ON RIESZ TRANSFORMS AND MAXIMAL FUNCTIONS IN
THE CONTEXT OF GAUSSIAN HARMONIC ANALYSIS

H. AIMAR, L. FORZANI, AND R. SCOTTO

ABSTRACT. The purpose of this paper is twofold. We introduce a general maxi-
mal function on the Gaussian setting which dominates the Ornstein-Uhlenbeck
maximal operator and prove its weak type (1,1) by using a covering lemma
which is halfway between Besicovitch and Wiener. On the other hand, by tak-
ing as starting point the generalized Cauchy-Riemann equations, we introduce
a new class of Gaussian Riesz Transforms. We prove, using the maximal func-
tion defined in the first part of the paper, that unlike the ones already studied,

these new Riesz Transforms are weak type (1,1) independently of their orders.

1. INTRODUCTION AND MAIN RESULTS.

Hermite polynomials play a central role in the context of Gaussian Harmonic Anal-
ysis. They are also the building blocks for the eigenfuctions of the harmonic os-
cillator in Quantum Mechanics. In this context (see [17]), let us denote by P the
one-dimensional momentum operator defined on a test function u as Pu = _i%
and by Q the position operator defined by Qu = zu. When solving the harmonic

oscillator the underlying Hamiltonian is essentially given by
L o 2
5 (P74 9%,

the quantum mechanical problem is then to find all the eigenvalues and eigenfunc-

tions of the differential operator
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Its eigenfunctions are e’ /2H &, where Hj, denotes the Hermite polynomial of de-

gree k. They can be defined through the Rodrigues formula as follows

k
B e g2 A7 .2
Hyp(z) = (—1)% o

for x € Rand k£ = 0,1,.... They are also the eigenfunctions of the differential
operator

1 d? d 1 22 d g2 d

va? a2 @ @)
The n-dimensional Hermite polynomial of order a = (ay,...,a,) € Ny and de-

gree |a| = >0 o, denoted by H, is defined as the tensor product of the one-

dimensional ones,
n
Ho(z) = ) Ha, (z;)
j=1
with x € R™. They are orthogonal with respect to the Gaussian measure
dy(x) = el dy.

Let us consider the normalization h, of H, given by h,(z) = %, then
the set F = {ho }aens turns out to be an orthonormal basis in L?(dy).

Let f € L?(dy), then f = Zaaha with aq = [ fhady . It can be proved that the

(03
Abel’s expansion Ze“o‘ltaaha converges absolutely to the Ornstein-Uhlenbeck

e
semigroup

th(ill‘) = o M<t7xay>f(y> dy
for almost every z € R™, where

Mt,zy) = > e hy(2)ha(y)

le"te—y|?

— 7_‘_—71/2(1_6—275)—7#26* . —2t

;o >0,

M (t,z,y) is called Mehler kernel (see [15]).
By writing u(x,t) = T f(z), u turns out to be the solution of the parabolic partial

differential equation
1
% = iAu —z - Vu
with initial data f € L?(dy).
The Ornstein-Uhlenbeck differential operator is defined by L = %A — z - V, with

A the Laplace operator and V = (8%1,. 9_) the gradient. Thus T* = et. The

..,Trl



ON GAUSIAN RIESZ TRANSFORMS AND MAXIMAL FUNCTIONS 3

n-dimensional Hermite polynomials are the eigenfunctions of L, ie Lh, = —|a|hq.
The Ornstein-Uhlenbeck semigroup T as well as L are selfadjoint operators with
respect to the Gaussian measure.

If we re-parametrize 7% with » = e~! and use the same notation for the re-

parametrized operator, then we have

|| e—ry|2
T @) = g ¢ (WD)

In 1969, C. Calderdn [2] proved that the multiparametric maximal operator

T f(z) = sup

0<ry<1

elzl® m 1 / oy (m;mzyl) ) )
¢ )yl
/2 S (1- r2)1/2 Jgn

2

0<rp<1

is bounded in L?(R™,dy), p > 1. From this result, the L?(R",dy) strong type
property p > 1 for the one-parameter maximal operator

