choosing ¢ > d and
B < 6 < 1such that V € RH, and (49) holds, and using Lemma 6 and Lemma 7
instead of Lemma 3 an Lemma 4 respectively. (|

Before the proof of Theorem 2 we need the following technical lemma. In what
follows we denote by Z; = (—A)~1/2 the classical fractional integral of order 1.

Lemma 8. Let V € RH, with d/2 < q < d and w € RH, N Ay, for some

s < p’ where % = % — 1. Then for any f € BMOg(w), 0 < pB <1, and any ball
B = B(z,r),
_ T
53 [ T s)E) = < Olfpyrog B B, (5),
where
t2+,ud7d th Z 1’
Dp.,(t) = { td—-dn—B+2-d/q if t <1, and either 3 >0 orn > 1,

[1+1log(1/t)] 1347 ift <1, n=1 and =0,

for n and p being the exponent of the doubling property satisfied by w and V' re-
spectively.

Proof. We first apply Holder’s inequality to estimate the right hand side of (53) by
I/ x8llpy [172(Vx28)llp-

To bound the first factor we apply again Holder’s inequality with exponent o
such that op’ = (p/s')’ = v to the functions | f[P" ws 7 and w? 7. It is easy to
check that (p’ — 1)’ = s and = %. Therefore,

g

1
U/p/

s'/sp 1/v
s v, l1—v
el < ([ o) ([ isret)

w(B)S,/p v, 1—v 1/’/
< (———— .
=B </B'f' v

On the other hand, due to the boundedness of Z; and the doubling property of
V' we have

(54)

V(B)

(55) 1T (Vxzp)lly < Cl[Vxasllq < C|B\1/q/'
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In the case 7 > p(wg), since w € A,/,/, an application of Proposition 3 gives us

(56) I xely < Il parosw(B)r?= P,

Now we apply the second part of Lemma 1 to estimate the right hand side of (55)

by
2+ (p—1)d
7401—2—01/(1’( r ) _
p(z)

Combining the above estimates we arrive to (53).
The case r < p(x), is handled similarly, using Lemma 2 and the first part of
Lemma 1 to bound (54) and (55) respectively. O

Proof of Theorem 2. Let s > pj such that w € A, ;o NRH,. We choose ¢ satisfying
d/2<q<q<d VeERH,0<p<2-21<n<1+2%0 and such that
UJEAP/S/ for%:i—é

As in the proof of Theorem 1 we only need to check (50) and (51) with R*
instead of R. To obtain these estimates, we follow the same steps as for the previous
theorem. Let us notice that there we used estimates of the kernel given by Lemma 6
and Lemma 7 for ¢ > d. This time we have to take care of an additional term
involving V.

Let 2o € R and B = B(zo, p(20)), and set f = fi + fo with f; = x2pf. Since
R* is bounded in L? (see [12, Theorem 0.5]) and using (56) we have

, 1/p’ , 1/p’
[ meni< i ( / IR*f1|p) < c|B|V» ( / fI”)
(57) B B B
< Cllfll ysos | BIP/u(B).

For f; we estimate the size of K* using Lemma 5. We only have to take care of
the term with V. The other is the same as in Theorem 1.
Now, using that for z € B and z € R%\ 2B, p(z) ~ p(x), |z — 2| ~ |z — 2|,

B(z, @) C B(=g,2|xg — z|), we have that

V(u) £ (2)]
k
/B /]Rd\QB PL) </13(27Ir42) |u — Z|d1du> |z — z|k+d-1 dz dzx

is bounded by a constant times

oo

1 V(u)
) T sy T ) V82

Jj=1

D, to obtain the bound

Noticing that [, #du = T1(x2i+25V)(z), we may use Lemma 8 and w €

oo

1
B
C ||fHBMOg(w)w(B) p(‘TO) ZQj(k+2d—B—2—ud—nd) :

Jj=1

Choosing k large enough to make the series convergent we arrive to the desired
estimate.

Now we take care of the oscillation of R* on a ball B = B(xg,r) with r < p(x¢).

First, we use the same estimate as in (52) with R and R replaced by their
adjoints and we again call I and I to the corresponding terms. For II, the same
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argument is valid since w satisfies (2) (see Remark 4). For I we set I;, j =1,2,3
as in there.

To estimate I; we use part ¢) of Lemma 5. The term without V' can be carried
out in the same way. For the term involving V we notice that B(z, 1|z — z|) C 8B
for x € B and z € 5B. Therefore it can be bounded by

/ / MO 7 (Vxep)(2) deda = Cr / F T (Vxss)(2) de.
B Jsp | — 2|

5B

An application of Lemma 8 yields to the bound

i

5 d—nd—pB+2—d/q
w(B)r
”f”BMoﬁ(w) (B) (p(a:o))

when > 0orn>1, or

plro)\ [ \
Hf”BMOg(W)w(B) (1+10g ro ) (p(x())) )

when = 0 and 7 = 1. Due to the assumptions on 7 and ¢ we obtain the desired
result.

