ODD BMO(R) FUNCTIONS AND CARLESON MEASURES IN THE
BESSEL SETTING

J.J. BETANCOR, A. CHICCO RUIZ, J.C. FARINA, AND L. RODRIGUEZ-MESA

ABSTRACT. In this paper we characterize the odd functions in BMO(R) by using Carleson

measures associated with Poisson and heat semigroups for Bessel operators.

1. INTRODUCTION

As it is well-known, a measurable function f belongs to the classical space of functions of

bounded mean oscillation, BMO(R), when

1
|umem=wp/u@>fwm<m,
1cr | Jr

where the supremum is taken over all bounded intervals I in R, f; = ﬁ J; f(x)dx and |

denotes the length of I.
In this paper we deal with the space BMO,(R) of all the odd functions in BMO(R). This
space was considered in [5]. A useful property is the following. Let 1 < p < co. A measurable

function f is in BMO,(R) if and only if there exists C' > 0 such that

1 1/p
(11) {/vuijm} <c,
1] Jr
for every interval I = (a,b), 0 < a < b < oo, and
1 1/p
(12) {5 [rwral " <c
1] Jr

for each interval I = (0,b),0 < b < co. Moreover, the quantity inf{C' > 0: (1.1) and (1.2) hold}

is equivalent to || f[|prro)-
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It is well-known that the classical space BMO(R"™) can be characterized by means of Carleson
measures. We say that a positive measure p on (0,00) x (0,00) is Carleson, when there exists

C' > 0 such that, for every interval I C (0, 00)

W% 0.1 _
7]
We denote by ||pl|c = SUD; - (0,00), I interval w, when g is a Carleson measure on (0, 00) X

(0, 00).

The aim of this paper is to characterize the space BMO,(R) in terms of Carleson mea-
sures involving the heat and Poisson semigroups associated with the Bessel operator Ay =
—z A Dz**Dz=*, A > 0.

Assume that A > 0. For each y € (0, 00), the function ¢, (v) = \/zyJy_12(2y), € (0, 0),
is an eigenfunction of Ay. According to [14, §3.2 (5) and (6)] we have that

(1.3) A(VayTy_1(xy) = y*vayJy_1(zy), .y € (0,00).

Here J, represents the Bessel function of the first kind and order v.

The heat semigroup {W};~¢ associated with the Bessel operator A is defined by

W@ = [ WAy, b € 0.00),
0

where the heat kernel is given by

o0 _22
WAz, y) = /0 e 0u(2)py(2)dz, b,y € (0,00).

According to [14, §13.31 (1)] it has that

Ty Y\ _a?+y?
Wt)\(xay) = 7-[)\7% <§> € a t,az,y € (0700)7

where I,, denotes the modified Bessel function of the first kind and order v.

The Poisson semigroup {P};~¢ for Ay is defined by

P = | T Py ()dy. tx € (0,00),
0

being
oo

Pa,y) = /0 e on(2)py(2)dz ta,y € (0,00).



By taking into account [10, (16.4)] (see also [15]) we can write

2\ (zy) M /7r (sin §)2A 1
14) P = :
( ) t (:E7y) T 0 ((.’B—y)2+t2+2$y(1—COSQ)>>‘+1d0’ t,x,yE (O’OO)

The main result of the paper is showed in the following theorem. By BMO_ we denote the
space of all those f € Li [0,00) such that the odd extension f, of f to R is in BMO(R). We

loc

consider the natural norm on BMO; .

Theorem 1.5. Let A > 0. Assume that f € Llloc [0,00). The following assertions are equivalent.
(i) f € BMO;.
(i) (1+ 22)~1f € L1(0,00) and the measure

0 ? dudt
_ |42 A
duf(l',t)— t 8SWS (f)($) 2 t
is Carleson on (0,00) x (0, 00).
(iii) (1 4+ 2?)~1f € L1(0,00) and the measure
0 ? dudt
o) = 1P|

is Carleson on (0,00) x (0, 00).

Moreover, the quantities HfH%MO+, llrllc and ||vfllc are equivalent.

The next sections are devoted to give a proof of Theorem 1.5. On the way of the proof we
obtain new characterizations of the subspace H}(R) of H'(R) constituted by the odd functions
which belong to the Hardy space H'(R). The space H!(R) was considered by Fridli [6], who
described it by using what he called Telyakovskii transform, a local Hilbert transform studied by
Andersen and Muckenhoupt [1]. Fridli also obtained a description of the space H}(R) in terms
of (odd)-atoms (see [6, Theorem 2.1]). A measurable function a on (0,00) is an (odd)-atom
when it satisfies one of the following properties:

(a) a = %X(O,é)a for some 6 > 0, where x(g4) denotes as usual the characteristic function on
the interval (0, d);

(b) there exists a bounded interval I C (0,00) such that supp a C I, [;a(x)dz = 0, and
lalloo < 17171,

In Proposition 4.1 we characterize the Hardy space H!(R) by using nontangential Littlewood-

Paley g-functions associated to the Poisson semigroup for the Bessel operators Ay.
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Assume that f € BMO,(R). If a represents the odd extension to R of an (odd)-atom, we
denote by

+oo
@sz/ f(waly)dy.

—00

By arguing in a standard way (see, for instance [11, ps. 142 and 143]) we can prove that &y
admits a unique extension to H}(R) defining an element of the dual space (H.(R))’ of H!(R) and
being || (|1 (w)y < ClIfllBrmo, ) Moreover, according to [4, Corollary 1.6], [2, Proposition
32(b)] and [5, Proposition 3.1(ii)], the mapping f — @ is an isomorphism between BM O, (R)
and (H}(R))" and || f||prro, ) is equivalent to @£ [ (m2 )y for every f € BMOo(R).

