SOBOLEV SPACES ASSOCIATED TO THE HARMONIC
OSCILLATOR

B. BONGIOANNI AND J. L. TORREA

ABSTRACT. We define the Hermite Sobolev spaces naturally associated to the
harmonic oscillator H = —A + |z|2. Structural properties, relations with the
classical Sobolev spaces, boundedness of operators and almost everywhere con-
vergence of solutions of the Schrédinger equation are also considered.

1. INTRODUCTION
We consider the second order differential operator
(1) H=—-A+|z]?, zeR%

This operator is selfadjoint on the set of infinitely differentiable functions with
compact support C2°, and it can be factorized as

d
1
(2) H=g S AA+ AjA;,
j=1
where
A-—i—&—x- and A -—A*——i—i—w- 1<45<d
J_ﬁxj J - &nj 7 =7 =6

In the last few years several authors have been concerned with the harmonic
analysis associated to the operator H, see for instance [5], [10], [12]. In this anal-
ysis the operators A; play the role of the partial derivative operators a%j in the
classical euclidean case. Hence it seems natural to study the spaces of functions in
LP(R?) whose derivatives also belong to LP(R%). Following this idea, we introduce
the Hermite-Sobolev spaces W*? (Definition 1). These spaces are Banach spaces
and the set of linear combinations of Hermite functions is dense in any of them
(Proposition 1).

Once we have the laplacian H, it is also natural to consider the potential spaces
£p = H=*/2(L?(R%)), (Definition 3). In other words the range of the Hermite frac-
tional integral operator H~%/? in L? (R9). In order to have a satisfactory description
of these potential spaces we need a sharp analysis of the operator H~¢, for a > 0.
Such analysis is contained in Proposition 2 and Lemma 3. It turns out that, for
k € N, the spaces £} and Wk coincide, see Theorem 4. The proof of this theorem
uses the boundedness in LP(RY) of the Riesz transforms naturally associated to H.
These Riesz transforms were introduced by Thangavelu in [12], and some of their
boundedness properties can be found in [5] and [10].
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Observe that, in some sense, Theorem 4 allows us to say that the spaces £ are
the spaces of functions in LP(R?) for which their derivatives of order a also belong
to LP(R?).

Once we have a satisfactory definition of Hermite-Sobolev (or Hermite potential)
spaces and hence of fractional derivatives, we study their relationship with the
corresponding classical euclidean spaces. We show in Theorem 3 that although the
Hermite-Sobolev spaces coincide locally with the euclidean Sobolev spaces, they
are in fact different. In Section 5 we show that the Hermite-Riesz transforms are
bounded on the Hermite-Sobolev spaces while the classical Hilbert transform is not
bounded on these spaces. From the careful analysis of the kernel of H ™% we also
obtain certain inequalities of Poincare type for the derivatives A; in Theorem 9.
Finally, in Section 7 we give an application to the almost everywhere convergence
of the solution of the Schrédinger equation (42) to the initial data.

Our work was heavily inspired in the paper by Thangavelu [14], where the spaces
£2 were defined. These spaces were also considered in [6].

As we said above, in order to develop this work, some non trivial estimates of
the Hermite fractional integral operator (Definition 2) were needed. However it is
not the aim of this paper to make an exhaustive study of this operator. Hence,
other natural questions like weak and strong boundedness in the extreme points or
BMO-type boundedness of the operator H~* are left aside and they will be the
motivation of a forthcoming paper.

2. HERMITE-SOBOLEV SPACES

Let n € Ny = NU {0} and consider the Hermite function of order n,

(_1)n —t2/2
ho(t) = WHn(t)e 2 teR,

where H,, denotes the Hermite polynomial of degree n (see [12]). Given a multi-
index o = (aj)‘j:l € N¢, we consider the Hermite function, h,, as

d
he(z) = H ha,(z5), == (21,...,24) € R,
j=1

These functions are eigenvectors of the Hermite operator H defined in (1). In fact
Hho = (2]la] + d) ha,

where |a| = Z?Zl a;. Moreover, for 1 < j <d,

Ajha = 4/ 2()éj hoé,ej, A,jho‘ = \/2(0[]‘ + 1) ha+€j,

where e; is the jth-coordinate vector in N¢. The operators Aj; and A_j, are called
annthilation and creation operators respectively.

Definition 1. Given p € (1,00) and k € N, we define the Hermite-Sobolev space
of order k, denoted by WP as the set of functions f € LP(R?) such that

Aj, - Aj f e LPRY), 1< i), jm| <d, 1 <m <,
with the norm
I fllwer = > 1Az, - Ag fllp + 1 fllp-

1<ljal s lim|<d, 1<Sm<k
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The spaces WP were studied in [14] for p = 2 and in [7] for p # 2.

We will show that the set of finite linear combinations of Hermite functions,
denoted by §, is dense in the Hermite-Sobolev spaces. We shall need the following
lemmas. Their proofs may be found in [10] and [12], respectively.

