ON THE COMPOSITION OF THE INTEGRAL AND DERIVATIVE
OPERATORS OF FUNCTIONAL ORDER

SILVIA I. HARTZSTEIN AND BEATRIZ E. VIVIANI

ABSTRACT. The Integral, I, and Derivative, Dy, operators of order ¢, with ¢ a function of
positive lower type and upper type lower than 1, were defined in [HV2] in the setting of spaces
of homogeneous-type. These definitions generalize those of the fractional integral and derivative
operators of order «, where ¢(t) = t%, given in [GSV].

In this work we show that the composition Ty = Dy o I is a singular integral operator. This
result in addition with the results obtained in [HV2] of boundedness of Iy and Dy or the T'1-
theorems proved in [HV1] yield the fact that Ty is a Calderén-Zygmund operator bounded on the
generalized Besov, B;f”q, 1 < p,q < oo, and Triebel-Lizorkin spaces, F;"'q, 1 < p,q < oo, of order
1 = 11 /12, where 11 and 1y are two quasi-increasing functions of adequate upper types s1 and
sg, respectively.

1. INTRODUCTION

In the context of normal spaces of homogeneous-type (X, d, 1) of order § < 1, the integral operator,
14, and the derivative operator, Dy, of order ¢, where ¢ is a function of positive lower type and
upper type lower than 6, were defined in [HV2] in such way that their kernels become equivalent to
6(6(z, 1)) /6(z,) and 1/(6(6(z, y))d(x, 1)), respectively.

It was proved in that work, by means of the Calderén-type reproduction formulas given in [HS],
that I, is continuous from the Besov spaces Bg”q, 1 < p,q < oo, and Triebel-Lizorkin spaces, FZ?"?,

1 < p,qg < o0, into B;ﬁw,q’ 1 < p,qg < oo and F;)bw,q7 1 < p,q < oo, respectively. Similarly, it was

seen that Dy is continuous from B;f’q and F;M into By /% and EY /%4 respectively, for the waited
range of types of the two functions in each case.

This results generalize the classical ones referred to the fractional integral and derivative operators,
I, and D,, and their action on the Besov Bﬁvq and Ff’q spaces.

In this work we prove that the composition Ty = Dgoly is a singular integral operator in the classical
sense and, hence, we complete the proof of that it is a Calderén-Zygmund operator bounded on the
generalized Besov and Triebel-Lizorkin spaces.

It worth saying that, once the standard conditions on the kernel of Ty are proved, the same result
is arised by the T'1-theorems for those spaces proved in [HV1].

This work is organized in the following way:

In section 2 we define the class of functions involved in the ’order’ of the integral and derivative
operators. The structure of normal spaces of homogeneous type, the test function space and the
notion of continuous approximation to the identity is also set in that section. The definitions of the
integral and derivative operators and the main theorem are stated in section ?77.

In section ?7 known results on the class of quasi-increasing functions are given and, afterwards, size
and smoothness conditions of the kernels of /4 and Dy and the theorems of boundedness on Lipschitz
spaces proved in [HV2] are stated. Finally, the proof of the fact that Ty is a Calderén-Zygmund
operator is in section 77.

2. PRELIMINARIES

A function ¢(t) defined on t > 0 is said to be guasi-increasing if there is a positive constant C'
such that if t; < ¢ then ¢(t1) < Co(ta).
Analogously, ¢(t) is quasi-decreasing if there is a positive constant C such that if ¢; < ¢ then

P(t2) < Coh(t).
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On the other hand, ¢(t) is said to be of lower type iy, 0 < iy < o0, if there is a constant C; > 0
such that

d(uw) < Cru'? ¢(v) for u < 1 and v > 0. (2.1)
Similarly, ¢(t) is of upper type sy, 0 < s < oo if there is a constant Cy > 0 such that

o(uw) < Cou’?¢p(v) for uw > 1 and v > 0. (2.2)

Clearly, the potential t*, with a > 0, is of lower and upper type «. The functions max(¢*, %) and
min(t*, %), with a < 3, are both of lower type o and upper type 3. Also, t?(1 +log™ t), with 8 > 0,
is of lower type 8 and of upper type 0 + €, for every € > 0.

If ¢(t) is of both lower type iy and upper type s4 then iy < s4. Also, if ¢(t) is quasi-increasing then
¢(t) is of lower-type 0 and, reciprocally, if ¢(t) is of lower type i, > 0 then it is quasi-increasing.
Finally we say that two functions ¥ (t) and ¢(t) are equivalent, 1) ~ ¢, if there are positive constants
Cy and Cy such that Cy < ¢/¢ < Cs.

