EQUIVALENCE OF HAAR BASES ASSOCIATED TO
DIFFERENT DYADIC SYSTEMS
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ABSTRACT. In this note we give sufficient conditions on two dyadic systems
on a space of homogeneous type in order to obtain the equivalence of corre-
sponding Haar systems on Lebesgue spaces. The main tool is the vector valued
Fefferman-Stein inequality for the Hardy-Littlewood maximal operator.

1. INTRODUCTION

The usual orthonormal Haar system H in L2(R) given by hi () = 29/2h(27 — k),
J.k € Z, where h(z) = Xpo, 2 (T) = X1 )2y (%), 1s only the best known of a large
family of Haar type bases in one dimension. Of course the family of dyadic intervals
Il = [k277,(k4+1)277),k € Z,j € Z is the natural dyadic family associated to H
in the sense that I,z is the set where hj does not vanish. Moreover each hi is
constant on the two subintervals 152-1 and Igzil of Ii. Notice that H is not the
only system batisfying all the above properties. Moreover, any system of the form

= {¢] =wlh] : k € Z,j € Z} with w] = +1 is an orthonormal basis in L?(R),
each function wk has I] as its essential support and each ’(/Ji is constant on each
member of the offspring of I ,i

We are interested in the equivalence of different Haar bases built on different
dyadic systems on spaces of homogeneous type. It is easy to construct simple
perturbations of the dyadic intervals in R, or of the dyadic cubes in R™, as images
through bi-Lipschitz functions of the standard dyadic intervals. Precisely, is F' is an
one to one mapping from R™ onto R", and Q% =11, Igi, with k = (k1. kn) € Z™
and j € Z, the family {F(Q]E) 1 j € Z,k € Z"} satisfies the basic properties
of the usual dyadic cubes. Moreover, if F is bi-Lipschitz; that is, ¢1]z — y| <
|F(z) — F(y)| < ez — y| for two positive constant ¢; and ¢y and every z,y in
R™, then the metric control for the new “cubes” F(Q%) is preserved. In fact,
for some fixed constants a; and a3, that depend only on n and F', we have that
B(F(y),a1277) C F(Q%) C B(F(y),ap277) for some y € Q%, every j € Z and every
k € Z". Tt seems somehow natural to expect that in some sense a Haar system in
L?(R™) supported by the family {F(Q%) LjETLkE Z"} should be equivalent to a
Haar system supported by the family {QJE 1] €Z, ke Z"}. A much more general
setting is provided by the remarkable construction given by M. Christ in [3], which
we shall describe with some detail in Section 5.
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Dyadic type families of subsets in metric or quasi-metric measure spaces can be
constructed by elementary disjunction of balls. When only the covering and nesting
properties of dyadic sets are relevant such a procedure could be enough. Dyadic type
families on a measure space (X, ) are the basic examples of increasing sequences
of o-algebras on which orthonormal bases for L?(X,u) can be constructed (see
[7]). Nevertheless, to our purpose, which makes use of some deep facts of harmonic
analysis such as vector valued Fefferman-Stein inequality for the Hardy-Littlewood
maximal operator, some inner and outer metric control of the sizes of the dyadic
sets is important. A construction of this type on a space of homogeneous type, X,
is given by M.Christ in [3]. The first step in Christ’s construction is to introduce a
tree structure on an index set A that is closely related to the metric structure on X.
In other words, M.Christ defines a partial order on A satisfying some tree properties
controlled by the distance. For details see Section 5. The second step in [3] is the
construction of a dyadic family, D, based in the partial order defined on A. In the
definition of partial order the choice of ancestors in the tree is not unique at all.
This diversity translates into a corresponding diversity of different families D. We
shall use ® for denote all these dyadic families. The next step in the construction
of wavelet bases in the general context of space of homogeneous type is given by H.
Aimar in [1] (see also [2]). Starting with dyadic cubes of a Christ’s family D, in [1]
a structure of generalized multiresolution analysis and a Haar system H controlled
by the quasi distance d are constructed. This construction provides also a variety of
different Haar systems H associated to the same family D. We shall use H (D) to
denote all these Haar systems H. Hence, it seems to us that a natural problem is to
see whether or not all these systems H in (Jp.oH (D) are equivalent on Lebesgue
spaces, in the usual sense of equivalence of Schauder bases of Banach spaces given
by [13] or [9]. This problem is considered in an even more general situation in
Section 3. More precisely we shall deal with a quite general notion of equivalence of
dyadic families which allow us to prove equivalence of Haar systems built on them.
We would like to point out that the main tool in the proof of our result, given
in Section 4, is the vector valued Fefferman-Stein maximal inequality on spaces of
homogeneous type.

2. DYADIC SYSTEMS AND ASSOCIATED HAAR SYSTEMS ON SPACES OF
HOMOGENEOUS TYPE

Let us recall the basic concepts of the general theory of space of homogeneous
type. Assume that X is a set, a nonnegative symmetric function d on X x X is
called a quasi-distance if there exists a constant K such that

(2.1) d(x,y) < Kld(z, 2) + d(z,y)],

for every z,y,z € X | and d(x,y) = 0 if and only if z = y.