Lemma 1. Let m € Ny and f € C2°, there exists a constant Cy, 5 > 0 such that
[(f.ha)l < Cing (o] + )™, @ € Nj.

Lemma 2. Asn — oo the Hermite functions satisfy the estimates

(i) Ially ~n¥ %, 1<p<d,

. _1

(i) |hnllp ~n 18 l?g(n), p=4,
(11) ||hp|lp ~n® 12, 4 <p<oo.
Proposition 1. Let p be in the range 1 < p < oo and k € N. The set WZ? is a
Banach space. Moreover, the sets § and C>° are dense in WP,
Proof. To see that W7 is complete, observe that if {f,,},>1 is a Cauchy sequence

in WL, then

(3) % and  {z;fn},~;, 1<j<d,
8xj n>1 =

are Cauchy sequences in LP(R?). If we call f the limit in LP(R?) of {f,,}n>1, it is
easy to see that . and z; f are respectively the limits in LP(R?) of (3), (see [8],

i
p. 122).
Now we shall see that C2° is a dense set in W1P. Let 1 be a function in C2°
such that [, = 1. For every € > 0, consider

1 x
vela) = 59 (%).-
Given f in WP, define f. = f x 1.. Following the ideas in [8], p. 123, we have

ife_if -0, 1<5<d.
an 8mj p

On the other hand, for 1 < j < d, we call ¢/(z) = z;¢(z) and ¢ (x) = Eid ¢ (%),
then the function ¢/ € C¢°, and for € > 0,
P
)

i) v =asslf= [ | [ s - o (2
dz

4 1
W :ep//f(y)¢< ") a|
Rre |JRe
= | fxglllp.

Moreover, since x, f belongs to LP(R%),
(5) (25 f) * e =2 fllp = 0.
Equations (4) and (5) imply z;f. — z;f in LP(R?). Therefore, we conclude that
fe € WhP and f. — f in the W1 P-norm.

The functions f. do not necessary have compact support, but they can be mod-
ified as in the classical case (see [8], p. 123).

I~ fillp—0 and H

dzx
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It remains to prove that any function in C2° can be approximated in the W1?-
norm by a function in §. In fact, we will show that any f € C2° is the limit, in the
WP Lnorm, of a subsequence of the partial sums

Snf= Y (f ha) ha-

la|<N

In [10], it is proved that there exists a subsequence of the previous sequence converg-
ing to f in the LP-norm. Hence, it is enough to show that there exists a subsequence
of {A;(Sn(f))}n>1 = {Sn(A;f)}n>1 converging to A; f in the LP-norm, for every
j with 1 < [j] < d.

Let us fix j be in 1 < j < d (the case —d < j < —1 is similar). The sequence
{SNn(A;f)}N>1 converges to A; f in the L?-norm. Hence we can take a subsequence
{Sn, (A;f)}k>1 converging to A; f almost everywhere. Since

Sn(Aif) = > (Ajf hadha = > (f,A_jha)ha

|| <N || <N
= Z \/ 2(a—j + 1)<fa h(x+ej>hav
la|<N

by Lemma 1 and Holder’s inequality,

p
[Sn(A NP <O Dy 20am; + 1) (Jo +2)7" |hal
|| <N
p
<0 32 (ol + 1) fugl
la|<N
p/p’
<C| > (laf+1)7 " Y (al+ 17" kP
lo| <N lo| <N
<C Y (al+ )7 o
From Lemma 2, it is easy to see that the function ) (|a| + 1) "M |ho|P belongs

to L (R%, dx), and the dominated convergence theorem gives that {Sx, (A;f)}x>1
converges to A;f in the LP-norm. Now we can repeat the argument for every j,
taking a subsequence of the previous subsequence in each step.

For k > 1 we leave the details to the reader. (]

3. FRACTIONAL INTEGRAL

With the ideas in [8] and [10], we introduce the following operator.

Definition 2. Given a > 0, we define for f € §, the operator

(6) H f(x) = F(la) /000 e M fx)t® %, z € RY

where {e "1}~ is the heat semi-group associated to H.
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Remark 1. If a > 0 and a € Ng, by using the T' function and the fact

eftHhoé _ €7t(2‘a|+d)ha,

we have
H %hq(x) = ! /OO e Hhy(x)t? a_ (2la| +d)"ha(z), =R
I'(a) Jo t 7
Proposition 2. The operator H=® has integral representation
@ Hf(0) = [ Kulo) f0)dy, o€ B,
R,
for all f € F. Moreover, there exist ®, in L*(R?) and a constant C such that,
(8) Ky (x,y) < C®y(x—1y), forallzyeR?
Proof. If f € §, then for z € R?
1 e dt 1 e dt
H—a _ —tH A / G dyt® =
1@ =5 | e Fegs [ [ e foae T

where
Gy (13, y) _ (27‘( sinh 2t)7d/2€7%\:cfy|2 coth 2t—x-y tanht’

for x,y € R?, see [10]. Therefore, if we show that for some constant C,

1 e dt
— T <O, (x— for all R?
o | cenef<cow—y, ey ert

where ®, € L'(R%), then by Fubini’s Theorem,
1 f@) = [ Kulw) f0)dy, 2 <R
with
1 e dt
Ka(z,y) = —— e
) @)= g7 [ Glenr