Let now define the structure of spaces of homogeneous type which is the underlying geometry for
the test functions spaces defined in this work.
Given a set X a real valued function 6(z,y) defined on X x X is a quasi-distance on X if there exists
a constant A > 1 such that for all z,y, 2z € X it verifies:

0(z,y) >0 and d(x,y) =0 ifandonlyif z=y

(5(x,y) = 6(y,x)
6(z,y) < Alo(z, 2) +6(z, y)]-

In a set X endowed with a quasi-distance d(x,y), the balls Bs(z,r) = {y : 6(z,y) < r} form a basis
of neighborhoods of x for the topology induced by the uniform structure on X.

Let p be a positive measure on a o- algebra of subsets of X which contains the open set and the balls
Bs(x,r). The triple X := (X, 4§, 1) is a space of homogeneous type if there exists a finite constant
A’ > 0 such that p(Bs(x,2r)) < A'u(Bs(x,r)) for all z € X and r > 0. Macfas and Segovia ([MS])
showed that how to find a quasi-distance d(z,y) equivalent to §(z,y) and 0 < 6 < 1, such that

ld(z,y) — d(a’,y)| < Or'~Pd(z, ")’ (2.3)

holds whenever d(z,y) < r and d(2/,y) < r.

If ¢ satisfies (2.1) then X is said to be of order 6.

X is a normal space if Ajr < p(Bs(x,r)) < Agr for every © € X and r > 0 and some positive
constants A; and As.

In this work X := (X, 4, u) means a normal space of homogeneous type of order 6 and A denotes the
constant of the triangular inequality associated to 6.

Given a quasi-increasing function ¢ : R — IR™ such that lim; .o &(t) = 0 and limy_ o £(t) = oo,
the Lipschitz space A¢ is the class of all functions f : X — such that

|f(x) = f(y)| < CE(6(x,y)) for every x,y € X,

and the number |f|¢ denoting the infimum of the constants C appearing above, defines a semi-norm
on A%, since |f|¢ = 0 for all constants functions f.

Furthermore, given a ball B in X, A%(B) denotes the set of functions f € A® with support in B.
Since, a function belonging to this space is bounded, the number || f||¢ = || f|loo +|f]¢, defines a norm
that gives a Banach structure to A$(B).

We say that a function f belongs to AS iff f € AS(B) for some ball B. The space AS is the inductive
limit of the Banach spaces A$(B).

Finally, (Ag)’ will mean the space of all continuous linear functionals on Ag.

When &(t) = 7, with 0 < 3 < 0, we have the classical Lipschitz spaces A® and Ag.

Finally, we shall consider a symmetric approximation to the identity, that is a family of integral
operators {S}+>0, as defined in [GSV], whose kernels s;(z, y) satisfy the following properties:
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There are positive constants, by, b2, ¢1, c2 and c3, such that for all z,y € X and t > 0, s;(z, y) satisfies
st(xv y) = St(yv l’),
0 S St(:fl;,y) S Cl/ta
si(z,y) =0 if 6(x,y) > bit and, co/t < si(x,y) if d(z,y) < bat,
|s¢(z,y) — se(a’,y)| < e36%(z,2’)/t1TY, for all z,2',y € X,

/st(m,y)d,u(y) =1, forall z € X,

st(x,y) is continuously differenciable in  ¢.

3. INTEGRAL AND DERIVATIVE OPERATORS OF ORDER ¢
AND MAIN THEOREM

The general setting for the definition of both operators is that ¢ : RT — R™ is a quasi-increasing
function such that lim,_,q+ ¢(¢) = 0.
We define

Ky(z,y) = ; @&(aﬁ,y)dt for x#y.

Clearly, Ky(z,y) > 0 and Ky4(z,y) = Ky(y, x) for every (z,y).
For ¢ of positive lower type and upper type s, < 1 the integral operator of order ¢, I, and its
extension I, are defined in the following way:

Given any quasi-increasing function £ of upper type 3 > 0.
If f € ASN L' then

I, f(x) = /X K o(,9) () d(y).

