INTEGRAL AND DERIVATIVE OPERATORS OF FUNCTIONAL ORDER ON
GENERALIZED BESOV AND TRIEBEL-LIZORKIN SPACES IN THE SETTING
OF SPACES OF HOMOGENEOUS TYPE

SILVIA I. HARTZSTEIN AND BEATRIZ E. VIVIANI

ABSTRACT. In this work we define the Integral, I, and Derivative, Dy, operators of order ¢, in
the setting of spaces of homogeneous-type, where ¢ is a function of positive lower type and upper
type lower than 1.

We show that I, and Dy are bounded from Lipschitz spaces A% to AS? and A8/? respectively,
with suitable restrictions on the quasi-increasing function { for each case. We also prove that Iy

and Dy are bounded from the generalized Besov Bg’q, with 1 < p,q < oo, and Triebel-Lizorkin

spaces Fg”q, with 1 < p,q < oo, of order v to those of order ¢ and 1)/ respectively, where 1) is
the quotient of two quasi-increasing functions of adequate upper types.

1. INTRODUCTION

In the context of normal spaces of homogeneous-type (X, 4, u) of order # < 1, the fractional
integral and derivative operators of order «, with 0 < a < 6, were defined by Gatto, Segovia and
Vagi in [GSV] by linking them to quasi-distances constructed through the kernels {s;(z,y)}+>0 of a
symmetric approximation to the identity. Namely, if §, : X x X — [0, 00) is defined by

oo 1/a—1
Oa(z,y) = (/ to‘lst(z,y)dt> for x #y and du(x,y) =0 for x =y; (1.1)
0

and d_, : X x X — [0,00) by
oo 1/—a—1
O_a(z,y) = (/ t_o‘_lst(m,y)dt> for x #y and d_o(z,y) =0 for x =y, (1.2)
0

then the authors proved that §, and §_, are quasi-metrics equivalent to §. The fractional integral

I, was thus defined by
1af(@) = [ 22— duy),

x 8o “(z,y)
for f € AP N L', and the fractional derivative D, by
fly) — f(=
Do f(x) = Mdu(y)

x 615 %(x,y)

for f€ APNL™ and o < < 6.

The definition of the quasi-metrics and the resulting operators allowed the authors to prove that the
composition T, = D,I, is a Calderén-Zygmund operator and that it is invertible in L? for small
positive values of a.

The purpose of this work is to show that these technics can also be used to define the in-
tegral, I, and derivative, Dy, operators whose kernels are equivalent to ¢(d(x,y))/d(x,y) and
1/é(6(z,y))0(x,y) respectively and ¢ belongs to a class of quasi-increasing functions. This class
of growth functions includes the potentials t*, 0 < « < 1, but also functions as, for example,
max (%, %), min(t*, t%), with 0 < a < 8 < 1, and t#(1 +logt t), 0 < B < 1.

We then prove that those operators are bounded on Lipschitz spaces A¢ defined by functions
whose moduli of continuity are dominated by a function £(¢) in the class of growth function.
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We finally study boundedness of the integral and derivative operators on the Besov B;f”q, 1<

p,q < 0o, and Triebel-Lizorkin spaces F;;Z’ 41 < p,q < 0o, of distributions of order 1, where v is the
quotient of two quasi-increasing functions of adequate upper types. These spaces defined in [HV]
are a generalization of the spaces B;‘“*q and F;"q, —6 < o < 0, given in [HS] in the setting of spaces
of homogeneous type. The Calderén-type reproduction formulas proved in [HS] play a fundamental
roll in their definition but also in proving boundedness of our operators on them.

This work is organized in the following way:

In section 2 the class of functions involved in the ’order’ of the integral and derivative operators
and in local regularity of our function and distribution spaces is defined. Also the structure of
normal spaces of homogeneous type, the test function spaces, the notions of discrete and continuous
(in the time variable) approximations to the identity and the definitions of the generalized Besov
and Triebel-Lizorkin spaces are set there. The integral and derivative operators are defined in
section 3 and the main theorems are stated in section 4. Known results on the class of quasi-
increasing functions and some consequences of them, the Calderén-type reproduction formula and
properties of the generalized Besov and Triebel-Lizorkin spaces are given in section 5. In section 6
new representations of the kernels of the integral and derivative operators are obtained and size and
smoothness properties on them are proved. Theorems of boundedness of the operators on Lipschitz
spaces are proved in section 7. Lemmas needed to prove boundedness theorems on Besov and
Triebel-Lizorkin spaces are given in section 8. Finally, the proofs of those theorems are in section 9.