We perform the change of variables
1 1+s
t=—1
5 8 (1 - s) ’

1 1 1 2.1 2\ d
(10) Ko(z,y) = F(a)(477)d/22a_1/0 Cals) o~ i (sletyl*+ 1 a—y] )757

S
2 %71 a—1
o (2) )

We split K, as K, = K40 + Kq,1, where

ds

1 1/2 " L
d/22a—1/ Ca(s)e 1 (slotyl*+1lz—yl )7

(11) Ka,O('ray) = W 0 i

Since the integral
1
d
Cal(s) &< 00,
1/2 S
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we have,

ds
S

1
ay T T

< Ceilz=yl® g=glz+yl®

1
Ca(s) e~ Holotul 4L o= P)
/2

It is easy to see that there exists a constant C; which depends on d and a such
that

sngra 4y
(13) c <Co(s) <Cys™27 for0<s<1/2,
1
therefore /
1/2
Kapo(r,y) < C1/ s 5ta o= la—yl? %
, < | ;

If |x — y| > 1, the last expression is bounded up to a constant by

1/2
1 2 d 1 ds
e—1lz—yl / s~ atac—gs

0

S

hence,

(1) Koo(z,y) < Cewlomul,

Let us study now the region |z — y| < 1. By a change of variables,
1/2
// gdta - le—y? 98 _ 1 /“ E—y
d—2a :
0 s |.’E - y| 2|z—y|? s

In the case a < g, we get
c

(15) Kao(z,y) < W

For the case a = %,

o _ . ds 2 ds < L ds 1 > .d
e 1 — = — + 64—:log72+ e 1 —
2|z—y|? S 2lz—y|? S 2 s ‘l’—y| 2 S
> d
< 2log <e> <1+/ e~ 8)
|z —y 2 S
then,

(16) Kao(z,y) < C log (|93iy|) .

sl
)

e

Finally, when a > %,

2
© d_g, _s ds d_g dS > d_gq _s dS
S2 e 1 — S S2 — + S2 e 1 —
2|z —y|? S 2|z —y|? S 2 S

Thus,
(17) Ka’o(x,y) < C.
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Therefore, from (12), (14), (15), (16) and (17), if we define for z € R?

%ﬂa@—#e Z‘ X{\a;|>1}( ), ifa<g,

(18) @, (z) = { log (ﬁ) X{lz|<1}(2) +€ =l X{a|>1}(2), ifa= %’
X{Ja|<1} (%) + e%ﬂz X{|z|>1} (T), ifa> g,

we have proved (8). 0

Theorem 1. The opemtor H~* defined by (6), is well defined and bounded on
LP(R%), for all p € [1,00]. Moreover, for all f in LP(R?) and o € N&, we have

(19) /H‘“fh (2|a|+d)‘“/Rdfha.

Proof. The boundedness of the operator H~% on LP(RY) is due to the fact that
the kernel K, is bounded by an integrable function. To see (19), let o € N¢. B
Proposition 2 and Hélder’s inequality,

[ [ 1w llf@ ha@ldyds < ¢ [ [ [@ue = )]150)] o)l dy do
R4JR4 Rd JRd
< lpllhall

where the constant C' depends on a. Therefore, by Fubini’s Theorem,

Hf hy = /Rde*“ha = (2lal+d)™° /Rdfha.

Rd

Lemma 3. Letp € [1,00] and a > 0, then the operator
(20) wfaro g

is bounded on LP(RY).

Proof. We will see that the kernel of (20) satisfies

(21) > [ Ko(z,y)dy < C
RTI,

and

(22) / |33|2aKa(w,y) de < C

where the constant C' depends only on d and a. Thus, |z|?**H~%f is bounded on
LP(R%) for all p € [1,00] (Theorem 6.18 in [4]).

We deal first with (21). Form (8) and (18) we see that there exists a constant C
such that (21) is valid for all |z| < 2.

Assume that |z| < 2|z — y|. By using equation (10) we obtain

|z — yl2

e s ds

-1
xT

et (7 ﬂ) '
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Therefore, for some constant C',

_le—y® r oy
oK) dy < [ o -y SR, () dy
/{|m|<2|my} R V2 V2

<o [ (G m) w

which is bounded by a constant independent of x.

It remains to consider integral (21) restricted to the set E, = {y : |z| > 2|z —y|}
when |x| > 2. Observe that in this part, due to the identity |z + y|* = 2|z|? — |z —
y|? + 2|y|?, we have

(23) |z < |z +yl.