Now we proceed to estimate I5. Notice that we may assume 5r < p(xg), other-
wise Is = 0. Making use of Lemma 7 we obtain two terms. One is the same as in
Theorem 1 and can be handled in a similar way, this time choosing J close enough
to 2 — d/q. For the term containing V' we use that for # € B and z € RY\ 2B,

|z—a

p(x) ~ p(wo), | — 2| ~ |xo — 2|, B(2,“77) C B(x0,2|zo — 2]). Then we need to

estimate
o4 1) V()
/B / dudz.

(@o.p(ao)\5B [T0 = 217071 [ p(ay opme ) [u— 2|71

Breaking the integral in z dyadically and setting jo such that 270~y < p(xq) < 2707,
the last expression is bounded by

Jo
1
vy g [, O TGs )G de
=3 ’

Applying Lemma 8, we obtain for the case > 0 or n > 1 the bound

, >dndﬁ+2d/q Jo

3 9i(2-d/a=)
j=3

)d—nd—ﬁ-i-é

P w(B)| fll paros <p(:c())

< Cr B o < O (B parog-

p(zo)
choosing ¢ close enough to 2 — d/q. The case § = 0 and n = 1 follows in the same
way.

Now we take care of I3. Here, as in Theorem 1, we use the smoothness of each
kernel separately. For R* we use Calderén-Zygmund condition and for R* we use
Lemma 5 with § as above. Again we only have to deal with the term with V', which
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can be bounded by
|/ (2)] V(u)
Cﬂ(zo)kraer/ T hrdio—1 T dudz
RO\ B(zo,p(x0)) 170 = 2" T J 0y ofwe—z)) 1w — 2[4

e 1
< Colen)r'™ 3 sy [ TV )(:) dz,

— 27
J=Jo
and applying again Lemma 8 this time we obtain the bound

p(xo)

- 27 (k+2d—2+6—p—dp—dn)
J=Jo

2+ (u—1)d—k oo 1
Clflppsog (B3 ()

Choosing k large enough to make the series convergent we get
r

e e

and the last factor is bounded since r < p(z() and the exponent is positive according
to our assumptions and the choice of §. O

)

) d+6—p—dn

REFERENCES

[1] B. Bongioanni, E. Harboure, and O. Salinas. Weigthed inequalities for negative powers of
Schrédinger operators. J. Math. Anal. Appl., 348:12-27, 2008.

[2] J. F. Dong and H. P. Liu. The BM Oy, and Riesz transforms associated with Schrédinger
operators. Preprint.

[3] J. Dziubanski, G. Garrigds, T. Martinez, J. Torrea, and J. Zienkiewicz. BMO spaces related
to Schrédinger operators with potentials satisfying a reverse Holder inequality. Math. Z.,
249(2):329-356, 2005.

[4] J. Dziubanski and J. Zienkiewicz. Hardy spaces H! associated to Schrédinger operators with
potential satisfying reverse Holder inequality. Revista Matemdtica Iberoamericana, 15(2):279—
296, 1999.

[5] J. Dziubariski and J. Zienkiewicz. HP spaces for Schrodinger operators. Fourier Analysis and
Related Topics, 56:45-53, 2002.

[6] J. Dziubanski and J. Zienkiewicz. HP spaces associated with Schrédinger operator with po-
tential from reverse Holder classes. Collog. Math., 98(1):5-38, 2003.

[7] Z. Guo, P. Li, and L. Peng. LP boundedness of commutators of Riesz transforms associated
to Schrédinger operator. J. Math. Anal. Appl., 341(1):421-432, 2008.

[8] E. Harboure, O. Salinas, and B. Viviani. Boundedness of the fractional integral on weighted
Lebesgue and Lipschitz spaces. Trans. Amer. Math. Soc., 349(1):235-255, 1997.

[9] F. John and L. Nirenberg. On functions of bounded mean oscillation. Comm. Pure Appl.
Math., 14:415-426, 1961.

[10] M. Morvidone. Weighted BMOy, spaces and the Hilbert transform. Rev. Un. Mat. Argentina,
44(1):1-16, 2003.

[11] B. Muckenhoupt and R. Wheeden. Weighted bounded mean oscillation and the Hilbert trans-
form. Studia Math., 54(3):221-237, 1975/76.

[12] Z. Shen. LP estimates for Schrédinger operators with certain potentials. Ann. Inst. Fourier
(Grenoble), 45(2):513-546, 1995.

INSTITUTO DE MATEMATICA APLICADA DEL LITORAL CONICET-UNL, SANTA FE, ARGENTINA.
E-mail address: bbongio, harbour, salinas@santafe-conicet.gov.ar