T*f(y) = sup |T"f(y)|

0<r<1

follows. It is worth mentioning that this result also follows from the general theory
of symmetric diffusion semigroups and in this case the LP constant obtained is
independent of dimension. It is known that, for n > 1, 7" is not weak type
(1,1) with respect to the Gaussian measure. The same question for 7%, with n >
1, was an open problem until 1984, when P. Sjogren, [23], proved that T™* is -
weak type (1,1). Sjogren’s proof does not give pointwise estimates by means of
average maximal operators on the global part; covering results, such as Besicovitch
or Wiener Lemmas, are not used either. These are the basic classical tools used on
the approximations of the identity with the Lebesgue measure and with doubling
measures.
The ad hoc method developed by Sjogren is very useful and was used by other
people in order to prove weak type inequalities of certain singular integral operators
associated with this semigroup. But there are operators which cannot be handled
likewise since their kernels exceed the bounds necessary to apply his ”forbidden
region” technique.
S. Pérez in [20], whose goal was to study the operators which could not be handled

by Sjégren’s technique, came back to the Ornstein-Uhlenbeck semigroup and gave
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an explicit formula for the maximal kernel of this semigroup and with that she
associated the right geometry to get the weak type inequality.
Later on, P. Sjogren with this explicit formula of the maximal kernel gave a very

simple and elegant proof of the weak-type (1,1) of T* which can be found in [25].

In 1988 C. Gutiérrez and W. Urbina [14] came back to the problem of pointwise

estimates for T and proved that

T*f(y) < M, f(z) +max(2, [¢])e!*" ||f][1,

where

1
My f(w) = sup S50 /B@,T) v

is the centered Gaussian Hardy-Littlewood maximal function. By using Besicovitch
covering Lemma, the y-weak type (1,1) of M, follows. Nevertheless this estimate
does not give the weak type (1,1) inequality with respect to the Gaussian measure
for T* except for n = 1.

Since for r and z fixed, the maximum of the kernel of the operator 7" is attained
at y = x/r, the centered maximal operator does not seem to be the best average
maximal function to be used in order to get the y-weak type (1,1) inequality.

We can estimate 7™ by the non-centered Gaussian Hardy-Littlewood maximal func-
tion, but P. Sjogren proved in [24] that this maximal function is not weak type (1,1).
The main difficulty with this maximal operator is that we can not use Wiener cov-
ering Lemma since « is far from being a doubling measure.

The first of the two basic goals of this article is to prove the weak type (1,1)
inequality for 7™ with respect to the Gaussian measure by using a covering lemma
which is halfway between Besicovitch and Wiener and whose origin goes back to
the Doctoral Dissertation of L. Forzani in [4]. We will prove something stronger

than the weak type (1,1) inequality for T*. First let us define

2) = su 1 lz—ryl
Mo f(z)= sup, (1 +8)B(E, 21— 1)) /nq) (\/1—7“2) Jwldt)

T’

where ® : RY — R is a non-increasing function such that S = > o, ®(3(v —

1))v*™ < oo and 6 = §,, = mmin{ﬁl‘, V1—r}.
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By taking now ®(t) = ﬁ exp (—t2), it will be proved that
T f(z) < CMsg f(z)

(see proof of Corollary 1.1 in § 4).

In § 2 we will prove the following theorem and its corollary in § 4:

Theorem 1.1. There exists a constant C' depending only on S and n, such that
for all f € L'(dv), A > 0, we have

e R Mof(@)> 0 <5 [ 1wl o),

R™

i.e. Mgf is y-weak type (1,1).
Corollary 1.1. T* is y-weak type (1,1).

This result relies strongly on the following subtle covering lemma which will be
proved in section § 4, where a polynomial growth for the overlapping of an special

family of dilations for the covering balls is obtained.

Lemma 1.1. Let A= {x,: a € I} be a subset of R™\ B(0,2(), with ( > 2 fized
and I a finite set of indices. For each x € A a number r = r(z) € (2,1 — %) is

given. Let Bj and BY be the balls B(3, E—J‘(l —rj)) and B(3,vp;) respectively,

. _ o T . 1 _ T
with v > 1 and p; = /1 —7j, and §; = mmm{‘w—jl,,/l—rj} = W
Then there exist a positive constant C, depending only on n, and a subset J of I
such that

i) Ac |J(1+4)) Bj;

jeJ
’LZ) ZXB;/(Z) < Cljzn.

jeJ
On the other hand the proof of Corollary 1.1 is based on the following lemma where

we compute explicitly the Gaussian measure of a ball:

Lemma 1.2. There exists a constant C depending on n such that for all x €

R™\ {0}, r € (1/2,1) and s € (0,1/2) the following inequality holds

2
n— 1
,y(B <I7[II|S>) SOS 21 exp(_ml(l—s)2>min{2,$
ror r ||

Nl
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Let us now introduce the second problem of this paper.