As in the proof of Proposition 2, we consider K, = K, o+ K, 1. Then, by using

(23),
\$|2a/ Koa(z,y)dy < Clx\gae_élxlz/ emilrvlay < ¢,
E. Rd

where in the last inequality we have used that for each positive b, there exists a
constant Cj, such that |z|’e~1*| < C,.

In order to handle K, o, from (13) and (23), after some changes of variables we
obtain

V2 Ly L yds
/ Ka,O(xvy)dil/ < C/ / 5_§+ae_z( s|z|? + tlx— y|?) dy
B, £ Jo .
|1'2\

= C|zft2 = $rag—turt(allo—y)®) W 4

2 2
lz| =]

2 2 d 1 2ydu gdr
= o [T [T w2

0 0 u r
The last double integral is bounded by

o0 o0

/ / uEtees Hotsr )du ddT = / u_%+ae_%/ e_%ird@diu

r 0 0 rou
oo o

= / e 1 ua@ _ﬁrdﬂ,
0 u Jo r

and both integrals clearly converge.
Finally we shall prove (22). We split

(24) / (P K (2, y) da = ( / 4 / > 2P K (2, y) do.
R4 {ly|>2]|z—yl|} {ly|<2|z—yl|}

Since |z| < 2|y| when |y| > 2|z — y| and the kernel K, is symmetric, the first
integral of (24) is less or equal to

3 2a
Gu) [ Kiwoyan
{lyI>2]z—yl[}

which can be bounded, in the same way as (21), by a constant depending only on
d and a. For the second term of (24), we have

/ |x\2“Ka(a:,y) de < C Ky (x,y)dx.
{lyl<2|z—y|<4} R
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On the other hand, by estimate (8) and the expression (18),

w2
/ 2|2 Ko (2, y) de < C |z — y|2ae_‘ #- 4z
{lyl<2lz—yl|, 4<]z—y|} {4<]z—y[}
<C |$|2a6_% dz
{a<]zl}
<C.
Then, we have proved (22). O

4. POTENTIAL SPACES

Definition 3. Given p € [1,00) and a > 0, we define the space
o = Ho L (RY),
with a norm given by

1fllez = llglls
where g is such that H=%2g = f.
Remark 2. The space £ is well defined for p € [1,00) and a > 0, since H~%/? is
one to one. As § = H~%/?(§) then § is a dense space of £E.

Due to the boundedness of the operator H ¢, the space £P is a subspace of
LP(R). Moreover, we have the following theorem.

Theorem 2. Let 0 < a < b, then

(i) £ C £¢ C L? and the inclusions are continuous.
(ii) £8 and £} are isometrically isomorphic.

Proof. Since H™%? = H=%/2 0 H=7, where v = (b — a)/2, we see that (i) easily
follows from the definition of £2 and £}, and the boundedness of H~?. From
Definition 3 and the fact that H ™" is one to one, it is easy to verify that H™" :
£h — £ is an isometric isomorphism, and this gives (ii). O
The members of £F have a special decay at infinity, as the following proposition
shows.
Proposition 3. Ifp € [1,0), a > 0 and f € £°, then |z|*f(x) belongs to LP(RY).
Proof. By Definition 3, we have f = H~%/2g with g € L?(R?). Then it is enough
to apply Lemma 3. O

We remind the classical Sobolev spaces L, with p in the range 1 < p < oo and
a > 0, defined by

(25) Ly = (I - A)“/2(LP(RY)).
In this case, the norm for f € L? is given by
1fllzz = N9y,

where the function g € L? is such that (I — A)~%2g = f (see [8]). In the following
theorem we describe the relation between the spaces L? and £F.

Theorem 3. Let a >0 and p € (1,00), then
(i) £° C L.
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(ii) £° # LP.
(iii) If f € L? and has compact support, then f belongs to £F.

Proof. To see (i) we follow the argument in [14]. Namely, the symbol of
(I _ A)a/2H7a/2
belongs to the class SY; and so it defines a bounded operator on LP(R?) (sce [9]).
Let f € €2, then h = [(I — A)Y2H~%/2](H*?f) is a function of LP(R?) with
(I — A)=%/2h = f. Hence f belongs to L.
In order to see (ii) let
1

Y a7

Since g € LP(R?), then f € LP. We will see that f is not in £2. From Proposition 3,
if f were in £ we would have |z|°f € LP(R?). However, if G, is the kernel of
(I—A)=/2,

and f=(I—A)"%2g.

6u0) = Gy f, ¢ TR
then

flx)=(I—-A)""?g(x) = g Ga(y)g(x —y) dy

T — x|y~ V/r—a .
> /{|y|<1}g“<y’g( gz @+le) 0 [ gy

{lyl<1}
Thus, |x|®f is not in LP(R).
Finally, (iii) is a direct consequence of the following inequality,

/ HO WP < CW) / (—A+ D) fPP,
R4 Rd

where 1) € C2° and C(v) is a constant depending on . This inequality was proved
in [14] for p = 2 and the same proof works for p in the range 1 < p < occ. |
Theorem 4. Let k € N and p € (1,00), then
kp _
WhP = g¥
and the norms || - |y and || - ||er are equivalent.