We shall say that (X, d, pt) is a space of homogeneous type if d is a quasi-distance
on X, p is a positive Borel measure defined on a og-algebra of subsets of X which
contains the balls, and there exists a constant A such that

0 < w(B(z,2r)) < A u(B(z,r)) < o0

holds for every = € X and every r > 0.
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The sets {(z,y) € X x X : d(z,y) < 1/n} define a basis of a metrizable uniform
structure on X. The balls B(z,7) = {y : d(z,y) < r} form a basis of neighborhoods
of x for the topology induced by the uniform structure. A basic caveat comes from
the fact that the d-balls are generally not open sets. Moreover, it is not difficult to
give examples of quasi-distances for which some balls are not even Borel measurable
subsets of X. Nevertheless in [10], R. Macias and C. Segovia prove that if d is a
quasi-distance on X, then there exist a distance p and a number a > 1 such that
d is equivalent to p®. Hence except for some simple changes of scales we can keep
working with p instead of p®. So that we shall assume along this paper that d is
actually a distance on X, in other words that K =1 in (2.1).

We shall say that a subset F of X is e-disperse for € > 0 if d(z,y) > € for every
x,y in E with z # y.

Given a set E in X we shall write diam(E) to denote its diameter. In other
words, diam(E) = sup{d(z,y) : € E,y € E}. On the other hand given an open
and bounded set E in X we define its eccentricity by e(E) = :o((?), where 1;(F) =
sup{r : B(z,r) C E for some z € E} and r,(E) = inf{r: E C B(x,r) for some z €
X}.

In order to be able to apply Lebesgue Differentiation Theorem we shall also
assume that continuous functions are dense in L'(X, ). Under the assumption of
completeness for (X, d) and regularity of the measure p this density can be achieved
(see [11] and [12]).

Even when the basic example of dyadic cubes and Haar functions is provided
by the Euclidean space with its standard dyadic cubes and Haar functions, the
geometric structure of the underlying space may also be quite different than that
of R™. To illustrate these differences let us start by some special but representative
examples concerning the basic set on which we can build Haar type bases. The
first example is the restriction of the standard Haar system to [0,1). The second
example corresponds to a purely atomic space defined by the counting measure
on Z. A mixed situation is given in the third example where we consider a quite
heterogeneous space of homogeneous type. The fourth could help to understand
a somehow subtle definition of the relevant subfamily D, given in section 3, of a
dyadic system given D. Let us point out that each one of the spaces contained in
these examples is a metric space of homogeneous type with the given measure and
the standard Euclidean distance inherited from R.

Example 1. Set X; = [0,1). In order to obtain a Haar type basis for L?(X),
with respect to Lebesgue measure, we only have to add to the subsystem H; =
{hj, e H:jeNkeK;={0,..,27 — 1}} the constant function x, . In terms of
the multirresolution analysis structure ([8]), H is associated to the decomposition
L*(R) = @,z Wj, Hi instead is related to L*([0,1)) = Vg ® (B, W), where

Vg is the one dimensional space generated by the constant function X1, and le

0,1)

is the 2/-dimensional space generated by {hfC ke Kj}.

Example 2. Set X, = Z be the set of all integers. The space L?(Z) with the
counting measure is nothing but [?(Z), the set of all square summable sequences
indexed on Z. Notice that [?(Z) is isomorphic in the Hilbert sense to the subspace
of L?(R) of those function which are constant between two consecutive integers.
Hence if hi :7Z — R, j <0,k €Z,is given by hi(m) = hi(m) where hi € His
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the standard Haar function, we see that Hy = {hfC :j <0,k € Z} is an orthonormal
basis for [2(Z). Now [2(Z) = @j_zgl Wj2. In other words V@ = V2 = Vi = ..., since
we have no further resolution for the scales 277,57 > 0, because locally the space
reduce to points.

Example 3. Let X3 = Z U [0,1/2) be equipped with the usual distance and the
measure which counts on Z \ {0} and is twice the length on the interval [0,1/2).
Precisely, if E is a Borel set in X3, u(E) = #(FEN(Z\{0}))+2m(EN[0,1/2)) where
# is the cardinal and m is the one dimensional Lebesgue measure. Now some regions
of the space have unlimited resolution, some other reduce to points. In fact, dyadic
sets in X3 can be obtained by intersection of the standard dyadic intervals in R with
Xs. If I} = [£, E51), the dyadic cubes in X3 are the sets Q) = [}NX3,j € Z,k € Z.
Notice that if D7 denotes the family {ch : k € Z} of all dyadic cubes of j-th level,
then D° = D!. On the other hand, D/ # DIT! for j # 0. Hence if V; is the
subspace of those function in L?(X3, u) which are constant on each Qi, ke Z, we
certainly have that ... V3, c V3, c V@ = V3 € V3 C...; so that the corresponding
sequence of wavelet spaces W3 such that W2 @ V» = V72, satisfies that W = {0}.
Nevertheless no other W7,j # 0 is trivial. Still a Haar type basis for L*(X3, )
can be obtained from H. In fact, since W3 = {0} there is no wavelet for the scale
20 = 1. When j > 1 the only region of the space showing resolution at the scale 277
is the interval [0,1/2). Hence we take all the standard Haar functions supported in
[0,1/2). In other words, A = {h?c :j>1,k=0,1,..,2771 —1}. For j < —1 we may
use for k£ # 0 the functions in Hy. In other words B = {h?c €Ha:j<0,k#0} We
only have to take special care of k = 0 when j < —1. If this is the case we consider
the function defined by ¢} (z) = h)(m) if x = m € Z \ {0} and g} (x) = h}(0) if
z € [0,1/2). Tt is no difficult to show that Hz = AUBU {g} : j < —1} is an
orthonormal system for L?(X3, p).