If B+ sy <6 and f € AS then

of (@) = [ (Folo.) = Kolao.n) Fs)duto).
for every z € X and an arbitrary fix g € X.
On the other hand, if ¢ is of finite upper-type we define
<1
Kyolo) = [ Sgmsaadt, for a v,

Clearly K4 is also positive and symmetric.
For ¢ a function of lower type i4 > 0 and upper type sy, the derivative operator of order ¢, Dy, and
its extension, f)¢ are defined as follows:
Given any function ¢ of lower type a and of upper type 3, such that s4 < o,
If f € ASNL>, then

Dyf(x) = /X Ky 0)(f(0) — £(@))duly) and,
if f € AS, then

Dyf(z) = /X(Klm(ﬂ?»y)(f(y) = f(2)) = Ky1/¢(x0,y)(f(v) — f(20)))dp(y)

for each € X and an arbitrary, but fix, z¢g € X.
The theorem whose proof is the purpose of this work is stated as follows:

THEOREM 3.1. Let ¢ be of lower type iy > 0 and of upper type sy such that sy < e < 0.
Then Ty = Dy o I is a singular integral operator whose associated kernel is

K(a,y) = [ Kyl ) (Ko(e) = Koo )du),
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4. PREVIOUS RESULTS

A straightforward consequence of the definitions is that if ¢(t) is of upper type s, then there is
a constant C' > 0 such that

1
o(uv) > 6us¢¢)(v), foru <1,v > 0. (4.4)
Similarly, if ¢(t) is of lower type i4 then there is a constant C' > 0 such that

p(uv) > Z‘¢’¢( ), foru>1,v>0. (4.5)
Also, it is easy to check that

Proposition 4.1. If ¢(t) is of lower type iy and £(t) is of upper type A < iy then ¢(t)/E(t) is quasi-
mcreasing.

On the other hand, if ¢(t) is of upper type sy and &(t) is of lower type X > sy then ¢(t)/E(t) is
quasi-decreasing.

Proposition 4.2. If ¢(t) is of lower type a > 0 and upper type 8 € R and 0 < v < « then the
function
" g(u)

e, du

v = |

is equivalent to ¢, continuous, increasing and invertible. Moreover, its inverse ™' is of lower type
B~ and of upper type a~'.

The next corollaries of the above Proposition will be needed to define the quasi-metrics associated
to the kernels of our operators.

Corollary 4.1. If ¢ is a quasi-increasing function of upper type sy < 1 then there is an equivalent
function ¢ such that ¢(t)/t is decreasing, continuous and invertible on t > 0.

Corollary 4.2. If ¢(t) is a quasi- z'ncreasing function of finite upper type then there exists a function
(;5( ) equivalent to ¢(t), such that t¢( ) is increasing, continuous and invertible in R,

The following properties will be useful throughout the proof of the theorem:
Let ¢;(t) be a function of lower type «; and of upper type f;, i= 1,2. For every z € X and r > 0 it
holds that

/ ¢1(0(x,
§(z,y)<r ¢2( ( ))

(
1( ("E,y)) ¢1(T
I P < 0o then A@mywwwwwwwWM”<C@wr

Let now give a representation of the kernel of I in terms of a quasi-metric equivalent to d.

If a1 > B> then

) e
S MW <OTT (46)
)

(4.7)

If ¢ is a quasi-increasing function of upper-type s4 < 1 consider a fix function , as given in Corollary

?7?. Then ~
¢(0s(2,y))
Ky(x,y) = ————== for x #y,
A=) ?
where d4(2,y) is defined as the unique solution of
#l0(2,)) = Ms,g(;t y)dt if x+#vy, and
6¢ (1’7 y) 0
Op(z,y) = 0 if z=uy.

When ¢(t) = t*, 0 < o < 1, we can choose (]B = ¢ and then d, := 0, is the quasi-metric associated
to I, defined in [GSV].
The following lemmas and theorems are proved in [HV2]. The first one shows that Ky(z,y) is

equivalent to ¢(d(z,y))/d(x,y).

LEMMA 4.1. If ¢ is of upper type sy < 1 then there are positive constants Cy and Cy such that for
6(z,y) >0,
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In particular,

o0(x.9))

0< Ky(z,y) <C 4.8
olay) < CEE (1)
Moreover, 64 is a quasi-melric equivalent to 4.
LEMMA 4.2. Let ¢ be of upper type s < 1. Then
8, a")\" ¢(0(x,y))
Koz, y) — Ko(2', )| + | Ky(y, ) — Ky(y, ' §C( : ) :
(Ko (2,y) — Ko(a',y)| + [ Ky (y, 2) = Ko(y,2")] 5y ) o)
(4.9)
whenever §(z,y) > 2A(x, ’).
LEMMA 4.3. Let ¢ be of upper type sy < 6. Then
[ ot = Kole' plduto) =0, (410)

for every x and 2’ € X.

THEOREM 4.4. Let ¢ be of lower type iy, > 0 and upper type s4 < 1 and £ a quasi-increasing function
of upper type (.