We first present some technical results that we shall need for the proof of this
theorem.

Lemma 4. Let b € R, then for all f in §, we have

(26) AH = (H +2)°A;f, 1<j<d,
(27) AGH'f = (H =2)°A;f, —d<j<-1,
(28) HYA;f = Aj(H-2)"f, 1<j<d,
and

(29) HYAjf = Aj(H +2)"f, —d<j<-1,

where Hhy = (2|a| + d)’hy and (H + 2)°hy = (2|a| +d + 2)bhg, for all o € N¢,
and (H — 2)°hy = (2la| + d — 2)%hg, for all o € N¢ with |a| > 1.
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Proof. Let 1 < j<dand o € Ng, then
AjH he = (2|a] + d)’ Ajha = /20, (2|a] + d)° ha—,
=120; 2(Ja| = 1) + d+2)" ha—e, = /20, (H +2)’ha_,
= (H +2)"4;hq,
and this gives (26) by linearity. In the same way we obtain (27) and (29). We are

assuming in (28) that f is a linear combination of Hermite functions with order
la] > 1. O

The Hermite-Riesz transforms associated to H are defined as
R;=A;H Y2 1<|jl<d
and the Hermite-Riesz transform vector
R=(R-4,R_44+1,---,R-1,R1,...,Ra—1, Ra).

These operators were introduced by Thangavelu in [12], see also [10]. He proved
that they are bounded on LP(R?) for 1 < p < oo, and of weak type (1,1). Given
m € N the Hermite-Riesz of order m is defined as

(30) Rj\ oo = Alej2 .. .Aij—m/Q7

where 1 < |j,| < d, for every 1 < n < m.
For further references, we enounce the following crystalized theorem of known
facts about the Hermite-Riesz transforms.

Theorem 5. (a) The Hermite-Riesz transforms R;, 1 < |j| < d, are pseudo-
differential operators whose symbols belong to S%O. In particular they are
bounded in the classical Sobolev spaces (25).

(b) Let m € N and p € (1,00), then there exists a constant Cp ,, not depending on
the dimension d, such that

1/2
> |Rjyj I < Cpm 1 flp-

1§‘j1|7~--7‘j7n‘§d

Proof. For the proof of (a) see [13]. For (b) see [5] (see also [10] and [12] for the
case m = 1). O

Now we have the following proposition.
Proposition 4. For f and g in §, we have
fg:2/ > R;fRjg.
R4 Rd |
1<]jl<d

Let p € (1,00), then there exists a constant C such that for all f in §, we have
1/2
(31) Ifl,<C il D IRifP

1<]j|<d
P



12 B. BONGIOANNI AND J. L. TORREA

Proof. For 1 < |j| < d, we have
RiR; = H'\PATA;H Y2 = HY2A_jA;HY2,
then by formula (2),
> RR=H' Y A A |HV?=2I
1<|jl<d 1<|jl<d
Therefore, if f and g are in §,

> /Rdeijg: > /RdR}‘ijg:/ ST RRif| g

- - Rd -
1<|51<d 1<|j1<d 1<|51<d
=2 fg
Rd

In order to proof (31), by Holder’s inequality, we get

= s [ ge=5 a5 [ AR
gET:

{9€3: ”g”p’zl} HQHp’Zl} 1<|j|<d

1/2 1/2
1
< 3 sup Z IR (f)? Z IR;(9)]?
{g€38: llgll,y=1} 1<|j]<d 1<j1<d
p P’
1/2
<c|l > moer| |,
1<|j|<d
P
where in the last inequality we have used Theorem 5 (b). O

Proof of Theorem 4. Since § is dense in both spaces it is enough to show the equiv-
alence of the norm for functions in §. Let f € &, and let f = H%/2g, then by
Theorem 5 (b), and Theorem 1, we obtain

1 llwee = > 1 Rj,....jon H™ 72|, + | H 2],
1<lj1lse ikl <d, 1<m<k
< Crallglly = Crallfller-
To prove the converse inequality, we first consider the case k = 1. By Proposition
4, we get
Ifller = 12 flly <C > A FIL, < C I f e
1<ljl<d

Now we shall use an inductive argument. Suppose we have

1£llez, = IH™2fllp < Cunll fllwms,

for f € §, with m < k. Since for some constants ci, ¢s,...,Cp_1,

k—1
As o AT A Ay = 2R HE S e HT

1< g1,k 1<d m=1
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and, since H is autoadjoint, for all f, g € §,

1fller

HH'“/QfH = sup (H"?f) g
P {9eF lgll,=1} Jra

= sup (H"f) (H"2g).
{g€s: llglly =1} /R4
Now by using formula (4) and the definition (30) of the Hermite-Riesz transform
of higher order, we have

Qk kaH—k/Qg:
Rd
1
/R Z A;,C"'A;lAjl"'Ajk—ZcmHm FHR2g

k—
1<lgalye s likl<d m=1

k—1
m (k—m)
/ Ajl "'Ajkijlu-Jkg* Z Cm / H /2fH 29
Rd — Rd

Thus, by Holder’s inequality the last expression is bounded by

(32) > 1Ay - Age Fllp 1R e gl +

1< g1 ]seens || <d

1<|jalse gk <d

k—1
(k—m)
+ 2 fewl 2] [l
m=1 p

p’.