Example 4. Let Xy = J;c,[l,] + 2710) be equipped with the usual distance and
the measure dp = 2'%dz. Let us consider the restriction to X, of the usual dyadic
intervals of R. For any nonpositive integer j this space at the scale 2/ looks quite
similar to the one considered in Example 2. In particular no dyadic cube of the j**
generation has any offspring when 7 = 0,1,...,9. Hence, as a set, the “dyadic cube”
[0,2719) belong to each generation D7, for j = 0,1,...,9, but only as a member
of the 10" generation it has some “non-trivial” offspring. This behavior is also
reflected in the fact that in this space X, there are not Haar type wavelets at the
scales 27 with j = 0,1, ..., 9, but for all the other values of j € Z there exists exactly
one wavelet supported at each dyadic cube. We shall denote with H4 this Haar
system.

The actual success of Christ’s construction (see Section 5 for details) is the proof
of existence of dyadic families with a precise metric control on the eccentricity of the
dyadic objets, on spaces of homogeneous type. Nevertheless our results hold true
for general families of dyadic sets controled by the distance. Let us start by giving
a definition of dyadic families on the metric space of homogeneous type (X, d, u).
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Definition 2.1. The class 2 (§) of all dyadic families. We say that D =
UjeZDj is a dyadic family on X with parameter § € (0,1), briefly that D belong

@(6), if each D7 is a family of open subsets @ of X, such that

(d.1) For every j € Z the cubes in D’ are pairwise disjoints.

(d.2) For every j € 7 the family D’ covers almost all X in the sense that u(X —
UQeDjQ) =0.

(d.3) If Q € DI and i < j, then there exists a unique Q € D' such that Q C Q.

(d.4) If Q € DI and Q € D' with i < j, then either Q C Q or QN Q = 0.

(d.5) There exists a positive integer N depending only on A such that for every
j €7 and all Q € DI the inequalities 1 < #({Q e DIt : Q' C Q) < N
hold.

(d.6) There exist three constants a1, as and az such that for each Q@ € DI we
have that a167 < diam(Q) < a267 and the uniform lower bound for the
eccentricity €(Q) > as.

Examples 3 and 4 show that in some regions or at some scales the space may
keep dividing in pieces that become smaller and smaller. But it could also happen
that at some regions, refining scales does not involve an actual refinement of the
space. We are interested in the identification of those scales and places of partition
which shall give rise to the Haar functions. Properties (d.1) to (d.6) allow us to
obtain two properties which shall be crucial in the proof of our main result.

(d.7) The families DI = {Q € DI : #({Q € DIt : Q' C Q}) > 1}, j € Z are
pairwise disjoints.
In fact, given a cube Q € D7, from (d.1) we have that @ ¢ D’/*'. Moreover,
Q ¢ DI*™ for any positive integer n and hence Q ¢ Di+n,

(d.8) Set ? = Ujezﬁj' The function J : D — 7 giwen by Q — J(Q) if
Q € DI Q) s well defined.

In the sequel we shall make use of the following notation. Let £ be the function
defined on D taking values in the family of subsets of D, given by £(Q) = {Q" €
DIt Q/ C Q} for Q € Di and j € Z. We shall say that the cube Q is the
first-ancestor of Q" if Q" € £(Q). Notice that from (d.5), 1 < #(L£(Q)) < N.

Since we are interested in proving the equivalence of all Haar bases regardless
its construction, we define in general what we mean by a Haar system associated
to a dyadic family.

Definition 2.2. Haar system associated to D € %) (6). Let D be a dyadic

family on (X, d, i) such that D € @(6) A system H of functions h on X is a Haar
system associated to D if it satisfies

(h.0) Each h € H is a simple Borel measurable real function on X.

(h.1) For each h € H there exists a unique j € Z and a cube Q = Q(h) € DI
such that {x € X : h(z) # 0} C Q, and this property does not hold for any
cube in DITL,

(h.2) For every Q € D there exist exactly Mg = #(L(Q)) — 1 > 1 functions
h € H such that (h.1) holds. We shall write Hg to denote the set of all
these functions h.

(h.3) For each h € H we have that [ hdu = 0.
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(h.4) For each @ € D let Vo denote the vector space of all functions on Q which
are constant on each Q' € L(Q). Then the system {(u(g% } UHg is an
orthonormal basis for V.

It is easy to show, following the proof in [1] (see also [2]), that, given D in 3 (8),
it is allways possible to construct Haar systems supported on the elements Q of D.
This means that there exist systems H of functions h on X satisfying (h.0) to (h.4).
This construction is by no way unique. In fact it depends on the orthonormalization
procedure and even on the order given to the indicator functions of the offspring of
a fixed cube.