At the end of the last century great efforts have been made in order to get a
general singular integral theory in the context of the Ornstein-Uhlenbeck differential
operator L. By analogy with the classical harmonic analysis the Gaussian Riesz
Potentials were defined as I, = (—L)~" with 1 > 0 over the orthogonal complement

of the eigenspace associated with the eigenvalue 0. Formally,

1 oo
I, = —/ =Tt dt.
! F(n) 0

These operators turned out to be not weak type (1,1) (see [9]). They are indeed
bounded on LP(dy) for 1 < p < oo but unlike the classical Riesz Potentials these
do not improve integrability on the LP scale. They do though on the LP LogL scale
(see [7]).

By following [26] it is possible to define the higher order Riesz Transforms as

Rof(x) = (—1)*d* Iy 2 f (2)

with @ = (a1, ,ap) € N, |a| = Za]7 and d* = yaag;' These operators
were proved to be bounded on LP (d’y) by several people from different points of
view, see [18], [11], [22], [27], [12], [13], [20] & [8]. But surprisingly the weak type
(1,1) case of these operators need not be true for all a. These operators are weak
type (1,1) if and only if |«| < 2, see [19], [6], [3], [20], [10], [5] & [1].

Let us go back and review the relationship between L the infinitesimal generator of
T* and the derivative operator d which defines the higher order Riesz Transforms
R through the potentials I lal -

B. Muckenhoupt in [19] defined in this context the Poisson integral w and its con-

jugate function v in L? through Hermite expansions, and as integral operators oth-

erwise, so that they satisfy the following generalized Cauchy-Riemann equations

Ju _ _0v

ox ot

du  _ Lla? 0 (-
ot = 29 gz(¢ "0

with u verifying the following second order elliptic differential equation

82
ﬁ“!‘Lu—O

In [16], K. It6 factors L out in terms of two derivative operators which are in duality

with respect to the Gaussian measure: L = ¢ d, which in the finite dimensional
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case d is just the usual gradient and § = %e'm‘2d e~1=” is the Gaussian gradient.
If we use ¢ instead of d in Muckenhoupt’s approach, we get the new generalized

Cauchy-Riemann system

7= _0ov
ou = ot
ou  __ =
3t = d'U,

with the function @ satisfying the second order partial differential equation

% + Lu =0,
where L =L — I = dJé.
From the Quantum Mechanics point of view, what we are doing is to substitute the
pair of operators (P, Q) by the real one (iP—29, iP) = (9, d). Since the commutator
[6,d] is the identity operator, we again have that L = d .
If in the construction of the Gaussian Riesz transforms we use § instead of d and
L instead of L we obtain an awesome result: the Riesz transforms associated with
these new operators are all weak type (1,1) independently of their orders.
For 1 < p < oo, the LP(d~y) boundedness of these new operators follows from P. A.
Meyer Multiplier Theorem in [18] which cannot be applied to prove the weak type
(1,1) inequality.
If in R™ we use the following gradient

1

12 2
= e e

60

and the Riesz potentials associated with L, then these new singular integral oper-

ators are defined by
Raf(x) = (=116 (=L)~1*12 f(x).

The action of one of these operators over a Hermite polynomial is as follows

5 (—1)l 2% o) —|a|?
RoHp = We d*(e Hg(x))
—1)letB] 2 2
(1.1) _ 2'“((51|)+1)'0“/26m g0+ (1ol
1

oI ([] + Tyl Hat#(@)
On the first line we use that

1

LH = (1Bl + Dz and (=0 *V3Hy = o
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The singular integral operators R,, are weak-type (1,1) for all a. More precisely in

§ 3 we will prove the following theorem:

Theorem 1.2. There exists a constant C' depending only on n and a such that for

all f € L*(dy), X > 0, we have

e € R Raf(@)> N <5 [ 1£0)] ),

i.e. Raf is v— weak type (1,1).