From Theorem 5 (b), Theorem 1, the induction hypotheses and Definition 1, there
exists a constant C' such that (32) is bounded by

k—1
(O > |cm|> £l
m=1

5. BOUNDEDNESS OF SOME OPERATORS ON £P

Theorem 6. Let p € (1,00), a > 1 and 1 < |j| < d, then Aj is bounded from £F
into £_,.

Proof. Let 1 < j <d (the case —d < j < —1 is similar). If f € §, by Lemma 4,

(a—1)/2
(33) A f =H (e=1/2 _H R; HY%f
J H+ 9 J .

A+2

(a—1)/2
is bounded on LP(R?). Hence, by Theorem 5 (a)

(a—1)/2
As the function m(\) = ( 2 ) satisfies the hypotheses of Theorem 4.2.1 in

_H_
H+2

and Theorem 1 the operator

a—1)/2
(34) H—(a=1)/2 _H v/ R,
H+2 !

[12], the operator (
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is bounded on LP(RY). If f € £2, then A, f = R;H~(@=V/2[%/2f_ Since operators
(34) and R;H~(*~1)/2 coincide in §, both are bounded on LP(R?) and § is dense
in £2, formula (33) also works for all f € £P.
. : H
Therefore, if f € £, the function h = (H—Jr2
and by (33), we have

1Al e

a—1

(a—1)/2 9 a
) R; H/? f belongs to LP(R?)

= ||hll, < CIH2fll, = Ol fllez-
O

Theorem 7. Ifp € (1,00), a > 0 and 1 < |j| < d, then the operators R; are
bounded on £F.

Proof. By Theorem 2, H~'/? is bounded from £ into £¢ ;. Hence, Theorem 6
gives the desired result. O

Remark 3. As the Hermite-Riesz transforms are pseudo-differential operators with
symbols in the class S7, (see Theorem 5 (a)), they map the classical Sobolev
spaces LP into themselves for all p € (1,00) and a > 0. However, the classical
Riesz transforms are not bounded on £° for any a > 1% as the following proposition
shows.

Proposition 5. Let p be in the range 1 < p < oo. The Hilbert transform on R is
not bounded in LY for any a > 5.

Proof. Let 'H be the Hilbert transform on the line, that is

Hf(x) = lim flz=y) dy.

O yl>e Y

Consider the function f in £° given by

f(z) =exp (,m?) .

Given € > 0 and = > 2, we have

w y|>€f(xy_y>dy ) </€<y<1+/—:+/1oo)f<xy_y)dy

By the Mean Value Theorem, the first integral of the last expression can be written

as
—|z—y|? —lz|> _ o—lz—y|?
& & (&
o= dy
e<|yl<1 Y e<|y|l<1 T — ((E - y)

= —2/ 0(z,y) e 0@’ gy,
e<|y|<1

where z — 1<z —y<O(z,y) <zife<y<l,and z < O(z,y) <z —y<ax+1if
—1 <y < —e. Thus

—lz—y/?
Jaa =
e<|y|<1 Y

For the second integral of (35),

1 g—|z—y|?
f
—o0 Y

(36) <2 < Az +1) el

/ 0(z,y) e 0@V dy
e<|y|<1

(37)
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Finally, since = > 2,

oo —|z—y|? T 1
/ IR I l/ el gy > l/ ol g
1 Y T Jq T Jo

Therefore, from (36), (37), and (38), there exist constants C' and M independent

of €, such that
/ fl@—y) dy
lyl> Y

Thus, for any a > 1%, |x|* Hf is not in LP(R), and by Proposition 3, Hf is not
in £7. [l

(38)

C

> — forallz> M.
T

Remark 4. In the case a < 1/p/, the weight w(z) = z* belongs to the A, class.
Therefore, |z|*Hf € LP provided that |z|®f € LP.

6. POINCARE INEQUALITIES
This section is devoted to some Poincare type inqualities.

Remark 5. Observe that by formula (18), if a < d and we take a positive function
f, then

aeipm <o [ LW _g,
e |T —yl?m®
Therefore, in the case a < d the operator H %2 inherits the boundedness properties

of the fractional integral. In particular, H~%/? is bounded from LP(R?) into L4(R%)

1 1
forf:ffg,where1<p<q<oo.
¢ p d

Next theorem gives the behavior of H~%/2 on LP(R?), for p > 1. Inequality (21)
allow us to obtain some boundedness of the operator H~%2 that has a different
flavor from the boundedness of the classical fractional integral.