The Hankel transform defined by

(D@ = [T VEL @ iy o€ 0.00),

will be useful in the sequel. hy is an isometry in L?(0, 00) ([13, p. 473 (1)]). By using the results
presented in [7] and [8] a convolution operation for hy can be defined. The main properties of
the Hankel transform hy was established in [16].

Throughout this paper we denote by C' a suitable positive constant that is not necessarily

the same in each ocurrence.

2. PROOF OF (i) = (4) IN THEOREM 1.5

To simplify we write, for every ¢t > 0,

QNf) =P 5w ()

We can see that

f(y)dy, t,x e (0,00).

s=t2

*® 50
QU@ = [ ey

In effect, according to [9, (5.7.9)] we have, for each z,y, s € (0, 00),

0 0| (ay) ay\ M Y\ _ 2242
95" (z.9) = ds [(25)A+§ (?s) I’\_%<273)e b
G B B o A W AN T A gt
21) @M\ s 48 2s AT A
(@) (@y)? pwy\ A oz et
(23 48° (%) Ata (%)e )



Hence, by [9, (5.11.10)] we get

5 e,ulyﬂ 22 4
‘Wﬁ(x,y)‘ < C0—F (1 +2 =Y
0s 53

S

2
), 2.y, € (0,00).

Denote by Sé‘g the square function

sy = ([ rcz?uxmr?cf);, v e (0.50)

The following result concerning to the boundedness of this square function follows easily by
taking into account that hy is an isometry in L?(0,00) and that, according to [12, Lemma 1],

for each f € L%(0,00),
QNf) = —ha(e PV y2ha(f)),  t € (0,00).
Lemma 2.2. Let A > 0. It has that
1SA P 2000) = —£]]12 f € L*(0, ).
Q L2(0,00) 2\/§ L2(0,00)» )

Assume now that f € BMO,. Since f € L [0,00), [11, p. 141] leads to (1 4+ z?)"1f €
LY(0,00).
To see that the measure

2 dxdt
t

o dzdt

= QNN @

dugla,t) = | W) @)

s:t2
is Carleson on (0,00) x (0,00), and ||us|lec < C||f||]23Mo+, we will establish that, for a certain
C >0,

1 dadt
2
(2:3) i [en@rSE < iy,

for every I = (a,b), 0 <a <b < oc.
Assume that I = (a,b) with 0 < a < b < co. As in the classical case ([11, p. 160]) we split f

as follows

[ =~ fer)xar + (f = far)X (000021 + for = f1 + fo+ f3,

where 21 denotes the double of the interval I in (0,00), that is, if z; = ‘LTH’, then 21 =
(xr — |I], 27 + |I]) N (0, 00).
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By Lemma 2.2 we get

1] .
7| [ei@res

1 1
m /I S () @) P < IS R0

C
= | 1f (@) = farl?dz < C|[f|Eno, -

24 1] Jos

IN

On the other hand, by using [12, Lemma 1] we can write

Wz, y) = ! (xy)j /oo engA(%y,Z)Z”dz, 5,2,y € (0,00).
’ 22N+ 3) M2 Jo
Here
922-2P(\ + 1) [(22 — (2 — 1)) (2 + y)2 — 22) 1
) [( ( ))((zkl) )] Cle—yl<z<aty,
Dy(z,y,2) = VTL(A) (wyz)

0, otherwise,

and fooo Dy(z,y,2)2*2dz =1, 2,y € (0,00) ([8]).

Hence, if s, 2,y € (0,00),

A Tty 1 2 2
2W?(ﬂf,y) = () 5 / (—A -+ Z> e” T Dy(x,y, 2)2P\dz.
Os 22)‘F(/\ + %)8A+§ |z—y| 2 4s

We infer that,

2

T4y .
/ e_gDA(az,y,z)z”‘dz
lz—yl
(.%‘y)A z+y 1
< C e ﬁD,\(x,y,z)z%dz
lz—yl <1+ &)

s 2

A ety

Ty s

C(S)/| | W\Q)AHDA(M/, )%z 5,3,y € (0,00).
=y

(zy)*

3
YT

0
— W <
‘88 s(x»?/)’ =

IN

By [12, (4.1) and (6.7)] and [10, p. 86 (b)] one obtains,

0 C
—W/\a;, < , S,y € (0,00).
‘as 3 y>‘—¢§(s+|x—y|2> v e 0o
Then,
0 t t
2 =W <C < t 0, 00).
s s(x’y) 2 — tQ—Hx—y\Q — (t+‘$—y‘)2’ 7:C’y€( ?OO)




A standard procedure leads to

t

QN f) ()] < C Omear m\f(y) = farldy
< C ooonar (t—i—\xft—y\)?‘f(y) — farldy
> t
: Ck:1 /{ye(o,oo):%1|I|§|m—y<2’€|f|} (t+ |zr —y])? 17) = Farldy
: Cé 22/:|I|2 </ye(0,oo):|zf—y|<2klll} 1£() = Farengldy + 21| forny - f21’>
< m Z ok <2km 2k+1[| (y) = forrrfldy + [forrrs — f21|>

< Cm“f"BMo+, .Z'EI,t>0.

We have taken into account that if & € N\ {0} and 2¥|I| > 27 then 2811 = (0,27 + 2¥|1|) C
(0,2+11]) and

2R+ 1|
/ @) — forrfldy < / £ )] + | e )dy
2k+1T1 0

IN

k 1 2k+1|1‘ k+3
41 (fllovo, + g7y [ 16y | < 271 llaaro

Hence

1 M A\ o dzdt ||f||BMO+ d 2
25 g [ 1P < ommges [T [ dr < cllfifuo,-

Finally we have to analyze

i / / QU@L = 'f@ﬂ? /| JIC R

In the classical case this term does not appear ([11, p. 160]).