If f e ASN LY and B > 0 then I, f(x) converges absolutely for all z and if, also, B+ sy < 6 then
there is a constant C > 0, independent of f, such that

|1 flace < C|f|ac-

Also, if f € AS and B + 54 < 0 then 1:¢f(x) converges absolutely for all x and there is a constant
C > 0, independent of f, such that

[ flace < C|f]ae.

Moreover, If f € AS N L', then f¢f coincides with I,f as an element of AS? (since f¢f(ac) =
Iy f(x) — I f(x0).)

From the proof of the above theorems the following results are obtained:

REMARKS 4.5. If ¢ is of upper type s, § is of upper type B and $+s4 < 0 then Iy maps ASNL'NL>®
in A N L™= and |1y f|lace < (| flle + [1£]1)-

REMARKS 4.6. If f € Ag and B+ 1y < 0 then I, f € APFie N L>® and ||I¢.f||5+i¢ < Cﬂ(suppf)”fHﬁ'
It then follows that 14 is a linear continuous operator from Ag on (Ag)’

In analogous way to the integral operator, a representation of the kernel of Dy in terms of
an adequate quasi-metric, size and smoothness properties on the kernel and boundedness of the
derivative operator on Lipschitz spaces are given bellow.

Let ¢ be a quasi-increasing function of finite upper type and consider a fix function é, as given in
Corollary 77.

Hence we have that
1
Ki/p(z,y) = = for = #y.
(01767, 9))01/4(7,y)

where 01,4 (2, y) is defined as the unique solution of the equation

¢(51/¢($» y))51/¢>(~”ﬂ7 )

1 * 1
- = ——s(x,y)dt if =z , and
/0 a1 t(z,y) #Y
51/¢($,y) = O

if z=uy.

When ¢(t) = t*, 0 < a < 1, choosing gZ) = ¢ it turns out that d_, := d;-« is the quasi-metric
associated to D, defined in [GSV].
The next lemma shows the equivalence between K4 (z,y) and 1/(¢(6(x,y))d(x,y)).



6 SILVIA I. HARTZSTEIN AND BEATRIZ E. VIVIANI

LEMMA 4.7. If ¢ is a quasi-increasing function of finite upper type then there are positive constants
C1 and Cy such that
1 1 1

0@ 0@ 1) = doya@n)amy) — 00w 1) y)

In particular,

1

0= Bulen) < O ot )

(4.11)

Moreover, 61,4 is a quasi-metric equivalent to §.

LEMMA 4.8. If ¢ is a quasi-increasing function of finite upper type then
|K1g(2,y) — Kijp(2', 9)| + K1y (y, 2) — Ki/g(y,2')]

O(x, ) o 1
=¢ ( 5 y) ) (60 9)5(.9)

(4.12)

for 6(x,y) > 2A46(x, ).

THEOREM 4.9. Let ¢ be a function of lower type iy > 0 and upper type s4.

Let also £ be a quasi-increasing function of lower type v and upper type 3.

If f € ASNL>® and sy < a then Dyf(x) is absolutely convergent for every x € X and if, also,
B < 0+ig then

1D flless < Clifle-
If f€AS, sy <aand B <0+iy, then l~)¢f(x) is absolutely convergent for every x € X and

1Dy fleso < Clfle.

Moreover, if f € AS N L™, then D¢f coincides with Dy f as an element of AS, (since D¢f(x) =
Dy f(x) = Dy f(x0).)

REMARKS 4.10. Let &; be a function of lower type oy and upper type B; for i =1,2 and let s¢ < oy
then

< Dyfg>= / Ky o, 0)(F @) — 1()g(@)dp(e)dpu(y),

for any f € AN L™ and g € L'.
Furthermore, if f € A NL®NLY, ge A2 NL®NLY, and sy < az then

< Dyf,9g>=<Dgyg, f>.

5. PROOF OF THEOREM 77

Let first see that Ty is a linear continuous operator, Ty : Ag — (A'g )/, for every (3 such that
Sp — 1y < 3 <0 —1i,. In fact, by Remark ??, I, is continuous from Ag to APFie N L>® for B < 0 —1i,
and, by Remark ??, Dy is continuous from AP+ N L>® to (ALY, if 54 — iy < 5.

In the following proofs of size and smoothness conditions of K, inequalities (??) and (??) will be
used without explicitly mention them whenever the size of K4 or K4 is involved in the below
inequalities.

To prove that

K (2, y)| <

) for = #y, (5.13)

we consider the following partition of X

Dy = {z:0(z,z) >2A(z,y)},
Dy, = {z: i(ﬂx,y) < d(x,2) < 240(z,y)},
Dy = {6(z,2) < —6(z, ).