Theorem 8. Let a,d such that 0 < a < d, then:

(i) There exists a constant C, such that
=2 g < ClIfll,

dy - d
for all f € LY(R?) if, and only if, 1 < q < 7%
(i) There exists a constant C, such that

IH=*2flse < ClIf lIp,

for all f in LP(R?) if, and only if, p > g,
(iii) There exists a constant C, such that

1= fllg < Ol flloo

for all f € L>=(R?) if, and only if, ¢ > g.
(iv) There exists a constant C, such that

IH=2 f|l < C| £,
for all f € LP(R?) if, and only if, 1 <p < ﬁ,
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() Ifl<p<oo,l<g<oocand - —2 <+ <

constant C, such that

1 a 1 1 a -
T d 7 >t @ then, there exists a

1= fllq < ClI£llp,

for all f € LP(RY).

Proof. By Minkowski’s integral inequality,
q

/]R{d (Hia/Qf)q - /]Rd < | Kap(@9)f ) dy) da
- (/Rdf(y) ([ Kaptopraa) dy)q,

for all f € L*(RY). From inequalities (8) and (18), we get

dx |2
Kyjo(z,y)ide < C / 74—/ e 93 dx |,
/Rd / (o]<2y |2|7(d=a) {|z|>2}

and this integral is finite if 1 < g < d%‘la, proving (i). Conversely, by (13) and a
change of variables, if |z —y| < 1,

oyl 2 d
e d—a 1 2 as
K S e
a/2(xay) = C’lf(a/Q)(47T)d/22a/2_l/o 5 € s
< fom s_d;ae_%% e*‘$+y‘2

~ CiI'(a/2)(4m)#/222 1 |z — y|d—a

S foé s_%e_ﬁ% e—\$+y‘2 .

~ CiT(a/2)(4m) 422571 o —y|tme

Now, let f,, n > 0, be an approximation to the identity. Suppose that inequality
(i) holds for all f € L'(R9), then by inequality (39) there exists a constant C, such

that
—|z+y|? q
X{lz—yl<1}(¥)e
02 /Rd (»/]Rd |x_y‘d7a fn(y) dy) dl‘y

for all n > 0, so that

o / e—dlzl? p
> ——dx,
{la|<1} |z[2(d=a)

but this is false when ¢(d — a) > d.
To obtain inequality (ii), by Holder’s inequality,

, 1/p’
\ / Ka/z(%y)f(y)dy‘élfllp ( [ Kaalay dy) |
Rd Rd

and in the same manner as we dealt with (i), the last integral is finite when p > g.
To see that p > % is necessary, let € > 0 and

/Do)
fa) = 27 (1og %) if o] < 1/2,

0 if [z > 1/2.
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Then f € LP(R?) for all p < g. However, H~*f is essentially unbounded as by
estimate (39),

1\ @/ D0+
o)z [ <1og ) = oo,
|z|<1/2 ||

when € is small enough.
To see (iii), let f in L>(R?), then

q
[ <ini [ ([ Ksteady) o
R Rd \JRd
q
<117l [/ o (] Kaptena) dx].
{le[<1} Hz|>1} \JRS

The first integral of the last expression is finite due to estimate (8). By inequality
(21), the second integral is

1 dx
/ ( Ka/Q(l'vy) dy) dr < qu/ TIea’
{lz|>1} \JR¢ {z|>1} |T]

which is finite when ¢ > g.
To see the converse, let f = 1. Then,

(40) /Rd |H=2f| = /Rd (/Rd Kay2(,y) dy)q dr,

and we will see that there exists a constant ¢ such that

(41) / Kajo(x,y)dy > clz|™®, for all [x] > 2,
Rd

thus, integral (40) is infinite when ¢ < %
To see (41), let x € R? with |z| > 2. If |z — y| < ﬁ, then |z + y| < 2|z|, and

e~ (slorulP+ilo—yl®) 5 o=2(slol+1la—yl?),

Therefore, from (13) and a change of variables, we have

/ Ka(w,y)dyZ/ Koo(z,y)dy
R {la—yl< i}
1
> b / s dta g=2(slel+a—y?) 95
Cr Jia—yl< 2y Jo s

/l/zl/ % \w| + = ) @rd@
S r

—Claf [ ta () du ) yadt
U t

> C |a|” 2“ ( u%“ (+t5>du>tddt,
U t

thus, we have proved (41).
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In order to show (iv), let f € LP(R?) with 1 < p < 7. By Fubini’s Theorem,
(18) and Holder’s inequality,

—a/2
Lrersis [ ] Kaanaylslas

+/ /Ka/2<y,x>dy\f<x>|dx
{lz[>1} JR4

p/
<Clly+ 10 [ (/ Ka/2<y,x>dy) dz.
{|z|>1} Rd

By the symmetry of K, /s, inequality (21) and p < ﬁ, the last integral is finite.
On the other hand, if p > 2% and

_ T Qog ly) ™t for [y| > 2,
fly) = .
0 otherwise,

then f belongs to LP(R?) but, from (41),

/ |H7a/2f| Z / Ku/z(m,y) dx |f(y)| dy
R {ly/>1} JRd

> [l ol dy = .
{lyl>1}
Finally, (v) is a consequence of Remark 5, (i), (ii), (iii), (iv) and the Riesz-Torin
interpolation theorem. ([l

As a consequence of the last Theorem we have the following Poincare type in-
equalities.