We first observe that, since 2I = (z1 — |I|, z1 + |I|),

1 et xr + |1
(26) ol < /0 )iy < L Lo

In order to estimate
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we write, for ¢,z € (0, 00),

2

2 max( 2,5} oo
du@= [+ 4] +f S W@ w)| iy
0 min{2,2}  Jmax{,2} max{£ 32} | 0 s=t
According to (2.1) it has
9 1A (zy)* _=2?
‘BSWS (ac,y)‘ < Cs)‘+§ e s
provided that s, z,y € (0,00) and xy < s. Then
2 9 A —w22 0o 2 A _%
z A e st ¥y xrre st
/0 %Ws (Iay)}s:mdy < CW)/O e s2y’dy < CW? t,z € (0,00).

Hence

] 2dxdt C o0 g2A 2
)\ _ =z
e /‘/ || S [ e s <
Also, if zr > |I| we can write
2
LR N 2 dedt c ([ og2
- ¢ I W, d ‘ drat o = A emiE dedt
nh JE L w5 < g [ [ e e
1 A3
|I|/ /tz,\+1 (w2> dxdt

1 .
— t%lt/dx <COUP—"t
1] /0 @ (47 — [112)?

IN

(2.8)

IN

Then according to (2.6), (2.7) and (2.8) we obtain

\f21’2 ] 2dxdt
2 [ [ [ B, <c

Thus we conclude that

2
| for|? /'I/ 2/2’ 0 2dxdt
. — 7<
(2.9) ) I‘t ; asws(ﬂf dy‘ ClIf o, -

1f1lBro, - when a < |11,

I
izl o, when @r > 1],




On the other hand, by [9, (5.7.9)] one has

0\ 0 1 @2\ _= [zy Ty
gs"s @y) = a(ﬁ B ) Ve ()

Then according to [9, 5.11.10] we get

0 0 1 (@—y)? (@—y)? 1
210 7W/\ = — | ——e s - s O -
(2.10) 52w =5 (gome )+ 0 (L),
provided that s, z,y € (0,00) and xy > s. Hence we deduce that

(2—9)?

6 A e 8:

%Ws (l’,y) SC*;? 8,x,y € (0,00) and CU?JZS
S2

Thus, if t,z € (0, 00),

/max{gz 2} R
27 x
2

6_62? o0 y? e el
(2.11) C / e Wdy < C 2
0

22

o) 2 a2 00 2
< 03/ e_%ﬁdy < Ce gt / e_lthQdy
7 Jmax{3z,2) t ax{3z,12}

m. m.

IN

t3

and,

(2.12)

C 3 _(z—y)? xefisg? 6769461?
< 3 e 82 dy<C <C—7s—.
0

3 .\
/mln{ w]’%WS ($’y)’s:t2dy

By combining (2.11) and (2.12) we obtain

1| 3 9 2 dxdt
t / / 35 Ws (@) | S5
II\/ /‘ (max{t 22y min{fé}) 0s
11| 2 1] o .2
SC/ /egwdwdt SC/ 1/ ¢~ dudt < C,
I o )i t Il Jo tJo
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and also, when x; > |I|, we can write

LM e ([ : 0 2 dadt
|I‘ /0 /[‘ [nax{ﬂ’ﬁg}+[nin{ﬂ,g} aSW (ﬂ? ?/)|s 2ay p
] 2 dudt _ / 1] L
dm/ t?dt < CIP 5
\I\/ / R CEITiEE

By (2.6) and proceeding as above we conclude that

) 1l / '/ / / ) 2 ddt
— <

We now prove that

f 2 |I| maX{ s 2 } 8 2dxdt
(2.14) | |211|‘ i I‘ﬂ/ s —W(x,y) y dy‘ —— < ClIflfsmo, -

2
max{£,2}

Equality (2.10) suggests us to write, for each ¢,z € (0, 00),
max{ J“} b a
O A _ A
A e A o L e

=2
/(z o) Wi (z, y)dy) ,

2772 x’ ’s:tZ
_@=y)?
where Wy (z,y) = ¢ 2\/‘% , 8,2,y € (0,00).
We note that
¥ ¥ o 1 [feh 1 [heh
€ s e s e s
W, dy = dy = du = d
/g s(z,y)dy /2 5 W 2\/7?,%\/5“ W/O\/gu
Yy
VT Jo VT )z
oo 2
1/ e 4s
= 1-— du, s,z € (0,00)
V7l

Then

8

3z u
o [z 1 © 9 [e 1
a_ s\&y dy = ——= a_ d7 5 07 )
85/;- Ws(x,y)dy ﬁ/ el v u, s,z € (0,00)
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and, for every t,z € (0, 00),

u? 2 2
a</3;W( M) <0/w€wd<cgwafw < 05T
o s\r,y)ay S 3 (VAR 3 e 16t2 du .
9s \ Jz o2 =t 3 Jo t?

Moreover, for each ¢,z € (0,00),

/2 dz) (0 t2)

2

(I 9)2 _z +1/ z2

x € 8t2 6,@
dy<C’/ dy<C/ dy <C R

By proceeding as in the proof of (2.13) we obtain

| for|? /'I'/ X, / 2 dadt
15 o Wi (a,y)dy T <olf
(219) 1] Jo 1‘ 9s \ J(z 32)n(2 o0) (,9) ’ ‘ n I HBMO+

3 Wz,
Os y

s=t2

On the other hand, equation (2.10) leads to

3z
9 C T _(z—y)? dy
/ 3 2 %[Ws)\(%y)—Ws(l‘,y)h _thy < :Ut/ e 82 2
(2.3)7(2 ) 5= x y
C [T _wy? c
< o asg

for each ¢,z € (0, 00).