2A
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First notice that if y € Dy then §(z,y) > d(x,y). Therefore, from ¢(t)/t quasi-decreasing and (?7)-
since 44 > 0, it follows that

/D Ko, 2) [ K o2 ) — Ko () |dp(2)

| o(5(2,9) | H(0(x,))
SC/DI S 6@ D) o(my) | by
o(5(z.4))
=y /(;@,z)ZQAa(x,y) (0(x.2)0(z.2)
1
§(z,y)

Secondly, if y € Dy then §(z,y) < A(§(z,z) + §(z,y)) < 4A25(x,y), and, from (??) it follows that

/D Ko, 2 K (2, ) — Ko (1) | dpa(2)

1 ¢(8(2,9))
< 20—/ ———du(z
O DP9 Jsepcsnsy 0y) )
1
<C .
T ()
Finally, if y € D3, from Lema (??) and (?7?)- since s, < 6 — it follows that

/D Kajole,2)|Ko(zy) — Kola,y) du(2)

o(5(z.9)) e
<Oy /m,z)gmr,w 503z, 2))o(, z) M)
1
<5y

The proof of (??) is thus finished.
It will now be shown that Ty = Dy o I has K as associated kernel.

Let f and g € Ag with disjoint supports. Then
Dyolyf(z) = / Ky ol 2) (I f(2) — I f(2)dp(2)
- / Ky, 2) / (Ky(2ry) — Ko@) f(0)dpu(y)ducz).

If ¢ suppf then using (?7?), this last integral is absolutely convergent. Applying Fubini’s theorem
it follows that

Dyol,f(z) = / ( / Ky, 2) (K2, ) — K, 9))dn(2)) £ () dpa(y)
/ K(z,9)f (4)dn(y).

Moreover, if suppf N suppg = 0 then [ |K(z,y)||f(y)|du(y) is bounded for z € suppg, and therefore
<Tofg> = [ Tof@o@int)

/ / K(z,y)f(y)g9(x)du(y)dpu(z).

We will now prove that there are constants C' > 0, v > 1 and 0 < v < 1, such that

O(x, ')

/
— <=7
K (z,y) — K(2",y)| < S

if 0(z,y) > vi(z,z'), (5.14)
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Notice that
|K($,y) - K(xlay” <
/ ‘K1/¢($, Z)(K¢(Z,y) - K¢,($,y)) - Kl/(b(xlv Z)(K¢(Z7 y) - K¢($/, y))‘ dﬂ(z)
(5.15)

Denoting by h(z) the function inside the above integral, choosing k and v such that 2 < 342 < k < o
and setting

5(z,y) > vé(x, ), (5.16)
we consider the partition of X defined by A = {z: (z,2) > £6(z,y)}, and its complement A°. To
obtain a bound for the integral on the set A we display h(z) in the form

h(Z) = (K1/¢(x7z) —K1/¢($,,Z))K¢(Z’,y)
+K1/¢(I7 Z)(K¢(I/7y) - K¢(I7y))
+K¢($I7 y)(K1/¢(xl7 z) - K1/¢(CC, Z))
= L +DL+1s.

Notice that if z € A then, by (??), it holds that
§(x,z) > 16(z,y) > £6(z,2’), now, from (??) -since ¢ is quasi-increasing- it turns out that

$(0(z',)) / 1
/A|Ig\dﬂ(z) < C S g) §(x, 2"’ /mz)w(w) S0z )3 )+ du(z)
< o00Ey) e’
T A@hy) B(0(x,y)d(x,y)?
Nevertheless, from (?7) it holds that
d(xz,y) < A((x,2") + (', y)) < %5(x,y) + Ad(2',y) and, as v > A,
5@ y) > (5 — 2)d(z,y) > Co(z,y), with C > 0. Moreover, since ¢(t)/t is quasi-decreasing then

A

§(z, 2")?
Isld < —_— 1
[ midn) < ogmsd (517)
On the other hand, using (??) and (??) -since ¢ is of positive lower type- it follows that
§(z,2')° dp(z)
Lldu(z) < ¢(0(z,y /
fyimlan) s OFESReCE [ L e

5z, 2")?

< (e )i (5.18)

Finally To obtain a bound for [ 4 1], the following partition of A is considered

Dy = {z:6(x,2) > ké(x,y)},
Dy, = {z: %6(x,y) <d(z,z) < kd(z,y)}.