2. PRELIMINARIES

Let first define the class of functions controlling local regularity of the distribution spaces con-
cerning us and that are also related to the operators defined in this work.
A function ¢(t) defined on ¢t > 0 is said to be quasi-increasing if there is a positive constant C' such
that if ¢; < t9 then ¢(t1) < qu)(tg)
Analogously, ¢(t) is quasi-decreasing if there is a positive constant C such that if ¢; < ¢y then
P(t2) < Coh(ta).
On the other hand, ¢(t) is said to be of lower type iy, 0 < iy < oo, if there is a constant C; > 0
such that

d(uw) < Cru'?¢(v) for u < 1 and v > 0. (2.3)
Similarly, ¢(t) is of upper type sy, 0 < sy < 00 if there is a constant Cy > 0 such that
o(uww) < Cou’?¢p(v) for u > 1 and v > 0. (2.4)

Obviously, the potential t*, with o > 0, is of lower and upper type . The functions max(t*,”)
and min(t®, ), with o < 3, are both of lower type a and upper type 8. Also, t°(1 + log™ t), with
B >0, is of lower type [ and of upper type 3 + ¢, for every € > 0. Clearly, if ¢(¢) is of both lower
type ig and upper type s, then iy < s4. On the other hand, if ¢(¢) is quasi-increasing then ¢(t) is
of lower-type 0 and, reciprocally, if ¢(t) is of lower type i, > 0 then it is quasi-increasing.

To finish the definitions of this class of growth functions we say that two functions 1 (t) and ¢(t) are
equivalent, ¥ ~ ¢, if there are positive constants Cy and Cy such that Cy < ¢/1) < Cs.

Let now define the structure of spaces of homogeneous type which is the underlying geometry for
the test functions spaces defined in this work.
Given a set X a real valued function 6(z,y) defined on X x X is a quasi-distance on X if there exists
a constant A > 1 such that for all z,y, 2z € X it verifies:

0(x,y) >0 and d(x,y) =0 ifandonlyif z=1y

6(z,y) = 6(y,x)

o(x,y) < Ald(x, 2) + 6(z, )]
In a set X endowed with a quasi-distance 0(x,y), the balls Bs(x,r) = {y : §(z,y) < r} form a basis
of neighborhoods of x for the topology induced by the uniform structure on X. Let u be a positive
measure on a o- algebra of subsets of X which contains the open set and the balls Bs(x,r). The
triple X := (X, 6, u) is a space of homogeneous type if there exists a finite constant A’ > 0 such that

w(Bs(x,2r)) < A'p(Bs(x,r)) for all z € X and r > 0. Macias and Segovia, [MS], showed that it is
always possible to find a quasi-distance d(x,y) equivalent to §(z,y) and 0 < 6 < 1, such that

|d(z,y) — d(z',y)| < Crt=0d(z,2")° (2.5)
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holds whenever d(z,y) < r and d(2’,y) < r. If § satisfies (2.5) then X is said to be of order 6.
Furthermore, X is a normal space if Ayr < p(Bs(z,r)) < Agr for every z € X and r > 0 and some
positive constants A; and As.

In this work X := (X, 8, 1) means a normal space of homogeneous type of order 6 and A denotes
the constant of the triangular inequality associated to §.