Hence,

m/mfk/

and if zy > |I], we can also write

0 A\ dedt 1,
— <
32yn(2 35["‘/ (z,y) = Wi(z, y)]|s tgdy — III/ t /t dadt < C,
2)(5 00) SR e

z
2

1l 0 2dxdt
~Z\w —W.
|I| / /‘ /m 3z ﬂ(t2 00) 88[ s (m,y) S(xay)] |s=t2dy‘ t
2 2
c [, 1 2z + |I])3 — (2x; — |1))3
R el e

These estimates and (2.6) allow us to obtain, when z; < |I],

‘f21|2 /”/ 2/ 0 ”»\ 2dxdt
Il Jo I )t (£73i)m( 00) Os [ (@,y) = Wz, y)} — dy‘ C||f||BMO+,

and, in the case that xy > |I|,

2dxdt

S A AL PG LI B T

| (2 + |I|) — (221 — |1])3
xr+ |1 (227 — |1])? a0, < ClIf o, -
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Thus we have that

| far|? /ll/ 2/ 0 T 2 dxdt
t W WS ) d -, < C ’
T | ey 05 11 D) < Wl )| _ats| T < Wllbao,
that, jointly (2.15), leads to (2.14).
By (2.9), (2.13) and (2.14) we obtain
1M dxdt
(216) 7L [em@rEE < clfiuo..

Hence, by taking into account estimations (2.4), (2.5) and (2.16) we establish (2.3) and the

proof is thus finished.

3. PROOF OF (ii) = (44) IN THEOREM 1.5

Let A > 0 and f a measurable function on (0, 00) such that (1+22)~1f € L'(0,00). Assume

that duy is a Carleson measure.

By using subordination formula we have that

P} - — | “_w .
M@ = o= [T WA (D@de e 0.)
Then,

0 et

+ PN \f/ 5 e WAN@)| _pdu, b€ (0,00,

Minkowski inequality leads to
1
1o ? dadt | *
1 Jo Jil ot ! t

T 4u t

1
2 3
dxdt
2u83 (x)} 2 } du

f/oo u{m/m/
f/oo u{m
/W?:{a/;'/,
*/m " {|J| /J/

2f

2 2 0 W)\ ( )|u:v2

1
2 2
dxd
:cv} du
v
2 3
dxd
xv} du
v

1
2 3
dxdv } du
v

22 L W) @)t

2v 7WA ( )|u:v2
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2

1 [e 1
scmmc)zfo du < C(llugllc)?,

3
us
for every I C (0,00). Hence dvy is a Carleson measure and ||y¢|lc < C||uyllc-

4. PROOF OF (iit) = (i) IN THEOREM 1.5

In order to prove that (ii7) = (i) in Theorem 1.5 we previously need to show several results.
First, we establish new characterizations of the space H}(R) by using nontangencial g-functions
associated with the Poisson semigroup for the Bessel operators Aj.

We denote by P;(x) the classical Poisson kernel, that is,

1 ¢

Bl = e

te (0,00), z€R.
The classical Poisson integral of f is defined by
UG = [ Ply=0I Wiy, 1€ (0.0, 2R
We consider the sets
I(z) ={(y,t) e Rx (0,00) : |z —y| <t}, z€R,

and
Iy(x) ={(y,t) € (0,00) x (0,00) : |x —y| <t}, x€(0,00).

In the next proposition we use the nontangencial g-functions defined as follows:

SRy
g<f><x>—{/mt§tpt<f><y> dfff‘”} aeR,
Y
g+(f)(:v)—{/F o df;ly}  re(0.%),
and ’ 1
2 2
gx(f)(x)={ L P djdy} C we(0.00)

Proposition 4.1. Let A\ > 0. Suppose that f € L'(R) and f is odd. Then the following
assertions are equivalent:

(a) f € HI(R).

(b) g(f) € L'(R).
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(¢) g4+(f) € L'(0,00).
(d) gA(f) € L'(0,00).
Moreover, the quantities || f]| 11 w) +19(F)|r @), 1f11L10,00) F g+ ()L 0,00) @ [|f1]L1(0,00) +

g (F)L1(0,00) are equivalent to || f|| g1 (x)

Proof. (a) < (b). It is a well-known result ([11, Proposition 4, p. 124]).
(b) & (c). It is clear that (b) = (c¢). On the other hand, since f is odd, we can write, for

every y € R and ¢t > 0,
+oo

P = [ Ple—y)f(z)dz = /0 S (Pilz —y) = Pz + ) f(2)dz.

— 00

0

0
1= P(()

t=P))

0
t= P ()

dy

/{yER:(y,t)eF(—x)} ’

Hence P;(f), t > 0, is an odd function. Then, for every ¢,z € (0, 00), we can write
2 —x+t 2 T+t
dy / dy :/
—x—t r—1
0
t—P(f)(y)

2
dy,
/{yE]R:(yJ)GF(z)} ‘ ot

and also, if 0 < z < t,

/{yemywem}‘tpt Al )‘Zdy N </ / > 7Pt ()‘Zdyg/ ‘tfpt Ny )‘2@
< )t—Pt Ay )’2dy.

/{ye(o 00):(y;t) €T+ (x
Thus, we get that ¢g(f) is an even function verifying that g(f)(x) <294 (f)(Jz|), € R, and
we conclude that (¢) = (b).

Let us prove (¢) < (d). First we show that (¢) is equivalent to the following property:

2z :
<c’>g+,loc<f><:c>:{ Ll / Pilz - y) d]dtdy} € L1(0,50).

ot
Note that, for every z € (0,0),

19+ (F)(2) = g110c(f)(2)] < {/F .