First notice that if z € D; and (??) holds then 6(z,z) > kdé(z,y) > vkdé(z,2') and vk > A.
Therefore,

1 #(6(2,9))
< 1\ 6
/D1 [I|du(z) < Co(z,z’) /D1 50502, 2))0 (2. 2)1 70 (=)
but for z € D; it also holds that
0z, z) < A(0(z,y) + 0(y,2)) < A(%(S(z,z) + 0(y,2)), and then 0(y,z) > (% - %)5(@2), with
1/A —1/k > 0. Since ¢(t)/t is quasi-decreasing then

du(z),

1
Lildu(z) < Céx,m’Q/ ———du(z
/D1| 1| ( ) ( ) §(x,2)>ké(z,y) 6($7Z)2+9 ( )
§(z,x")?

Sy (5.19)
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On the other hand, if z € Dy and (??) holds then vé(x,2’) < §(z,y) < kd(x, z). Therefore,

, | o(5(.1))
/D Bldu(s) < 8o /D TG i )

Nevertheless, for z € D5 it also holds that
8(z,y) < A(S(w,2) + 6(z,y)) < A(k + 1)é(x,y), and §(z, 2) > 16(x,y). Therefore,

§(z, )0 9(6(2,y)) -
»/Dg |Il|d‘u(Z) = C¢<5(x’y))5($,y)l+9 /é(z,y)<C6($,y) 6(27?/) dﬂ( )
§(z, 2")?

< O 2
= oy 520
We conclude from (??) and (?7?) that
§(z,2")?
I <(C—or—>——s 21
[ manz) < oS (521)
and, (?7), (?7) and (??) imply
§(x,2")?
h(z)|d <C—7r. .22
[ r@lante) < o575 (522)
To bound [,., we consider the following partition of A® = {z: %5(3;, y) > d(x, 2)},
By = {z:6(x,2) <v/ké(z,2")}
1
By = {z:v/ké(z,2') <d(x,2) < %5(x,y)}
Firstly notice that
| n)dutz
B
1
< ——— | Ky(z,y) — Ky(z,y)|du(z
< [ a9~ Koleldu(2)
1
K — K2
S e e ) Kola! )ld(2)
= 1+ F.
Nevertheless, if z € A¢ and §(x,y) > vé(x,2’) then §(x,y) > kd(x, z) and it also holds that
6z’ y) = Co(a', 2), (5.23)
with C > 1. Indeed, by (??), it holds that
8(z,y) < A(8(z,2") +(a',y)) < A" 6(x,y) +8(z",y)),
and, since A < v then
vA
< ——4(2,y). .
d(z,y) < V_Aé(w ,Y) (5.24)
Therefore, for z € A° and §(x,y) > vé(x,2’) it holds that
Al 1
(', 2) < A, +0(2,2) < AW~ + K )3(y) < D500 (505)
1/A-1/v
and since A(1/v + 1/k)/(1/A —1/v) < 1, (??) is now clear. On A€, the smoothness condition on
K4 can be used to get
¢(8(x,y)) / 1 0
P < Co—+75 ———————6(x,2)"du(z
! (5($,y)1+0 O(x,2)< % 0(x,z) ¢(6<.’II,Z>)(5(I,2’) ( ) ( )
¢(0(z,y)) Oz, ")’
0z, y)'*0 ¢(0(x, )
Moreover, by (?7?) and (?7?), it holds that
/ 0754,
F <@ (5.26)

T 0(z,y) e
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On the other hand, from (??) it follows that
P(8(z',y)) / 1
R < C——1 du(z);
P S S  rarcosiston) 900 ot 20 )

but, for z € By, (2, z) < A(6(2',z) + d(x, 2)) < A(L +v/k)dé(x,z'), holds and then,

¢(8(a",y)) O(x,")’

B s O )0 o6,

Nevertheless, from (??) and (??), we get that §(z',y) > “526(z, 2’), and from (??) and, again (??),

it follows that
S, x")0 50
O(x,y)tH0=se

5(1,“%/)9—3(#
Iy < C5(z’,y)1+9—s¢

We then conclude from (??) and (??) that

<C

5(‘%%/)97%
/81 |h(2)|dp(z) < CW'

On the other hand reordering h(z) in (??), we get
[ )itz
B
< [ IKye(e2) = Kyl Dl ) ~ Kaeg)ldn(2)

|Kg(2'y) — Ko (2, y)ldu(z)

1
*/BQ S0, )0 2)
= Ji+ Js.