Let us now introduce the test function spaces which concern us in this work.
Given a quasi-increasing function & : R — R such that lim; o &(t) = 0 and lim;_ o, £(t) = oo,
the Lipschitz space A¢ is the class of all functions f : X — such that

[f(z) = f(y)| < CE((x,y)) for every x,y € X,

and the number |f|¢ denoting the infimum of the constants C appearing above, defines a semi-norm
on A, since |fle = 0 for all constants functions f.
Furthermore, given a ball B in X, AS(B) denotes the set of functions f € A® with support in B.
Since, a function belonging to this space is bounded, the number || f||¢ = || f|loc +|f|¢, defines a norm
that gives a Banach structure to AS(B).
We say that a function f belongs to Ag iff f € AS(B) for some ball B. The space Ag is the inductive
limit of the Banach spaces A*(B).
Finally, (Ag)' will mean the space of all continuous linear functionals on Ag.
When £(t) = %, with 0 < 8 < 6, we have the classical Lipschitz spaces A® and Ag .

Another suitable class of test functions, the set M7 was defined in [HS]. Indeed, setting
0<B<1,v>0and z € X fix, a function f is called a smooth molecule of type (53,v) of width d
centered in xg, if there exists a constant C' > 0 such that

d

@) < O s (26)

d d
f(e) = f@)] < O8(z,2")” <(d—|— 5(x,xg)) + (d+ 5(x’,x0))1+"/) ’ (2.7)
/ f(&)dn(e 2:3)

hold for every x € X.

If the norm || f||(g,+), is defined by the infimum of the constants appearing in (2.6) and (2.7), the
set M) (xq,d) of all smooth molecules of type (3,7) of width d centered in z( is a Banach space.
Fixing zo € X and d = 1, that space will be named M) and the set of all linear continuous
functionals on M) will be called (M), Along this work < h,f > denotes the natural
application of h € (MB1)) to f € M©B),

In order to define the generalized Besov and Triebel-Lizorkin spaces of distributions the definition
of an approximation to the identity as given in [HS], is needed.
A sequence (Si)rez of integral operators is called an approzimation to the identity, if the kernels
Sk(z,y) associated to Sy are functions from X x X in € and there exist 0 < ¢ < 6 and a finite
constant C such that for all k € Z and x,2’,y,y’ € X they satisfy

Sp(x,y) =0 if 6(x,y) > (24)7% and ||Si|le < C(24)", (2.9)
|Sk(z, 1) — Sk(z',y)| < C(2A)FAFI§(x, '), (2.10)
|Sk(w,y) = Sk(w,y)| < C2A) HI5(y,y)", (2.11)

|[S/€($7y) - Sk(‘rvylﬂ - [Sk(x/’y) Sk('r Y )H
< CAPI5(a, Y (.1 )

/Skxydp /Skxydu()—l (2.12)

In all this paper the constant €, 0 < € < 0, will denote that associated to an approximation to the
identity satisfying (2.10), (2.11) and (2.12).

If (Sk)kez is an approximation to the identity then the family of operators Dy = Sy — Si_1 satisfy
ZkeZ D, =1 in L2, since limy_oo Si.f = f and limp_ _o Spf = 0 in L?. Moreover, their
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associated kernels Dy (z,y) satisfy properties (2.9) to (2.12) and

/Dkxydu /Dkxyd,u (x) =0. (2.13)

Let us now define the spaces of distributions for us considered.

In the sequel we denote by 1 the function ¥ = ¢1/d2, where ¢1(t) and ¢o(t) are quasi-increasing
functions of upper types s1 < € and so < €, respectively .

For f € (M) with 0 < 3,7 < ¢, a norm is defined by

1

q

Hf”B;laq = <Z(WDkaP)q> if 1 S P S 007]. S q S oo, (214)
keZz

with the obvious change for the case ¢ = co. By interchanging the order of the norms in L? and [4
it is also defined the norm

||f||F;7/Jq = <Z(W|Dkf|)q> R if 1< p,q < 0. (215)
kez .

The Besov space B;f’?q, 1<p,qg<oo,isthesetofall f e (M(ﬁv’”)/, with 8 > s; and v > s5, such that

[fllgg.a <ooand [(f,h)| < ClfllgpallPllam,

for all h e M), ' /
Analogously, The Triebel-Lizorkin space F;f”q7 with 1 < p,q < oo, is the set of all f € (M(ﬁ’”*)) ,
with 8 > s; and v > so, such that

[l e < 00, and [(f; )] < (| Fll gp-allll (.9
for all h € M), .
When (t) = t* and —e < a < ¢, the definitions of the Besov spaces By and the Triebel-Lizorkin
spaces F;"q given in [HS] are recovered.