2x

AR - [ Pe-y) f(z)dz]

z
2

6
8t

2 3
dtdy
t2
1

2 2
dtdy
$2

2z

bz - y)f(Z)dZ]

/OOO(Pt(z —y) = Pz + ) f(2)dz — /

(I
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0 9 [
ta / Pz —y)f(2)dz — t@t/ Pi(z+y)f(2)dz
(0,00)\(5,22) 0

L

By using Minkowski inequality, it gets, for every x € (0, ),

19+ (F) (@) = g1 1o () (@) < Hi(f)(2) + Ha(f)(2),

where

an

t [Pz~ )~ Pz + )]

1
2 2
dtdy } "
t2

H T) = z
(@) /(Om)\w) £(2) { / .
d

tgPt(z + y)

2x
Holf)(o) = [ |f<z>|{ R

Then the equivalence between (¢) and (¢) will be established when we see that H;(f), i = 1,2,

1
2 2
dtdy } "
t2

belongs to L!(0, 00).

We begin analyzing Hy. We can write, for every ¢, z,y € (0, 00),

t

0
5P )| = (1= 2P+ IR+ )] < OR+9) S O

ot

Hence, for each z, z € (0, 00),

an

ot

0

2
dtd dtd o0 d
= < C/ y4§C/ e
t ri @) (2+y+1) o (z+y+lz—yl)

1 C
ol — dy< =,
/0 CET R

o] ] 2x f
[ el e [7 [V s <l

On the other hand, it has

/F+(90)

IN

d then,

42y 162yt%(2% + y? + t2)

8[Pt(2'_y)—Pt(Z+y)]: _

(2 =y +2)((z+y)* +17) 7((z —y)* +2)*((z +y)* +2)*

for each z,y,t € (0,00).
Then,

0 cY
a[Pt(z—y)—Pt(z—i—y)] < C((z—y)2+t2)((z+y)2+t2)
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o vz e V?
(lz=yl+ V2t y+t 7 (|2 —y|+1)3

Hence, for z,x € (0, 00),

/()

) Z’y7te(07oo)‘

o 2 dtdy / z /°° z
Pi(z—y)— Pz + — < C T gdtdy < C d
ilPe =0 R[5 SRR (R Ll N (PR Ea PR L

max{z,z} P min{z,z} 0o P
—d —d
/min{x,z} (:U - 2)4 v </O " /Inax{x,z}) (l’ +2z- 2y)4 Y
and we get

z 00 1
| @i <c / AVE( [T+ ] cdedz < Cl|fl| 1300
0 0 2: ) |z —2z|2

Thus we have proved that ||g+(f) — g+ 1oc(F)I]L1(0,00) < [Ifll21(0,00) Which implies that (c) is

42) < C <C

|z — 2%

equivalent to (c’).

We now show that (¢) < (d). The Poisson kernel P} given by (1.4) is splited into two parts

Wt (sin §)?A—1
o = (),
P %) ( s 24124 22y(1 — cos§)) M1 40

2
1
2 2
dtdy
t2

as follows

= Pt,l(y7 Z) + Pt72(yﬁz)7 ta Y,z € (07 OO)

We observe that, for each z € (0, ),

‘g)\(f)(fﬂ) - g+,loc(f)(x)’ < {/ (@)

Then, Minkowski inequality leads to

o N 2z
o B - [ Ple =) f ()

2

h 9 2 dtdy :
’g)\(f)(x)_g+7100(f)(x)‘ = /0 ’f(Z)’{/l“+(x) 8tp 2(y7 ) tQ} dz
0 2 dtdy 2
! /(0700)\(328721) ’f(2)|{/r‘+(x) C{%Ptl(y’ ) t2 } dz

2 3 3
taat [Pt/,\l(y, z) — Py(z - ?/)} ‘ digy} dz =) K;i(f)(z), € (0,00).
=1

+ / e { I

To see that () is equivalent to (d) it is sufficient to show that K;(f) € L'(0,00), j = 1,2,3.
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Note firstly that, since A > 0,

0 T (sin @)A1 T t2(sin 9)2A 1
< Cy2)? do do
‘Bt t2<y’ A = Cl2) [/;r (22 + y2 + 2 — 22y cos 9) M1 + Ar (22 + y2 + t2 — 22y cos )M 2
(y2)* A

t,y,z € (0,00).

<cC ,
(22 + 2 + 12221 = 7 (2 4y + ) M2

Hence, for every z,z € (0, 00),

dtdy /oo /oo 2’2)\ 0 22)\
7 < C —dtdy < C d
/() 2" T o Sy Gy = Gy — g2

T 1 [e'e) 1 z2/\
< 0 / —d / dy | < Co—-ri—os.
N < o (z+2)P+3 Y+ (2 —x + 29) 3 vy = (2 + )22

0
ot

PtQ(y7 )

Then,

A
A K (f |m<c/ |/ Z+VHMM<OWMWW
Let us now see that Ka(f) € L'(0,00). Since sinf ~ 6 and 2(1 — cos) ~ 62, 6 € [0, Z], by

considering separately z > § and 0 < z < &, we have that

- C/ SlIl 0)2)\—1 ” < C/ )\92>\ 1
- (22 + 2 + t2 — 2zy cos )1 (z — —|— 2 + 2yh2) 1
g

6)\ 1
< Cz’\/ dGSC , tyy,z € (0,00).
0 ((z—y)2+12+yz62)2t! (\z—y\ ‘*‘t)HQ (9,00)

0
‘atpt),\l (y7 Z)

Hence, by proceeding as in (4.2), it follows that, for each z, z € (0, c0),

/F+(I)
z ) 1

< )\ R < .