The main feature in order to prove this theorem will be to apply Theorem 1.1 with

an special ®.

2. A NEW MAXIMAL FUNCTION Mg

In this section we will prove the y—weak type of the operator

|z — 7yl

1
Mg f(x) = S 1+ 9BE Eq_n) /n@ (W) |f(y)| dv(y)

where ® : R} — RJ is a non-increasing function such that S = > -, ®(3(v —

1)1?" < oo and § = 6, = Wﬁmin{ﬁ, V1—r}

3

PrOOF OF THEOREM 1.1 We consider only r > ¥, since the maximal operator is

trivially y-weak type (1,1) for 0 < 7 < 3 (see [4]). Let us denote with the same

letter Mg the maximal operator restricted to the interval % <r < 1, with M}

the maximal operator for % <r<l1l-— % and M2 the corresponding one for

1 % < r < 1. (¢ is the constant chosen in Lemma 1.1).

-
First we will prove that for |z| < 2¢, Msf(z) < CM, f(x), where M, is the
centered Gaussian Hardy-Littlewood maximal function and which is known to be

~v-weak type (1,1). Indeed, let us call R,, = @(1 —r)+ min{ﬁ7 V1 —r}, then
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for |z| < 2¢,

|z — 1yl

1
) = e ey .t (V) ol 4o

elel? = rly — 7|

< C sup ————— / P ( L )

3/4<r<1 |B(z, Ry )| ;::0 VRy »<|y—2Z|<(v+1) Ry, V1—r2

|f(y)|dy(y)

< CZ Q(v/8¢) (v +2)"

v=0

. ! / )] dr(y)

SUp Yy Y\Y

3/a<r<1 V(B@, (v +2)Ry ) J B, (v+2)Ra.)

< CM,f(z).

For |x| > 2¢, Mg f(x) < ML f(z) + M2 f(z) and the y-weak type (1,1) of Mg will
follow once we prove that both M} and M2 are y-weak type (1,1).
In order to prove the weak type (1,1) of M} it is enough to prove that

C
WEV <5 [ 1wl dr)
]Rn
with that constant C' independent of N and f, where
Ex*={zeR": |z[>2¢ and Mjf(z) > A}n B(0,N).

For each = € EX™ there exists a r = r(z) € (3,1- ﬁ) such that
1 [ o=
(1 +6> (5, (1 =r)) e VI=

For every & € Ey”, we have that |z| 1or

(2.1)

=) @)ldr(y) = X

numbers, and the centers ¥ are a bounded subset of R". Hence, there exists € > 0

)

for all z € EyY. Let A be a subset of Ey® which is a maximal set with the

such that forall 0 < a < 1

3 (Bl 4 o) <2 (BEL 0+ @lal

property |z —z| > § for x # Z,2z € A, € A. Since E}\;)‘ is bounded, A is a
finite set A = {y1,...,yr}. If we apply Lemma 1.1 to the set A we get a family of
balls {B _ B( N J|1 T,)} ey such that A C Uje (1 + d;)B; and i) of
eJc{1,...,
Lemma 1.1 also holds. Thus
P B (%, qavspyZla .
N U 'a( +])rj( i) t+e

r
jeJ J
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Then

El)‘ <2Z'y( (1495) |xj|

jeJ

).

From (2.1), since ® is a non-increasing function such that

Zq) (v—1))v"" < o0,

v>1

we have, using (ii) of Lemma 1.1, that

FEY) < 25201 +6)B)
j>1
< AZ [ e (M) Wl drty)
< Sy @ (L=l | p)drty)
- i>1v>1 (TvVPJ) B( %(” Dpj) (1_TJ2)1/2
= fzz@ (v —1)) /mlf(y)\dv(y)
< 7/712@ = 1) X I ) 1)
< 5L Zege - oiiwla)
S% ()l dv(y).
.

Now, we Will prove that M2 is weak type (1,1). First, let us observe that, if
|2 then, for all y € (1+0)B(2, (1 — ) = Bz, 21 —r) + VT 1),

r’or

r>1-—

|z

the values of e~ 1¥” are equivalent.
Now, let us define
B2 ={z eR": |z| > 2¢ and M2 f(z) > A} N B(0, N).
The weak type (1,1) for M2 follows once we prove the following inequality

C
(22) W) < S

with C being a constant indepedent of N and f.
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For each z € E3, we have v((1+ 8)B(Z le| (1—7))) ~e (1 — )%, To prove

r’or

(2.2), we will divide the integral in M2 f in two parts: one given by |y — x| < 25~ B
and the other one by |y — x| > 2.5

Jalr

For the first region we have

elel? /
(1 - T)% ly— :c\<2

elel?