Finally, to build our concerning operators we consider a symmetric approximation to the identity,
{St}t>0, as defined in [GSV]. This collection can be built in a similar fashion to that of the family
{Sk}rez and the kernel s;(z,y) associated to S; satisfies the following properties:

There are positive constants, by, b2, ¢1, c2 and ¢z, such that for all z,y € X and t > 0, s;(z, y) satisfies

St(x7y) = St(yvx)a (216
0 < se(z,y) < e/t (
si(z,y) =0 if 6(x,y) > bit and, co/t < si(x,y) if d(x,y) < bat, (
s¢(x,y) — s¢(2,y)| < c36%(x, ") /t1+0, for all z,2',y € X, (2.19
(
(

/st(gc,y)du(y) =1, forall ze€ X,

s¢(x,y) is continuously differenciable in  ¢.

3. INTEGRAL AND DERIVATIVE OPERATORS OF ORDER ¢

Let consider a symmetric approximation to the identity, {S;}+~0, whose kernels satisfy properties
(2.16) to (2.21), and a quasi-increasing function ¢ : Rt — IR™ such that lim, o+ ¢(t) = 0.
We now define
(1)

Ky(z,y) = ; Tsf(x y)dt for = #y.

Clearly, Ky(z,y) > 0 and Ky4(z,y) = Ky(y, x) for every (x,y).
If ¢ is of positive lower type and upper type sy < 1 the integral operator of order ¢, I4, and its
extension I, are defined in the following way:

Let & be any quasi-increasing function of upper type .
If 3>0and f € AN L' then

Tof(@) = [ Ko(e.))in(o). (3.22)
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If B4 54 < 6 and f € A then

I, f(x) = /X (Ko, 9) — Koo, 1) f 0)dpu(y), (3.23)

for every z € X and an arbitrary fix g € X.
On the other hand, for ¢ of finite upper-type we define

K1/¢(.’E,y) = /0 ﬁst(%y)d@ for 7& Y,

Clearly K4 is positive and symmetric.
If ¢ is a function of lower type i¢g > 0 and upper type s4 the derivative operator of order ¢, Dy, and
its extension, Dy are defined as follows:
For any function ¢ of lower type a and of upper type 3, such that s4 < o,
if f € ASN L>, then

Dyf(x) = /X Ky 9)(f () — £(@))du(y) and (3.24)
if f € A, then

Dyf(z) = /X(K1/¢(x,y)(f(y) — f(@)) = K1/¢(z0,y)(f(y) — f(x0)))dp(y) (3.25)

for each € X and an arbitrary, but fix, z¢g € X.

4. MAIN THEOREMS
The main theorems proved in this work are stated next:

THEOREM 4.1. Let ¢ be of lower type iy, > 0 and upper type s4 < 1 and £ a quasi-increasing function
of upper type (.

If fe ASN LY and B > 0 then Isf(x) converges absolutely for all x and if, also, B+ s4 < 0 then
there is a constant C' > 0, independent of f, such that

I flace < C|f|ae.

If f € AS and B+ sy < 0 then I~¢f(x) converges absolutely for all x and there is a constant C' > 0,
independent of f, such that

1o f|aes < C|f|nc.
Moreover, If f € AS N LY, then Isf coincides with I,f as an element of A& (since Iyf(z) =
Iof(x) — 1y f(20)-)

THEOREM 4.2. Let ¢ be a function of lower type ig > 0 and upper type sg.

Let also £ be a quasi-increasing function of lower type o and upper type 3.

If f € AN L>® and 54 < « then Dgyf(x) is absolutely convergent for every x € X and if, also,
B <0+1ig then

1D flless < Cliflle:
If f €A, sy <aand B<0+ig, then D¢f(x) is absolutely convergent for every x € X and

1Dy fless < C|fle.

Moreover, if f € AS N L™, then D¢f coincides with Dyf as an element of AS, (since ﬁ¢f(x) =
Dy f(x) = Dy f(x0).)

THEOREM 4.3. Let ¢ be a function of lower type ig > 0 and upper type sy < €.