Theorem 9. Let d > 1. Define the Hermite gradient as
va: (Afdfa"'7A71faA1fa"'aAdf)'
Let p,q in the range 1 < p, q < oo and such that % - % < % < % + %, then
1flly < CIVa S,
for all f € £1.
Proof. Tt is enough to prove the result for f € §. From inequality (31), we see that
£l <C D7 NR(H)llgs

1<]j|<d

o\ V2
Y - —1/2 4.
mi=(gs) AL

so that, by Lemma 4,

where 1 < j <d.
1/2
We have already seen in the proof of Theorem 6, that the operator <L> is

H+2
bounded on L4(R?). Hence, by using Theorem 8 (v),

17 flla < ClIA; fllp,

1

WheI‘GE* <2< 24

=
-

1
q

Q=
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7. SOME APPLICATION TO SCHRODINGER SOLUTIONS

In this section we deal with the unidimensional Schrédinger equation

Ou(x,t) wl -
(12) = = Hu(z,t) z,teR
u(z,0) = f(x)

for some initial data f.
We are interested in where we have to pick the function f in order to have almost
everywhere convergence of the solution

u(z,t) = eitHf(x)

of (42) to f as ¢ tends to 0.

In [1] and [3] the problem with the classical laplacian is considered. In [2] the
problem for a more general operator is studied. From that work, it can be de-
rived, for H as a particular case, that if f belongs to £ with a > 1, then we
have almost everywhere convergence. Next theorem gives convergence for orders of
differentiability greater that 1/2.

Theorem 10. Ifa > 1/2 and f belongs to £2(R), then e f converges to f almost
everywhere as t tends to 0.

Proof. If f is a finite linear combination of Hermite functions,

lim e f(z) = f(z)

t—0

everywhere. Since this kind of functions are dense in £2, it is enough to prove that
the maximal function

T*f = suple™™ f|
t>0
satisfies the inequality

/T*f <C|fllez
I

for all compact interval I of the real line not containing the origin, and C' a constant
that may depend on the interval I but not on f.

In order to see this property, we will use the following estimate of Hermite
functions that can be found in [11] (Theorem 8.91.3., p. 236):

If I is a bounded interval and does not contain the origin, there exist constants
C and kg such that

(43) ()] <

for all z € I and k > kg.
Let f be in £2. As f belongs to L?(R) it can be written as

f(z) = Z ag hi(x).
k=0



20 B. BONGIOANNI AND J. L. TORREA

By Tonelli’s theorem, estimate (43) and Holder’s inequality, we get

T f dx < /su a e”(2k+1)h dx < a / hi(z)| dx
Jrseians [l o > eul  hato)
o . 1/2 /o 1/2
<C|C —_— 2 (2k +1)®
- ( +k:2ko k1/2(2k + 1)a> ( aj, (2k +1) )

k=0
~ 1/2
§C<C+ Z k:1/2+a> 1fllg2-

k=ko

Since a > 1/2, we have 1/2 4 a > 1 and the last series is convergent. (]
Theorem 11. If a < 1/4, then there exists a function f in £2(R) such that
li —itH _
lime flz) =00
for almost every x € R.

Proof. For a < 1/4, in [3] the authors find an f belonging to the classical Sobolev
space L2 and compactly supported so that

(44) h?l i(l)rlf le™#A f(z)| = oo.
Since f is compactly supported, it follows from Theorem 3 (iii) that f belongs

to £2. Then, it is sufficient to compare the kernels of e~ and e~ for small
values of t. In fact,

_ZtAf /Wlt T — )dya
with
W, (z) <_|$|2> eC
z - X b b
Varz P\ T4z
and
_”Hf /Gzt x y dya
where
. (2,y) ! <1| 2 coth(22) th()) eC
Sz, y) = ———exp | —=|z —y|“co z) —x-ytanh(z) |, z .
Y 27 sinh(2z) PL2 Y Y
Then, for a fixed z € R, we have
ei%—ix‘ytan(t) eii‘wz{l?
lim |[Wi (2 — Gz lim - =0
t—>0| t( ) t( y)| \/7 {0 sm(2t) \/ﬂ

uniformly for y in a compact subset of R. Thus, by (44) we also have
liltn i(l)af le™ f(2)] = oc.
O
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