(2.3) < C (l—r)’%/|y_$<c¢17 [f ()] drv(y) +

o y—al
o ( i ) d
= PR G =L
S CMTf(m)a

® (=) 17l )

le|r

with M7 the truncated non-centered Gaussian maximal function defined by

olal?
Mrf@@)=  sup . / £ dr(2),
veB(yt)  Wnl" JB(y)

0<t<min{17‘i—‘}

where w,, is the volume of the unit ball in R™. The first inequality follows from the
fact that ® is bounded and |ry — x| > r|y — 2| — (1 —7)|z| > §|y — z|. The second
inequality follows from the fact that ® is a Lebesgue integrable, non-increasing
function and hence, it is a good approximation of the identity.

The truncated non-centered Gaussian maximal function is bounded by the centered
Gaussian Hardy-Littlewood maximal function and therefore is y-weak type (1,1).

For the second region, we have that |ry — x| > C|y — x|. Therefore

(11r2>’% <ﬁmf:f2|) = |y—1m|"<ﬁ|y1_—i|2> <ﬁ0|?:ﬂ>
cWI=r) |'y1_;|2n
C

|z |y —

IN

since ®(3(v — 1)) < S.
Then,

6 =

elel’ 1wl
C / dy (),
T Syapore Ty — a2 W
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but

\

‘x|n y—m|>2ﬁ ‘y_l.|2n

So, inequality (2.2) follows.

3. NEW HIGHER ORDER GAUSSIAN RIESZ TRANSFORMS

The new higher order Gaussian Riesz Transforms are defined as

7aﬂm=pvw*/kxmwﬂwmw>

n

where

1 || =2 _Jz—ry|?

= —logr\ 2 T —ry e 12
]Coc 5 = COL Ha T dr.
(SC y) /0 (1—7“2) < /71—7“2) (177,2)5+1 T

Formally K, is obtained by differentiating with the dual derivative the kernel cor-

responding to the Riesz potentials associated with L

||

1
(~L)lel2 () = —J=7A<—MWWT*T7er

= @aemz/ /0(—logr) : (el_ﬁ)gdr fy) dy(y).

PROOF OF THEOREM 1.2 For each x € R™ we view this operator as the sum of
two ones which are obtained, as it is usual in this context, by splitting R™ into
a local part, B,, the Euclidean ball centered at x and radius min (1, ﬁ), and its

complement called the global part. Thus
Raf(z) = Raif(@) + Ra,gf(z)
where ﬁa,lf(:c) = ﬁa(fXBm) and
Ragf (@) = Ra(f(1 - Xp,))

We will prove that these two operators are y-weak type (1,1) and so will be R,,.
In order to prove that 7?,171 is v-weak type (1,1) we state the following theorem

whose proof can be found in either [7] or [21].
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Theorem 3.1. Let K(z,y) be a C' function off the diagonal of R™ x R™ which

satisfies

K(z,y)| < and | DyK(z,y)| <

|z —y|" |z —y|ntt

for |z —y| < min (1, |71\)’ and the principal value of the integral operator T with

kernel K is bounded on LP(dry) for some 1 < p < oo, then Ty, defined as T;(f)(x) =
T(fBz)(z), is y-weak type (1,1)

In our case
Tf(a) = po. [ Kle.)fw)dy

with

K(z,y) = Koz, y)e v’

la]—2 _rz—y|?

1
—logr) 2 T —ry e 17
= C Ha T d
S ) T () e

and therefore

o] =2

oK ! 10g7"> 2 [ra- (:cry)(xry)
- (7, = 20, — ——LH,_, +
ayj(l'y) /0(1—7"2 V1—r2 T\V1I=-12) V112
_lre—y?
r—ry \ (rz;—y)| e
o (=) T g

In the following two claims we will show that the hypotheses of Theorem 3.1 are
fulfilled for this operator.