/0 1o (f)(z)|dx < C/ (/0 +/22 ) ‘x_Z’/\Hd?EdZ_CHfHLl(o,oo)

Finally, we are going to see that KC3(f) € L'(0,00). The proof of this fact is divided in several

0
ot

) 2 2
dtdy < / z dy < C z ’
t2 o (lz—yl+[z—y[)> *3 |z — z[2A+2

Pt/\l (ya )

and

parts.
In a first step we will prove that, if 0 < § < z < 2z, then
(4.3)

/F+(93)

x 2
0 /2 (zy)M((sin §)?A 1 — A1)
do
ot Jo

ti
((z —y)2 + 2+ 22y(1 — cos )M 1
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Since sin§ ~ 6, and 2(1 — cos ) ~ 6%, as 6 € [0, 5], the mean value theorem leads to

g /g t((sin 9)2)\—1 _ 92)\—1) a8 < C/ sm 0)2>\—1 02)\—1| 20
ot ((z—y)?2 + 2+ 2zy(1 — cos )) M1 (z —y)? + 12 + 2z2y(1 — cos §)) M1
02)\4-1
4.4 < C e, t 0 .
(14) e e YT (2

According to [10, p. 61] and making the change of variables u = 6, /W, we get

/g g2A+1 & < C /72"\/@;;"'2# u2At+1 p
- —  _ _du
o ((z=y2+8+2ye2) " = (zy)*t g (14 u?)A*t

2042
C \/zy/ z—y)? +t?) 2y
= (zy) M1 <1+\/zy/ (z—y —|—t2)) [1+1Og+<(z—y)2+t2>}

< ¢ 1+log, (— 24
= Gyt (z - g+ B \G—yrre)]
1 z
Gyt (z = g2 £ 2T O<y<§0ry>22>0,t>07
C

1 2y z
141 L — Zcy<2:t>0.
(zy+<z—y>2+t2>k+l[ +°g+<<z—y>2+t2>]’ g =S¥

In the last inequality we have taken into account that, when 0 < 2z < ¥, it has that [z —y|?>+t% >

= u? 2 4.

Thus we can write

foo
</ £.22) [) /:m

2
ZIJ z,z € (0,00).

=1

INE]

2
dtdy
$2

a ( y)At((Sin 9)2)\—1 92>\—1)
815 / ((z—y)2 + 12+ 2zy(1 — cos 0)) 1

2 / () t((sin )1 — 02
ot ((z—y)?2 + 2+ 22y(1 — cos )) M1

do

2
dtdy

I

.

If 0 < § <z < 2z we have that

(z, 2 <c</ /2>/|m Ny zy—|—((zy)2/\)dtiyt2 iz S (/ /2>/m N _dtycﬁ_t)
<C (/ /2z> |Z—y\+]y (/ /22>‘Z+x_2y|3 y_i




19

On the other hand, if |z — y| < t and z € (0,00), then log, m <log, m <

log 2 = Zl Hence, we get, for z,z € (0,00),

2z 24)\ 22 2
I < 1+1 —— | dtd

222 2 2z 0 1
Cl1+1 _ dtd
< o8t ar—zP) / /|| Gtlz—yl+oi Y

2 2 22 ) )
z 1 C ;
Cll+log, — | ttog, 2 )
< T fﬂ-zl2) / Ayl =2 < +logy o |)

and the proof of (4.3) is thus finished.

IN

IN

In the second step, our objective is to establish that

N[

x 2
/ tg /2 (zy) 21 B (zy) o2 1 0 dtdy
ro@ | Ot Jo L((z=y)?+ 12 +2zy(1 —cos )M ((z —y)? + 12 + 290?)M! t?
C 22 x
. < —(1+1 — - 2z.
(4.5) < Z<+og+(x_z)2>, 0<2<z< x
By using that 2(1 — cos) ~ 6%, as 6 € [0, 3], and the mean value theorem, we can write

a % t92>\ 1 t92/\ 1
— — do
ot /0 [((Z —y)2 + 124 22y(1 —cos0)) M1 ((z —y)2 + 2+ 23/92)“1]

1 7 1
(z—y)2+t2+22y(1 —cos0)ML  ((z —y)2 + 12 + 2yh2) M1
%

1 1
2n22—1
* 2(”1)/0 = P 12yl —cos 02 (G =y + B+ syt 72

2 2y +3 z g2A+1
< C <C do, zt,y e (0,00).
- / (2 —y)? + 12+ 2y6?) w2 / (z —y)2 + 12+ zyf2) M1 sty € (0,00)

J(z,ty) =

do

IN
c\
S
3V
d

do

The last term is the same one that appears in the last term in (4.4). Then (4.5) is established.
In the third step we will prove that, for z, z € (0, 00),

d |2x [2 (zy) o2 1
TN [W/o (G—yp +e gy~ TE—Y)

We first write the following equality:

5 1221 1221
do, t .
/0 (=g + &+ g2 / / T g sy 0 b3y € (0,00)

[N

2
ay " _ ¢
t2 =z
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Moreover, by making the change of variable u = 0, /W we obtain

o t92/\ 1 1 t o0 ’LLQ)\_l
dg = _ d
/o ((z = y)? +12 + 2zy0?) ! (z9)* (2 — y)* + ¢ /o (1+ 2™
™ 1
= 2)\( ))\Pt( y)a t,z,yE(O,oo).