In the sequel, we shall use the notation ||f|, for the norm ([ |f|Pdpu) n
LP(X,u), 1 < p < oo. The L*®-norm of the function f, ||f|lc, is defined, as usual,
as the u-essential least upper bound of f.

From Definition 2.2, we obtain the following two properties of the elements A in
any Haar system H which shall be useful.

(h.5) For each h € H there exist two d-balls B.(h) C B*(h) with comparable

radii such that x, ., (z) < ‘”hh(lfjj < Xgegn (¥) for every x € X.

(h.6) For each h € H there exists Q* € L(Q(h)) such that

1 1
X (2) < [h(z)] < Z X, ().
Nu(@)™ Q' €L(Q(h))

In fact, it easy to see that (h.5) immediately follows from (d.6) and (h.4).
To prove (h.6) notice that from (h.2) and (h.4) we have on one hand that h =
ZQ’EE(Q(h))aQ'XQ/ with agy € R and on the other, that |h||3 = 1. Hence for each

Q' € L£(Q(h)) we have

1/p .
/1

|aQ’|2N(Q ) < Z |aQ”|2M(Q ) = L
Q" eL(Q(n)
So that, from the first inequality, each |ag | is bounded above by M(Q')’l/ 2 which
proves the upper bound in (h.6). Since 3 crqmylag” 2u(Q") = 1, from (d.5)
we get, for at least one Q* € L(Q(h)), that |ag-[?u(Q*) > 1/N.

3. EQUIVALENCE OF DYADIC SYSTEMS AND OF HAAR BASES. THE MAIN RESULT

Our purpose is to give sufficient conditions on two dyadic systems in such a
way that all Haar systems defined on each one of them are equivalent in a way
that we shall specify later. In the sequel two dyadic families D; = jeZD{ and

Dy = UjEZD% in 3 (8) on X are given. We shall denote by Q the elements of D;,
by R those in Dy, and by J; the function in (d.8) for D;,i = 1,2. The situation
described in Examples 3 and 4 in Section 2 shows that it could happen that no
wavelet occurs for some levels of resolution. Therefore, the conditions over the
families D; and Dy are given on the subfamilies 251 and 252. This lead us to the
following definition of equivalent dyadic families.
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Definition 3.1. Equivalent dyadic families.We say that the two dyadic families
D, and D in @(5) are equivalent, briefly Dy ~ Ds, if there exist a constant ¢ > 0
and a relation R C D; x D, such that

(i) for each Q € D; there exists R € Dy such that (Q, R) € R;
(ii) for each R € D, there exists Qe D, such that (Q,R) € R;
(iii) |J1(Q) — J2(R)| < ¢ for all (Q, R) € R and
(iv) d(Q,R) = inf{d(z,y):z € Q,y € R} < 7@ for all (Q, R) € R.

Properties (i) and (ii) mean that the domain and the image of the relation R
are D; and Do respectively. Notice that even when the inequality in (iv) looks
non-symetric because its right hand side contain only J;(Q), from (iii) we see that
§71(@) ~ §72(B) " Thus, (iv) holds with Jo(R) instead of J1(Q), perhaps with a
different constant c¢. Hence, since R satisfies (i) to (iv), we see that ~ is an
equivalence relation on @(5) Let us point out the geometrical meaning of this
notion of equivalence of dyadic families. Since the parameter j is a measure of the
scale, the relation R is giving a connection between the two descriptions provided
by D; and Dy of similar regions in the space X at similar scales. In Section 5 we
shall prove that all dyadic families built with Christ’s method, corresponding to a
given sequence of §7-nets for a given § > 0, are equivalent in the above sense. The
following proposition leads us to think that the relation R looks somehow like an
“invertible function”.

Proposition 3.2. Let D1 and Ds be two dyadic families in 3 (5). LetR C Dy xD,
be a relation such that (iii) and (iv) hold with some constant c. Then, there exists
a constant N such that #({R € Dy : (Q,R) € R}) < N and #({Q € D1 : (Q,R) €
R} < N, for all cube Q € Dy and all cube R € Dy respectively.

Proof. The symmetry in our hypotheses allows us to prove only one of the
two estimates. Let us show the first one. Let Q be a given cube in D;. We
shall consider the elements of Dy which are neighbors of Q in a specific sense. Set
V(Q,7) = {R € Dy : (Q,R) € % and Jo(R) = j}, for any j € Z. Notice that
{ReDy:(Q,R) € R} = U, V(Q, ) and that, from (iii), if [j — J1(Q)| > ¢, then
V(Q,j) = 0. Hence we only have to show that for |7 — J1(Q)| < ¢, #(V(Q, 7)) is
bounded by an absolute constant. But for each Q € D; and R € D, there exist, from
(d.6), points rg and g in X such that B(zq, 07+ (@) C Q and B(z g, cd7>)) C R
for some constant c¢. Thus, it is easy to see that there is a constant 5 < 1 such
that the set {zp : R € V(Q,j)} is 8671 -disperse and is contained in a ball
B(zg,v671(@) for some constant ~. It is well known, see [4], that such a set in
a space of homogeneous type has to be bounded above by some purely geometric
constant. (]