Claim 1: on B, |[K(z,y)| < # and |%(x,y)| < #

ProoF: For every y € B, there exists a constant C' > 0 such that C~! <
elyl®—lel? < C, then

K(z,y)| < Cle P K (2, y)| = ClKa(x,y)]

and
‘2 aIC

oK
— —(z,y)| .
\ ()

8yj
On the other hand on B,,

(%y)’ <C 'e—z|2+|y

|z —y|? 1o (2 (e—v)y lo—y|2
— 2 — 3 —Cir lyl® j—e —c =
e 1—r —e 1-r2 e~ ¢T77 e - < (e —r
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and thus with this inequality and taking into account that tme—ct’ <C, VvVt >0,

we get

. (%)
1—7r2

Therefore, by combining all the above remarks, on B, we have

\z Ty\
e Z

m=

Jz—ry|? lz—ry|2 lo—y|2

xr—rT
y e 20-r2) e 2(1-r2) <C676 T—r |

V1—1r2

o] —2 ole=ul?
logr N
<
Ky < c/ (1_7&) ey
5 1 e_c‘zl y\
< C “logr)F d —  —d
< C(1+ L )S ¢
|z —y[" |z —y|"
and
laf—2 |z—y|?
oK 1 —1ogr 2 e ¢i-r
) < of (Fr)
‘3%( y)’ o \1—r? (1—r)=
1 clz— yl?
2 || —2 1 @ 1—7r
< C / (—logr) 2 dr—l—/ 7n+3dr
0 1 (1—T)T

2

1 C
< Cl1 < .
= ( pr y|n+1> STa—yp

Claim 2: The operator T' = R,, is bounded on L?(d~).

PROOF: Let f € L?(dy), f = >_paphs with ag = | fhgdy. From the action of

R over Hermite polynomials (1.1)

_ lHJ 15 (B + 0y — k)

Rahﬁ(l‘): ( (|ﬁ‘+1))|a‘ ] hﬁ-&-a(x)

and therefore

_ H] 11_[%_1(53 + oy — k)
= LT e ye

< Zﬁ 1+ o) agl®
E
1+

||7éaf||%2(d7) |CLB|2

j=1

<

+ ) Z lasl® = C[If1172(ay)-

Now if we apply these two claims to Theorem 3.1, the v-weak type (1,1) of R,

follows.
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In order to prove that R, is also y-weak type (1,1) we will prove
Claim 3: on R"\ B, |Ra ¢ f(z)| < CMg f(z) with ®(t) = et
This together with Theorem 1.1 give the weak type (1,1) inequality for R, 4.

Proor oF CLAIM 3

lo] =2 _lz—ry|?

1
_ B —logr) 2 T =Ty e 1
(Kalz,y)| = /0 (1_T2> Ha <m) (1—r2)5+1 ar
3 _Jz—ry|?
< 0 [ (rogn T s
R R (o
2 Jz—ry|2
1=¢/lal® by , dr
C _ vil—-rHT2) ————
/f; =y V=TT A
_ele=ry? slz—ul
1 - =
C 67;1 (Jz[ v (1 —7“2)_%) ef dr
1—¢/laf? (1—72)"2 1=

= C(Ki(z,y) + Ki(z,y) + Ki(2,y))

where the inequality is obtained by annihilating the Hermite polynomial with part of
the exponential, then splitting the unit interval of the integral into three subintervals
[0,3/4], [3/4,1 — ¢/|z|?], and [1 — ¢/|x|?,1] and taking into account that on the
second one ||V (1—72)"1/2 > ||, on the third one |z|V (1 —72)"1/2 > (1 —¢2)~1/2
and |z — ry| > ¢|r — y| and on the last two intervals —logr/(1 — r?) is bounded by
a constant.

Thus, by using the definition of kernels K7, with j = 1,2, 3, interchanging the order
of integration on each operator 7@{;’9 with j = 1,2, 3, using Lemma 1.2 and setting

in this context ®(t) = e~ we get

Riufa) = & [ Ko 1f0)] b
R
_Je—ry|?

3
2 E: laj-2 ¢ 2(1-7%)
— el / / (—logr) 7 ————dr |f(y)| dy(y)
nJ0o
3

(=)

lz—ry|?