Then, it has, for every ¢, z,y € (0, 00),

App2A—1 00 App2A—1
a7 2 / (2y)"t6 d0—P(z—y) = -2 (z9)"6 df
R R () v )y Gy )
We now analyze
1
o [ (zy) o> 1 ’ dtdy i
j(l’,Z) = /1"+($) tat/f;r ((Z _y)2 42 +Zy02))\+1 df 2 y T,z € (Ov OO)

Minkowski inequality leads to

) (zy)’\92/\ 1
2) < C do| dtd
J(z,2) < /Mm)[g ((z = y)? + 12 + zyf?) 1 Y
o) )2/\94/\—2 %
<
< (J/g / +t2+2y02)2)\+2dtdy do
3
1 1
< C/ - dtdy S do
9{ o (2 =yl +t+6/zg)8 y}
1
2
<

C/ml{ |z—y\+ryixr+er> y} “

: C/OO;K/O*/OO) (T y}éde’ 7€ o)

Moreover, by using Holder inequality we get, for x,z € (0,00) and 6 € (7, c0),

1
3 1 3 1 301 2 5ody |2
dy < C’/ dy <C dy / < .
/0 (I =yl + 0/zy)° 0 \z—y\g(ﬁw/zy)% { o 0vzy o lz—yl° V022

On the other hand,

Q

/°° 1 < C/OO 1 C
y <
: (lz—yl+0yzy)° N CVE ) =g
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Then, we obtain that

From (4.7) we get then (4.6).
By combining (4.3), (4.5) and (4.6) it follows that

1
2 z 2
dtd
/ 2y §C<1+10g+22>, 0<£<z<2x.
T (2) t z |z — x|

2
Hence

00 oo 2 2
/0 IKs(f)(z)|de < C/O é (1—|—log+ ’Zix|2>|f(;)dzdac

0 221 2
o [Tuer [ (1+ion Top)

00 21 1
< [Tu@l [ (1 10n 2 ) duds < Cllflion,

1 11— ul
2

1 1B () — Ptz — )]

IA

Then we conclude that |[gx(f) = g+ 10c(F)I|£1 (0,000 < Ifl|21(0,00)> Which leads to (¢) < (d).
Finally, from the estimations established above and the fact that ||f||g1®) ~ [Ifll1@) +
lg()I 1 r), we deduce that

ey ~ 11 0,00) 19+ (21 0,00) ~ NI E1((0,00) + 1IN £1(0,00)-

Thus the proof of this Proposition is finished. O

Remark 4.8. Since the operator f — g(f) is bounded from LP(0, 00) into itself, when 1 < p <
oo, and from L'(0,00) into LY*°(0,00), the estimates established in the proof of Proposition
4.1 allow us to conclude that, for every A > 0, the operator f — gx(f) is also bounded from
LP(0,00) into itself, when 1 < p < oo, and from L*(0,00) into L1>°(0,00). As far as we know,

this result is new.

We now present other useful results in order to establish (iii) = (7).
If F is a measurable function on (0,00) x (0,00), we define F, ®(F) and W(F) as follows:
ﬁ(y t) _ F(yvt)a (y7t) € (0,00) X (0,00),
F(_yvt) (y7t) € (—O0,0) X (0700)7

Il :
B(F)(r)=  sup <|}| I/ \F<y7t>12dic”> 2 0)

IC(0,00),I3z
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and

w<F><z>=(/r L >r2dydt) . ze(0,00).

From a well-known result about tent spaces (see [11, p. 162]) we can deduce the following.

Proposition 4.9. Let F' and G be measurable functions on (0,00) x (0,00). Suppose that
®(F) € L*(0,00) and ¥(G) € L(0,00). Then

| [ irwocw o™ <o [Tem@ee @
0 0 0

Proof. According to [11, p. 162] we have

[ [Cirenceo™® = 2 [7 [~ 1Fwncen %

+o0 . .
C T(F)(2)G)(x)d,

—0o0

(4.10)

IN

1
where Q(G)(z) = { Jrw Gy )\Mydt} z € R, and

_ 1 U o dydt \ *
YF@ = sw (g [ [Feor®T) L aer
etz \ M| Jo  Jr 13

Let I = (a,b) with —0o < a < b < 4+00. We define

=

1, a>0
I=< (-=b,—a), b<0
(0,/I]); a<0<b.

Then, since f(y, t) = ﬁ(—y,t), t € (0,00) and y € R, it gets, for each interval I in R,

1 /lfl/ ~ ydydt 1 /Iﬂ/ o dydt
— Fy, t)*=—2= < — F(y, t)>=2=.
7/, ]I (. OF = m /. HI (. OF =

Hence, Y(F)(z) = ®(F)(z), z € (0,00), and Y(F)(z) = ®(F)(—x), = € (=0, 0).
On the other hand, since é(y,t) = C:’(—y,t), t € (0,00) and y € R, we have

~ dydt ~ dydt dydt
/ Gy, t)]* 5 =/ Gy, t)]P—5— < 2/ Gy, t)]* =5 € (0,00).
I'(z) ¢ I'(~z) 2 T4 (2) ¢

Then Q(G)(z) = QG)(—z), z € R, and Q(G)(z) < V2U(G)(z), z € (0, 00).
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From (4.10) it deduces that

/ / (y,t y,t)dydt <C / F)(2)¥(G)(x)da.

g

Proposition 4.11. Suppose that f is a measurable function on (0,00) such that (1+z%)71f €

L(0,00) and dvy is a Carleson measure on (0,00). Then

1| @@= [ TSR OwgR @O

provided that a is an (odd)-atom.

Proof. According to Propositions 4.1 and 4.9 we have that

[ karomrgr@m| % <.

// t%P)‘( Yo P Z i HG N,

t e—0,N—o00

Then

where, for 0 < e < N < 00,

H(z, N) / / iPA( ) (y)dydt.