Using the smoothness conditions on both kernels, Ky and K4, and (??7) we obtain that

§(x,2")? 1
ho< 02 (s, __r
1S Oyt y))/ual/¢<w,x/)§51/¢,<x,z> 30, )5, 2)

k
_ o 0a) 6(0(y)
T (ay)t o6 (x, 2)
5(% x/)efsqb
- 5(% y)1+9—s¢ :
On the other hand, since §(z,2) < 16(z,y), then

5(x,x')? 1
1< g oen) [ )

du(z)

(5.27)

(5.28)

(5.29)

but Z6(z,2") < §(x,2) < A(6(2',2) + 6(z,2")) and, therefore, 0(2’, 2) > mé(x,x’). We then

conclude that
8(z,z")? 1
< o) [ e )
(z,2")" $(d(z,y))
o(z,y)t 0 ¢(0(x, 2"))
§(x, 2’075
5(z,y)Ho—se"
By (??) and (??), we have proved that

Jo

IN

5($, x/)@—s(p

< .
/B2 |h(Z)|d/.I/(Z) — Oé‘(l’,y)1+075¢ )
and, by (??) and (?7?), we have got that

§(x,2")0=%
[ ) < e

From (??) and (?7), choosing v = 6 — s, inequality (??) is obtained.

(5.30)

(5.31)

(5.32)
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It remains to prove that there are constants C’ > 0, v/ > 1 and 0 < +' < 1, such that

§(z, ')

/
— <O/
K ,0) ~ K (') < O

it §(z,y) > v'o(z,2). (5.33)

Notice that if
§(x,y) > 2A6(z, 2) (5.34)
holds then 6(z',y) < (A+1/2)0(z,y). We may thus consider the partition of X in the family of sets

A = {z:6(y, )<imln(5($/,y)75(%9))}

B = {: i min(3(z', ), 8(2,y)) < 8(z,y) < 248(z, y)},
C = {z:240(z,y) <d(z,y)}

Moreover, from (?7) follows that

1
5z, 2 < ﬂé(x,y) < (2, y), (5.35)
and then §(z, 2’) < min(é(x,y),d(a’,y). Therefore, the set A may be parted in the nonempty sets
1
A = —
1 {z:0(y,2) < 570(,2")},
1 .
A2 = {Z 75( ) < ( ) < 7m1n((5($/,y),(5(l‘,y))}-

24
On the other hand, notice that the left side of (??) is

[K(y,z) — K(y,2")| <
[ Bo(02) (K1) = Kiw)) = (Koleoa') = Koyl dul2)
Denoting g(z) the function inside the above integral, the smoothness estimate on Ky, inequalities

(??) — since sy < 60—, and (?77), the fact that ¢(¢)/t'*? is quasi-decreasing and, finally, (??) lead to
the bound

/Q(Z)du(z)
A
1
= /W'Kﬂz ) — Ky(y, z)|dp(z)
/A (0 Y, )‘KW’@"')—K¢(y,x’)\du(z)
V.o 20w ) 5y, )"

¢ —_— z
: 0(5 1% @zww)ﬂm¢<5@m¢<<>wm@dM)

¢(0(y, z)) d(x, ")’
Sy, )¢ $(0(x, 27))
5( )6 S¢
5(33 y)1+9 s¢

<

Q

< (5.36)

We now reorder g(z) to write

/ g(z)du(z)
Ay
1 /
= /A S0 30 =) ez @) = Koz 2)ldu(z)
* ;\f%(%x’) — Ky(y, z)|du(z)

A, 9(6(y,2))0(y, 2)
Hy + Ho. (5.37)
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Nevertheless, for z € Ay §(z,y) < A(S(z,2) + 6(y,2)) < A(6(z,2) + 556(x,y)) holds, and then
§(z,y) < 550(x, 2). Therefore, from the fact that ¢(t)/(t'7) is quasi- decreasmg, (??) and (?7) it
follows that

o 1 ¢(o(z,2) .
S CHd) [ o T )
x CE/ 9¢(6($7y)) ; z

< Co(z,z") 5(z,y)+0 5(y2)> ok (2,0") (6 (y,z))d(y,z)d,u( )

0 9(0(z,y)) 1
0

IA
Q
=
8

< O (5.38)
Similarly
o 200 ! .
o = Cowa Vg, w+ﬂ‘/} o s(oery 500,200, 2) )
¢(6(z,y) 1
< il S )
Sz, x")0 50
< 3 )i (5.39)
Thus, (?7?), (??), (??) and (??) give
/@@ww<c““whw (5.40)
A T ()i '
On the other hand,
/()(a
B
< | o Kele ) — Ko(aldu(:)
Lafjﬁ;ﬂmmﬂ—mmmm@
= G+ Gs.
From (?7), it follows that
§(z,2")? . 1 .
G2 = C(S(x y)1+6 (b( ( 7y)) /t;(y,z)z;A min(d(z’,y),0(z,y)) (,25(5(3/, Z))(S(ya Z) d/’b( )
But from (?7?), for z € B we have
5(,7) 2 Jp0(esy) = C6(z,), (5.41)
and thus,
00y 1 .
Go < OB SR [ st T T )
§(z,2")?
o (5.42)