1 o] —2 22 6_2(1—7-2)
- / (~logr) K2 el / €N\ ()] da(y) dr
O n

(=)

< c/z(—logr)“"'%dr Mg f(z)
0

S C Mcpf(x),
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RE,f@) = o [ K2 w) 1) v
.

Je—ry|?

1=¢/|=? 2(1—r2) d
— ‘5’7|2 € v 2*% r
LT e (v O

W) dr)
el _ole=ry
Sl P e e R IO
dr
1 1—4/\$|2 dr
< Curl,.  aonpr Mel@
< CMaf(a)

and finally

RS, f@) = e [ K 11w)] dr)

\z ry|2

IQ 2 B
— el / /1 ¢/l Pm(lﬂ\/ﬂ_ﬁ) )
e |¢1 ul®
T, Tl
1 —ele
— 2|2 e - L
. /1—</z|2e | /n(1—7"2)(”1)/2($|\/(1—r )~1/2)
_glz=yl?
S W) drly) dr
1—r

clz=ryl?

! z|? € =2 _
< /14/ IQG‘ | /’(1_74)@_1)/2(96“/(17“2) 1/2)
1
—— |f(y)| dy(y) dr
o )
1
< CIxIQ/ dr My f(z)
1-¢/|x|?

And since [Ra o f(2)| < Ca Yo0_; RY, ,f(), Claim 3 holds.
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4. Proor orF LEMMAS & COROLLARY 1.1

PROOF OF LEMMA 1.1. Let Iy = I, ay € I1 such that |z,,| = min{|z,| : « € L1 }.
Let 1 =z, and By = By,. Let I,... Iy_1;21,...,25—1; B1,..., Bx_1 be chosen;
we define I, = {a € I 1 2, ¢ U?;ll(l +6;)B;}, and we choose oy, € I, such that
|Za, | = min {|zo| : @ € I }. Let 2, = x4, and By = B,, . Let J = {aq,...,an}
where N is the first integer for which Iyy; = 0. Then (i) is immediate. Before

proving (ii) let us make some remarks.

(1) z; was chosen so that x; ¢ (14 d5)B, for all s < j. Hence

Ls |xé| 2 | | Ls

zs — _9 &s

re J 2 + | ]‘ |x]| re COS<TS m]>
> RI(1+6,)%

(2) |z;| > |zs| for s < j; ie. |x;| is increasing with j.

3)

ﬁ_ﬂ‘Q
Ts i

fact, using (1) and (2), and that 2R26, = 2%

CA (rj —rs)? +2%] > 62 max?(p;, ps) for s < j. In

- ’l"][T’I’

Ts  Tj _ ENE ‘x1|2 2|x]\|$s| <xs ﬁ>
rs T 2 rj T Ts rs T
|x5‘2 ‘-rj|2 2 2 |$S|2
> Db R2(146,)? — a2 —
> Bl Sm sy - e - B
1 1 1—r; |24 |?
= —R2(1+46,)% - —[~]z;P(—) + T -
’I"j s( + ) ’I"j[ ‘$J|( y ) ,rg ( T])]
1 1 1
> —[RI(1+46:)° + [as*(1 = rj)[— — )
j r; T2
1 |zs|? 5 (1—ry) 5 1 1
> = 1—r )2 425 0 e 21— )= — =
= ’I"j [ 7"3 ( r ) + T + |(E | ( TJ)[Tj rg]]
1 |x5|2 (1—r)
= L 2T
T r2r; T

> 0max(p;, p.)-

To obtain the last inequality we consider two cases:
i) p2 > $p?. Because of p2 = (1 —r,) and the nonnegativity of the first term, the
inequality follows.
ii) p? > 2p2. We have that (r; —rs)? = (p? - 32 > %p?. Using the fact that
|zs|ps > ¢ the inequality follows. (Recall that by hypothesis rs <1 — B 2‘2 )
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Now in order to prove (ii) we define
L= {j:jeJandvp; >k}

R.
I, = {j:jEJand#<l/pj<Ii}

R,
I; = {j:jeJandupjgé

where R; = %(1 —rj).

We will prove

(4.1) Z XB;(Z) < Cv*™ fori=1,2,3,

Jjel;
from which (ii) follows.
Now we prove (4.1). Let us consider I1(z) = {j € 1 : 2z € BY}. In order to
obtain the desired estimate all we need is to find a sequence of pairwise disjoint
measurable sets {S;};cr, () such that
(4) S; € B(z,Cv);
(5) |S;| > & for some constant C.