Our next objective is to prove that

) [T RO @wi = [T e [ SR @ W 1o

To see (4.12) it is sufficient to show that

<19 a9, C
_ < - .
/ 'tatp (3:2) 5 P (@)(y >]dy_1+z2, t,2 € (0,00)

Since a € L?(0, ), according to [3, proof of Proposition 6.1] it has that

(113) D PNa)y) = oo lale " ha@)(w))(y) = ~haCue " ha@)(@)(w), 1y € (0,00)

By using (1.3) and well-known properties of Bessel functions ([9, §5.3]) we get

GO0 =~ [0 AT e i @) ) du
1

= 1m0 Axu)(ue™"hx(a)())](y),  t.y € (0,00).
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Moreover, we can write

Axu(ue™™hy(a)(v)) = —ue ™hyio(z?a(z))(u) + (2X + 3 — 2tu)e hyy 1 (za(x))(u)
2
(ut2 —(2X+2)t+ )\> e "hy(a)(u), t,u € (0,00).
u
Note also that, since a is an (odd)-atom and z7"J,(z) is a bounded function on (0, c0), when
v > —1/2, it has
|hw (2" a(2))(u)| < Cu”,  u€ (0,00),n €N,
provided that v > 0. Then we deduce that
[(1 4 Ax) (we™hy(a)(uw)| < Ce ™p(t)q(u)ut,  t,u € (0,00),

where p and ¢ are polynomials. Hence, since y/z.J, _ 1 (z) is a bounded function on (0, c0), and

A > 0, it follows that

(4.14) PN <

Here A denotes a continuous function on (0, 00).

On the other hand, according to [10, (b) p. 86] it has that

(4.15) QP’\(y, 2)| <

t
T C————, t,z,y€(0,00).

SRR

3 00 t
| +/; )((zy>2+t2>(1+y2>dy

Estimations (4.14) and (4.15) lead to

[ egrtm g )| s

IN

2

N
/N

A(t) © q o t
< d S
T o142 (/0 1+ y? y+/0 (y — 2)% + t2 y>
Alt)
<
_— 1 +Z27 t7Z E (07 oo)?

and (4.12) is thus proved. In the last chain of inequalities A represents a continuous function
on (0,00) not necessarily the same in each ocurrence.

Also we have that

H(e,N) / / / PA (z,y) gtPA( )(y)dydtdz, 0<e< N < 0.
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Moreover, by taking into account that hy is an isometry in L?(0, o00) and using (4.13) it follows

that

o] e8] 2
[ egrteagroway = o ([T RengR@w) - [T e R

=t e (@)(2) — tha(ue ¥ (a)(2)

= hy(tu®e *™hy(a))(2), t,z€ (0,00).

Since the function /zJ,_1(z) is bounded in (0, c0), Fubini theorem allows us to write
2

/ / PA (2.9) gtpg( \(y)dydt = hy ( / Nte_Qt“dtthA(a)(u)> (2)

(4.16) = —ih,\ ((2Nu + 1)e M hy(a)(u)) (2) + ihA ((2eu + 1)e%hy(a)(u)) (2)

where
M}Ma) = ! tQPQ)‘ (@) 1y — P3y(a) t>0.
t 4 \ Ty 2= ¢ ’
A straightforward manipulation leads to

8 A A 32)\()\ + ].) A /ﬂ t2(Sin 0)2>\_1
o _ 320 +1) d6
t(‘)v Poo (2 9) o=t = Pau(2,9) T (29) o ((z—1y)2+4t2 4+ 22y(1 — cos9)) 27

for every t, z,y € (0, 00).

Then it has,
0 (29)*
(417) ‘tal}Pﬁ,(z,y)U:t—P;‘t(z,y)‘ S CW, t,Z,y € (0,00)
Also, by [10, (b) p. 86], we get
9 x A
‘tavpzv(zvy)vzt - PZt(Zay)‘ < ij t, 2,y € (0,00)
Let a > 0 such that supp a C [0, «]. It follows that
M <C b ! d ¢ 0<z<2a,t>0
|M{(a)(2)] < Cllal| Lo (0,00) ; m y < |lal| oo 0,00) < 1.2 < z<2a,t>0.

Moreover (4.17) implies that

C @ A\ C
|Mt |<C'/ la(y y|2)\+2dygz)\+2/0 la(y)|y dy<1+ 5, 2> 2a,t>0.
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Hence we conclude that

c
14 22’

sup [M}(a) ()] < 2 € (0.%0).

From here it deduces that

12 P a)(y)dydt| <

sup 2,9) 5

0<e<N<oo

Pt z € (0,00).

1422

Moreover, by taking into account this estimate and that (1 + z2)~'f € L(0,c0), the proof

will be completed if we show that
N 8

(4.18) lim 2 Pz,

9 pMa)(wydydt = " a2 e (0,00),
k—oo Nik 0 8t

)875 4

for some increasing sequence {Nj}ren of nonnegative integers. To see this, it is sufficient to

prove that

(4.19) lim / / Pt 2,Y) gtpt (a)(y)dydt = a(:) in L2(0, 00).

e—0,N—o0
Note that (4.18) and (4.19) can be seen as Calderon reproducing formulas in our setting.
Since hy is an isometry in L2(0,00)([13, p. 473 (1)]), by (4.16) we have that (4.19) is

equivalent to

(4.20)  lim  (2Nu+1)e"2Mhy(a)(u) + 2eu+1)e E%hy(a)(u) = hy(a)(u), in L0, 00).

e—0,N—00
We obtain (4.20) as a consequence of the dominated convergence theorem because hy(a) €
L?(0,00).
Thus the proof of this proposition is finished. O
PROOF OF (i) = (i).
Suppose that a is a finite combination of (odd)-atoms. Since 7¢ is a Carleson measure, from

Propositions 4.1, 4.9 and 4.11 we deduce

< 1" [Tl g ran| %
< 0Hq> <t§tPtx\(f)> Lw(om)H\p <t§tpﬁ( ))

Here a, denotes the odd extension of a to R. By remembering that (H}(R))" = BMO,(R),

)dx

1
Cllvslle) 2 llaol  (my

L1(0,00)

we conclude that f € BMO4 and HfHQBMO+ < Clv¢lle-
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