Let Hy = {h} and H2 = {3} be two Haar systems associated to D; and D,
respectively, with D; ~ Dy. Let Q(h) and R(¢)) be the dyadic cubes in (h.1) for
h € H; and @ € Hsy respectively. We shall say that U is a selection function
in Hy associated to R if U : H; — Ho and for every h € H; we have that
(Q(h), R(¥(h))) € K. Notice that from the properties of R all these selection
functions are connecting wavelets in one system to wavelets in the other with similar
supports in scale and location. We shall denote by S; 2 the set of all such selection
functions. We shall say that h € H; and ¢ € Hy are S; o-related if there exists
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U € &2 such that U(h) = 9. Symmetrically we say that a function b : Hy — H;
is a selection function in H; associated to R~1 if (Q(h(v)), R(¢)) € R. With Sz y
we denote the set of all such selection functions.

The next theorem is the main result for the Lebesgue spaces LP(X,u),1 <p <
oo. It shall be an immediate consequence of Theorem 3.5.

Theorem 3.3. Let Dy and Dy be two dyadic families on (X, d, i) such that Dy ~
Ds. Let Hi and Ha be two Haar system associated to Dy and Ds respectively. Then,
for each R C Dy x Dy as in Definition 3.1, there exists a positive constant C' such
that the inequalities

(3.1) > Ak

heF

IN
Q

> An¥(h)

hel

p
and

(3.2) vl < O D] vub(w)

G G
e » e »

hold for every finite subsets F' of H1 and G of Ha, every choice of sequences (A, :
h € Hi) and (vy : ¥ € Ha) of real numbers and every couple of selection functions
Ve S and b € Sa1 associated to SR.

Notice that if there exists ¥ € S; » such that ¥ is one to one and onto, using
(3.2) with h = U~! we obtain the result contained in the next statement.

Corollary 3.4. Let Hy and Hz be as in Theorem 3.3. Assume that in S o there
erists a one to one and onto selection function U, then there exist two positive
constants C'1 and Cy such that

Z Anh

heF

Cl < < 02

> AU(h)

heF

Z Anh

heF

p p p

hold for every finite subset F of Hi and every sequence (Ap : h € Hy) of real
numbers.

The situation described in the above corollary applies to the case for different
systems of Haar wavelets built on the standard dyadic cubes in Euclidean spaces.
Moreover as we shall see in Section 5, this holds for two Haar systems built on two
different, but equivalent, Christ’s dyadic systems with the same 67 —nets.

Let us describe the result contained in Corollary 3.4 in terms of the standard
notion of equivalence of vectors in a Banach space as given in [13] and [9]. Let B
be any sequence containing once each element of Hi, in other words, By = (hy :
k € Z*) with hy, # h; if k # j and Hy = {hg : k € ZT}. Once the sequence By is
chosen, with By = (¢, = U(hy) : k € ZT), we have that Hy = {¢ : k € Z*}, that
Y # ¢, if k # j and that B; and By are equivalent in the sense of [9]. In other

words
Z )\khk Z )\k'(/Jk Z /\khk

keF keF keF

C < < Oy

P
for every finite subset F' of ZT and any scalar sequence (\g : k € Z7T).

p p
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The role played by properties (iii) and (iv) is crucial. In fact, it is known (see
[9]) that a particular permutation of the Haar sequence is not equivalent to the
Haar sequence itself.

Actually, since our basic tool, the vector valued Fefferman-Stein inequality for
the Hardy-Littlewood maximal operator holds on weighted Lebesgue spaces and
since the characterization of weighted Lebesgue spaces with Muckenhoupt weights
also holds, we can obtain a weighted extension of Theorem 3.3.

Let us recall that a non-negative, measurable and locally integrable function w
defined on the space of homogeneous type (X, d, u), is said to be a Muckenhoupt
weight of class Ap, 1 < p < oo if the inequality

(H(IB)/Bw(x)d,u(xO (/i(lB)/Bzu(:v)p_—llciu(%))p1 <C

holds for some constant C' and every ball B. With ||f||, . we shall denote the
weighted Lebesgue norm of the function f, that is, || f|lp.0 = ([ |f[Pwdu)'/?.

Theorem 3.5. Let D and Dy be two dyadic families on (X,d, u) such that Dy ~
Dsy. Let H1 and Ho two Haar system associated to Dy and Do respectively. Let w
be a Muckenhoupt weight of class Ay, 1 < p < co. Then, for each R C Dy x Dy as
in Definition 3.1, there exists a positive constant C' such that the inequalities

(3.3) > Anh < O] mT(h)
heF pow heF pow

and

(3.4) Syl < D] b))
PYeG pow PYeG pow

hold for every finite subsets F' of H1 and G of Hs, every choice of sequences (A :
h € Hi) and (vy : 9 € Ha) of real numbers and every couple of selection functions
Ve 812 and h € So1 associated to SR.

Notice finally that Theorem 3.3 follows from Theorem 3.5 with w = 1.