The case i =1 in (4.1) follows from (4) and (5).

We define S; = B(2; 2p;); (5) is immediate since j € I; which implies p; > 2. In

order to get (4) let us take h € S;. Since z € B}, we have

h—z < |h—2 4|5y
T‘j ’I"j

0
< §Pj +vp;
< Cv.

That {S;}jer,(z) is a family of pairwise disjoint sets follows from (3).
Now, consider I5(z) = {j € I: z € B}}. In order to obtain the desired estimate
we just need to find a sequence of pairwise disjoint measurable sets {S;} ¢, (- such
that

(6) S; C B(z,Cv?);

(7) 1S;] ~ 1 for some constant C.

The case i =2 in (4.1) follows from (6) and (7).
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We define S; = B(z+ (f—j - z)%, (), therefore (7) is immediate. Let us prove (6).
Take h € Sj, using the fact that z € B} and % < vp; or equivalently pjlf—]fl < 2v,
J

we get

h—el < C+(E ozl

’I“j rj
< C+ijm
L]
< C+ 272
< OV

To prove that the S; are pairwise disjoint we will use consecutively the following

facts:

oo

‘xs‘ps > \/Z 5

\%]fz| <vp;j <k (j €Ir); and

11

11

)
)
)
)

iv) el - Bl < e — 2 < pp, s <20
So
@@ oolel] |
T; T T T Ts |75 Ts Tj Ts Tj
0
> ¢ = -2k
Ts
> C

after choosing ¢ and k properly.
Finally, consider I3(z) = {j € I3 : 2 € BY}. In order to obtain the desired estimate
all we need is to find a sequence of pairwise disjoint measurable sets {S;};er,(z)
such that

(8) S; C B(z.Cup.);

(9) [S;] > Cpl for some constant C, where p; = pin{: jers(2)} -
The case i =3 in (4.1) follows from (8) and (9).

We define S; = B(%, %p;) . We will prove that

=i 2
ri’2

1 3
(4.2) 3P <p; < 5P for all j € I3(z).
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From (4.2) we have (8) and (9). That S; are disjoint follows from (3).
Let us prove (4.2). From (3), |5= — %\2 > L [M(rj —r.)? +2(1;7:7) , then

. 2.
T4 TIT;

. Therefore

\f—; o %(p? — p2)? and since 7,5 € I3(z), we have ‘f:‘ > 2L

2 Tj  Trg
) > |21 I
(vpj +vp)” > |7~j s |
|z
> 7,73 (0} = p2)?
2
1%
2 47(,0? - 7).
p?

Then 1 > 2'”;%7‘. Now, this inequality is equivalent to |p; — p-| < % pr which in

turn is equivalent to (4.2).

PROOF OF LEMMA 1.2. We can write every y € R™ as y = (£ + |2|158) % + v;

||

with (v,2) = 0. It is clear that y € B(Z, 2l s) if and only if & € (0,25/2!) and

r’or T

lv| < \/2@ s& — &2. Then, using this fact we have that

x |z 2
B(= X — lvl® 4
V(B(=, =) /B(mms)e 2

R

|z

lo|? (1 _g)2 255 | 2
_ i ,S)/ o212 (1-s) e
0

_ 2
ool

dv d¢

/{veRnlz \v|<\/m}

QSm n—1
< Cu 0t [T ez ol T e
0 T
28‘%‘ nt
< GO 3"51/ e2elel 7 (2l ) g
0 T
\55\2 2 S% 48‘::'7‘22 (l_s) n—1
S Cnei r2 (1-s9) j/ e_tt 7 dt
|lz[(1—s) > Jo
n—1
||
< Qe e %min(l,s\xﬁ)
x
*&(178)2 n—1 . 1
< Che 2 52 mln(ﬂ,s|x|)
x
|2 n— 1
< Chem 9% 23 in (=, s3)
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OF COROLLARY 1.1. We choose ®(t) = ﬁe*ﬁ. From Lemma 1.2, v((1+

m(1 7)) < C’e“w‘Q(l —7)%. Then T*f < CMg f(x), and therefore the

T

type (1,1) inequality for T* follows from Theorem 1.1.
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