To get a bound for G, we first notice that from (?7?) it follows that é(y, ) and d(y, ') are equivalent,
since (??) holds and, also, §(y,2’) < A(6(y,z) + 0(z,2")) < (A+ )d(y, z).
We now cut the set B in
Dy = Bn{z:0(z1)<4A%(z,2")},
and Dy = BnN{z:0(zz)>4A%(z,2")},

and thus we write

G < <//31 /132) 1500, )\K¢(z,x) — Ky(z,2")|dp(z) = Gi1 + Gia.
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From (77), 1/(¢(t)t) quasi-decreasing, (??) — as iy > 0 and since for z € D it holds that d(z,z’) <
A(6(z,z) + 0(x, ")) < A(4A2 4+ 1)6(x, "), then it follows that

1 6(5(2,2)) . B(3(z,2"))
R ¢<6<y,z>>6<y,z>< 5(za) | Oz )d“(z)

IN

| o0m) |
60 D)D) (/az,z)wuw,) Sm) 1)
o)
+/6(z,z’)<A(4A2+1)6(z,:r’) 6(z,2) au(z))
1 /
O 6w s )

Furthermore, from (??) and (?7?) it follows that

§(z,z’)"
On the other hand, (??) and (??) lead to
1 P(6(z, )
Gia < Oz, 0/ du(z
2= ( ) 8(z,2)>4A25(z,x’) ¢(5(ya Z))(S(y, Z) 5(z,x)1+0 M( )
§(z, z")? o(0(z,x
< o | SO )
¢(5(y7$))6(y,$) 6(z,2)>4A258(z,x") (5(2,%)
1
< C—o—o(6(x, 2
S0 )
§(x,a’)te
< _— . .
< Og gy (5.44)
Thus, looking at (??), (??) and (??), and since iy < 6, we conclude that
§(x,a’)t
<(C—"——. .
[ stdanz) < o (5.45)
At last, to get a bound on the set C we write
RELE
c
1
< —— | Ky(z,2) — Ky(z,2")|du(z
/6(y,z)22A5(y,3:) ¢(5(ya Z))(S(ya Z) | ¢( ) ¢ | ( )

1
n e K,(y2) — Ky(y,2)|d
/5(@,,,2)2%5@,@ 560, 250, 2) oW @) = Koly a)ldu(z)
= Ji+ Jo. (546)

Notice that for z € C it holds that 6(y,z) < 1(8(y,z) + 6(z, 2)), and then §(y,z) <
d(z,2), and, from (?7), it follows that d(x, z) ). Furthermore since 1/¢(t)t is quasi-
decreasing then

750(y,2) <
> T

(
2A5(z,

o 1 e,
) /5@,2)22/45@,1) (600, 2))8(5.2) 8(z, myrro )

(. a)? $0(z.2)) |
O @y, >/5<m>5<m 5z, o 1)

Ji < oz,

§(x,2")?
W. (5.47)
Finally, from (??) we deduce that
§(z,x")? / 1
Jo £ i d x —————dp(z
? 5(@/7 {E)1+0 ( ( )) 6(y,2)>2A6(y,z) ¢(5(y7 Z))§(y7 Z) ‘u( )
O, 2')° (5.48)

< _
=y, m)tre
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From (?77?), (??7) and (??) we have got that
§(z, x")?
d <C——.

[ atran) < 0

Nevertheless, since 0 < iy < 6 and 6§ — s4 < 6, from (?7), (??) and (??)it turns out that
5(137 x/)min(iq;,efs(ﬁ)
K (y,z) = K(y, ") < C

— 6(:% m)l—&-min(id),@—sd)) ’
for 6(z,y) > 2Ad(x,2’). The proof of this theorem is thus finished. ¢

(5.49)

We remark that once the standard conditions of size and smoothness on the kernel of T have been
proved, the T'1-theorems stated in [HV] give an alternative proof of the fact that T is a Calderén-
Zygmund operator bounded on the generalized Besov and Triebel-Lizorkin spaces, even without
necessarily knowing the action of I, and D, on those spaces. In fact, it was proved in [H] that T,,1 =
T;1 =0 and Ty is a weakely bounded operator, that is, | < Ty f, g > | < C||fllgllglls(u(B))' 27, for

fand g€ Ag(B) and B a ball.
That is the way, through the known 7’1 theorems in L?(X), used in [GSV] to show that T, = D1,
is a Calderén-Zygmund operator.
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