4. PROOF OF THEOREM 3.5

The following theorem, which is a weighted extension of Fefferman-Stein inequal-
ity ([5]) to space of homogeneous type (see [6]), is one of the basic tools for the proof
of Theorem 3.5. This result is a vector valued inequality for the Hardy-Litllewood
maximal operator on (X,d, ),

Mf(z) = sup ﬁ/Blf(y)Idu(y),

where the supremum is taken over the family of all d—balls in X containing x. The
result is contained in Theorem 6.6.2 in [6].

Theorem 4.1. Let (X,d,u) be a metric space of homogeneous type such that con-
tinuous functions are dense in L'(X, u) and let w be a Muckenhoupt weight of class
Ap, 1 <p < oo. Then for each 1 < r < co and for each 1 < p < oo there exists
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a constant C,,, depending only on r,p, A and the A, constant of w such that the
inequality
1/r

00 1/r 0o
(Z |M<fk>|’“) < Crp (Z |fk’>
k=1 k=1

p,w p,w
holds for every sequence {f : k € N} of real valued Borel measurable functions
defined on X .

The second basic tool, which can be proved as in [2], is the following characteri-
zation of weighted Lebesgue spaces via Haar coefficients. We point out that we are
stating the result in the precise form in which we shall use it in the proof of Theo-
rem 3.5. In this way we avoid the somehow subtle distinction of cases according to
the finiteness or not of the measure of the whole space X. In fact we shall use the
next result only when f is a linear combination of Haar wavelets.

Theorem 4.2. Let 'H be any Haar system associated to D € @(5} Let w be a
Muckenhoupt weight of class A,, 1 < p < co. Then the system H is an uncon-
ditional basis of each LP(X,pu) , 1 < p < 0o. Moreover there exist two positive
constants Cy and Cy such that for all f € LP(X,u) with bounded support and
vanishing integral

p,w-

1/2
Collfllpw < <Z|<f,h>|2h|2> < olf

heH
p,w

We shall also use the following two technical lemmas. The first one provides a
comparison of the maximum values of two related Haar functions corresponding
to two equivalent dyadic systems. The second contains an elementary geometric
consequence of the doubling property written in terms of the Hardy-Litllewood
maximal operator.

Lemma 4.3. Let Dy and Dy be two dyadic families on (X, d, 1) such that Dy ~ Da.
Let Hy and Ho two Haar system associated to D1 and Dy respectively. Then, for
each R C 751 X 132 as in Definition 3.1 there exists two positive constants ¢ and C
such that

17l
c < +—— < C,
KBRS

for every h € Hy and every i € Ha with (Q(h), R(¥)) € R.

(4.1)

Lemma 4.4. For every choice of positive constants oy, g, az with ay < g there
exists another constant 8 > 1, depending only on «;,i = 1,2,3 and A such that the
inequality

Xpm (@) < B M(Xp. n)(®)
holds for every x € X, every r and R with a; < % < ag and every y,z € X with
d(y, z) < agr.

We shall prove the above lemmas at the end of this section.

Proof of Theorem 3.5 Let us observe that it is enough to prove any one of
the desired inequalities. We shall prove (3.3). First notice that since both dyadic

families D; and D, belong to %) (8) and (i) and (iv) hold, property (h.5) for the
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two Haar functions h and W(h) corresponding to H; and Ha, respectively, with
¥ € 5,2, involves balls which are all in the conditions of Lemma 4.4. In other
words the four balls B, (h), B*(h), B.(¥(h)), B*(¥(h)), have comparable radii and
the distance from one center to another is bounded by a constant times any one of
those radii.

Let F' C 'H finite, ¥ € S and (Ap,) a sequence of scalars. To avoid interruption
in the next chain of seven inequalities involved in the proof of (3.3), we proceed
to describe the arguments used in each one of them. In the first we apply the
lower bound in Theorem 4.2 with f =", _zAph. For the second we use the upper
bound in (h.5). The third comes from the upper bound for (4.1) in Lemma 4.3. The
fourth is based in Lemma 4.4 and the positive homogeneity of the Hardy-Littlewood
maximal operator. The fifth one is nothing but Fefferman-Stein inequality with
r = 2. The sixth is the lower bound in (h.5). The last one is the lower bound in

Theorem 4.2 for f = Y A\ U(h).
heF

1/2
<C (Z A2 h|2>

heF

S A h

heF

p,w p,w
1/2
(ZA ||h||oox3*<h>>
heF
p,w
1/2
<o (2 i
hEF
p,w
1/2
2
<C (Z [M ()‘h ”\Ij(h)HOOXB*(\P(h)))] )
heF
p,w
1/2
<C (Z X II‘I’(h)IIioxB*mh)))
heF
p,w
1/2
< | (X wor)
heF
p,w
< C DA (h
heF pow
The constants in the above inequalities may differ from one line to another. O

Now we prove Lemmas 4.3 and 4.4.

Proof of Lemma 4.3. From (h.6) applied to the system H; we observe that
the L°°-norm of the Haar function & is equivalent to (Q(h))~/2. For Hs instead,
1|00 is of the order of u(R(¢)))~'/2. Since all the constants in these equivalences
depend only on the geometric constants and the two systems D; and D are related
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by MR, we get the desired equivalence of ||h]ls and ||#|l when (Q(R), R(¥)) € 1R,
with constants independent of h and 1. ([

Proof of Lemma 4.4. Notice first that there is nothing to prove when = ¢
B(y,r) since the left hand side in the desired inequality vanishes. Assuming that
x € B(y,r) we have B(z, R) C B(x,~yr) with vy = ag+az+1. In fact, if u € B(z, R)

then
dlu,z) < d(u,2) +d(z,y) +d(y,z)
< R+asgr+r < 9.

Therefore
M ) > MB@ANBER) | p(BeR)
B - u(B(z,yr)) w(B(z,yr))
Since B(z,vr) C B(z, %R), the doubling property for p finishes the proof
of the Lemma. O

5. CHRIST’S DYADIC SYSTEMS

The aim of this section is to show that different dyadic families of M. Christ
with the same basic nets of points but different orders are equivalent. Thus, as
a consequence, we shall obtain that Haar bases built on such dyadic families are
equivalent.

First we shall sketch the construction (see [3]) of the dyadic sets in the context
of metric spaces of homogeneous type. We shall say that, for ¢ > 0, N is an e-net
in X if A/ is a maximal e-disperse subset of X. That is, d(z,z’) > ¢ for every
z,2' € N with z # 2’ and if F is any other subset of X strictly containing A/ then
there exists y,y’ € E with y # 3’ such that d(y,y’) < e. It is easy to show that
since (X, d) supports the doubling measure p, then any e-disperse subset A/ of X
is countable. Moreover N is finite if and only if X is bounded. In the sequel we
shall use the notation N/ = {z} : k € K(g)} to denote the elements of the e-net
N, where K (¢) is an initial interval of positive integers, which could be the whole
set Z* of positive integers. From the above remark K(g) = Z* if and only if X
is unbounded. For a fixed positive ¢, the above construction with e = §, 4 €7,
gives rise to a sequence of §’-nets N; = {z], : k € K}, where K; = K(67). The
set A= {(j,k):j €Zand k € K;} plays a central role in Christ’s construction.
From the properties of dispersion and maximality of each net N the two following
statements are easy to check for each (4, k) € A.

(o) There exists at most one Iy € K;_; such that d(xi,m{_l) < 512_1; and

(8) there exists at least one [ € K;_; such that d(z], =] ") < 67~ 1.

These properties allow to define partial orders < on A, induced by the metric d

and the given sequence of 6/ —nets in the following way:

I) take (j,k)e A

(a) if there exist [y € K;_1 such that d(xi,x{ofl) < &
(jv k) = (] - 17l0)7

—1

5 then we decree that
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(b) if there is not such an Iy € K;_;, we select any [ € K;_; for which
d(xi,ac{_l) < 6971, and decree that (j,k) < (j — 1,1),
IT) decree that (j, k) is not related to any other (j —1,s), s € Kj_1,
I1II) extend = by transitivity.

For a given sequence of 67-nets, Nj,§ > 0, we shall say that such order belongs
to the class C, briefly, < € C. We would like to emphasize at this point that since
the [ provided by (8) is far from being unique the selection in case (b) of the
construction of < translates into a great diversity of possible orders satisfying all
the desired properties. On the other hand, the case (a) in I) is giving the only
rigidity of < that is reflected in the following property of the family C.

(v) For each (j,k) € A there exists al least one u € K41 such that (j+1,u) <
(4, k) for every order < € C.

In fact, since 6 < 1/2, from the maximality of Nji1, for each (j,k) € A there
exists zit! € N1 such that d(z*!,2]) < 67*! < & From the construction of <
we obtain that (j + 1,u) = (j,k) for every order <.

Since the index u € Kj41 in () may not be unique, we shall select one of them,
say u = b(j, k). We shall say that m%irjlk) is the first-born from xi

For a given <€ C, the Christ dyadic cube at the level j located at k € Kj is
defined by

Q= U B(x}, ad"),
(1) =2:k)
which for some small values of the positive constant a satisfy (d.1) to (d.8). The
set Qi shall be called the dyadic cube associated to xi € N,. The family D<
of all those Qi shall be called the Christ cubes associated to the family {Nj :
j € Z} of nets and the order <. Notice that different orders satisfying all the
desired properties produce different shapes for the sets Qi corresponding to the
level-position parameters (j,k) € A.

Given D; = D<,, where =; € C, we shall denote by D; the family in (d.7) for Dy,
by @ the elements Qi of Dy, by R those cubes Ri in Do, and by J; the function in
(d.8) for D;.

The main result in this section is contained in the next statement.

Theorem 5.1. Let <1 and =<3 be two partial orders in C with 0 < § < 1/2. Then
Dy ~ Dy, where D; = D<,,i=1,2.
Its proof is an easy consequence of the following result.
Lemma 5.2. For every Q) € D, there exist R € Dy such that
(5.1) J1(Q) = Jo(R) and d(Q, R) < 267(?).

Proof. Let Q € Dy and j = J1(Q). Thus, there exists k € K; such that
Q= Qi. If R} € D, then, since z, € Qi N Ry, we obtain that (5.1) holds with
R = Rj. Suppose now that R} ¢ Dy. Set Oy = {J;{H eENiy1: J+10) x4
(j,k)} and Oy = {z]™" € Nj41 : (4 + 1,1) <2 (4, k)} to denote the offspring

of x?c in each order =<;. From the construction of the cubes and since Ri ¢ 252
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we obtain that #(071) > 1 and #(03) = 1. Hence, O1 \ Oy # (. Otherwise
1 = #(02) > #(01) > 1. Let us write 22%! to denote any element in 07 \ Os.
Thus, since A is a tree, there exist (j,u) € A such that (j + 1,s) <2 (j,u). Let

xf’?;lu) be the first-born associated to (j,u) € A. From (v), (j + 1,s) <1 (4,k) and

we obtain that xJT! # x{;zrjlu). Therefore #(03) > 1. Hence, R}, € Dy. Moreover,

d(Q, R}) < d(x},2It1) + d(It1,2]) < 267 and (5.1) holds with R = Rj,. 0

Proof of Theorem 5.1. The proof is an immediate consequence of the pre-
ceding lemma. In fact, let B be the subset of ﬁl X @2 defined as the set of all
couples (@, R) satisfying (5.1). Properties (iii) and (iv) in Definition 3.1 are con-
tained in (5.1). Property (i) follows from the above lemma and property (ii) from
the analogous to Lemma 5.2 changing the roles of Dy and Ds. O

In the sequel <7 and =<5 are two partial orders in C as in Theorem 5.1. Let H; =
{h} and Hy = {9} be two Haar systems associated with D; and Dj respectively.
Thus, from Theorem 3.5 we obtain that there exists a positive constant C such that
the inequalities

(5.2) > b

heF

C

> Au(h)

heF

IA

and

(5.3) Swgw| < OS] vb)

PYeG YeG

p,w p,w

hold for every finite subsets F' of H; and G of Ha, every choice of sequences (A, :
h € Hy) and (vy : ¢ € Ha) of real numbers, every couple of selection functions
U € 512 and h € Sz 1 associated to the relation R given in the proof of Theorem
5.1 and every w € A,,.

Moreover, we shall prove that there exists at least one function ¥ : Hy — Ho,
one to one and onto that closely preserves scales and positions of the supports of
the wavelets and therefore, we obtain that these Haar systems are equivalent bases
on weighted Lebesgue spaces when these bases are related via ¥. More precisely,
we obtain the following result.

Proposition 5.3. There exists a one to one and onto function ¥ : Hy — Hy
such that for every h € H;

d(Q(h), R(¥(Rh))) =0 and J(Q(h)) = J2(R(¥(h))),

where, as before, Q(h) is the cube in (h.1) for h € Hy and R(y) is the cube in (h.1)
for i € Hs.

Proof. We shall first describe a special index set for the elements of H; and H.
For each (j,k) € A set Lo(Q1) to denote the family of all cubes Q™" € D] such

that Q{ +Hc Qi and Q{ o Q{;zrjlk). Analogously, set ,CO(R,];) to denote the family

of all cubes R/™" € D} such that R]™" C R} and R]™ # R/, . We define the
families D} = U(j,k)eA£0(Qi) and D, = U(j,k)eAEO(Ri)' From (h.1) and (h.2) for

the system H;, we see that we can use EO(Qi) as an index set for the family of
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all the elements of H; essentially supported on Q{C. Analogously, from (h.1) and
(h.2) for the system Hs, we can use Lo(R}) as an index set for the family of all
the elements of Hy essentially supported on Rj. Thus, H; = {hQ/ :Q € D;}
and Hy = {¢y : R € Dy}. Notice that since from (v) the function b(j, k) does
not depend on the partial order in C, we have that if Q/ = @', is any element in
D), then R, =: R belongs to D,. Hence ¥ : H; — Hy given by V(hg) =g
is well defined and one to one. On the other hand if R = R!, is any element in
DIQ, then Q!, =: Q' belongs to D'l. So that ¥ is onto H,. To finish the proof we
check that d(Q(hQ/)7R(\I/(hQ/))) =0 afld jl(Q(hQ/)) = jg(R(\Il(hQ/))). In fact,
since Q(hg) is the first ancestor of Q' = Q! and R(V(hg)) = R(Yg) is the
first ancestor of R = RL and !, € Q\, NR!, C Q(hg') N R(Yg ) we obtain that
d(Q(hg ), R(¥(hg))) = 0. On the other hand, both Q(hg ) and R(1g/) belong
to the same scale 6'~', in other words Q(hyy) € DIt and R(Yp) € Dyt Hence
J1(Q(hg)) = Jo(R(¥(hey)))- O
Theorem 5.4. Let ¥ : Hy — Hsy be as in Proposition 5.3. Let w be a Muck-
enhoupt weight of class A,, 1 < p < oco. Then the bases By = (h : h € Hy) and

By = (¢Yp, = U(h) : h € Hy) are equivalent in weighted Lebesgue spaces. That is,
there exist two positive constants Cy and Co such that

> Ak > Au(h)

heFl heF

Ci < < Oy

> A

heF

p,w p,w p,w

hold for every finite subset F of Hi and every sequence (Ap : h € Hi) of real
numbers.

Proof. In fact, notice that since ¥ satisfies that (Q(h), R(¥(h))) € R as defined
in the proof of Theorem 5.1, if follows that ¥ € &; 2. The result follows applying a
weighted version of Corollary 3.4. O
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