Let also denote ¢ = 11 /1ba, where 11 and 1o are quasi-increasing functions of upper types s1 and
So respectively.

If 51+ 54 < € and sy + 54 — iy <€, then Iy is a linear continuous operator from F;f”q to F;fw’q, for
1< p,qg<oo.

THEOREM 4.4. Suppose that ¢ and i satisfy the same hypothesis as in the previous theorem.
If 51+ 54 < € and sy + 54 — i < € then Iy is a linear continuous operator from B;f”q to ng,q; for
1 <p,qg<oo.
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THEOREM 4.5. Let ¢ be a function of positive lower type and of upper type sy < €. Also denote
Y = 1 /e, where 1 and Yo are quasi-increasing functions of upper type s1 and sa, respectively.

If 51 < € and sy + s2 < € then, Dy is a linear continuous operator from F;l},q to F;’b/d)’q, for
1< p,q<o0.

THEOREM 4.6. Let ¢ be of positive lower type and of upper type s4 < €.
Consider 1 = 11 /1, where 11 and by are quasi-increasing functions of upper type s1 and s,
respectively.

If s1 < € and sy + s2 < € then Dy is a linear continuous operator from B;f”q to B;l)/@q; for
1 <p,q<oo.

5. PREVIOUS RESULTS

A straightforward proof shows that if ¢(t) is of upper type s4 then there is a constant C' > 0 such
that

o(uv) > %us‘l’qﬁ(v), foru < 1,v > 0. (5.26)
Similarly, if ¢(¢) is of lower type 74 then there is a constant C' > 0 such that

o(uv) > éu“%(v), for u > 1,v > 0. (5.27)
Also, it is easy to check that

Proposition 5.1. If ¢(t) is of lower type iy and &(t) is of upper type A < iy then ¢(t)/E(t) is quasi-
INCreasing.

On the other hand, if ¢(t) is of upper type sy and &(t) is of lower type X > sy then ¢(t)/E(t) is
quasi-decreasing.

After some manipulation it comes out that

Proposition 5.2. If ¢(t) is of lower type o > 0 and upper type 8 € R and 0 < v < « then the
function
t
p(u)
—
¢(t) =1 0 u,H_l d
is equivalent to ¢, continuous, increasing and invertible. Moreover, its inverse 11 is of lower type

8~ and of upper type o~ 1.

Corollary 5.1. If ¢ is a quasi-increasing function of upper type s¢ < 1 then there is an equivalent
function ¢ such that ¢(t)/t is decreasing, continuous and invertible on t > 0.

Indeed, since t/¢(t) is of lower type 1 — s4 > 0 and of upper type 1, Proposition 5.2 claims that
there exists an increasing and invertible function, v (t), equivalent to ¢/¢(t) and having the same

lower and upper types. It is an exercise to prove that ¢ = ¢/ (t) satisfies the statements of Corollary
5.1.

Corollary 5.2. If ¢(t) is a quasi-increasing function of finite upper type then there exists a function
o(t) equivalent to ¢(t), such that to(t) is increasing, continuous and invertible in R™T.

This comes out by defining G(t) = (t)/t, where (t) is the function equivalent to t¢(t), of lower
type 1 and upper type 1+ sg4, given by Proposition 5.2.

The following properties will be useful when studying local regularity and integrability of the
functions and distributions that concern us. Their proof is based on dyadic partition.

Proposition 5.3. Let ¢;(t) be a function of lower type a; and of upper type 5;, i= 1,2. The following
inequalities hold for x € X and r > 0:

$1(d(,y) ¢1(r)

I on = B2 then /6(1-,1;)9 52060 o5 MY = Oy (5:28)
$1(6(z,y)) ¢1(r)

If B1 < ag then /E(x,y)Zr 520(2, )0, 3) du(y) < ngﬁg(r)' (5.29)
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The Calderén-type reproduction formulas, proved in [HS] in the context of spaces of homogeneous
type, are needed to define the Besov and Triebel-Lizorkin spaces and to prove boundedness theorems
on them. They are stated next.

THEOREM 5.1. Let (Sk)rez be an approximation to the identity and set Dy = Sy — Sk—1. Then,
there exist families of operators (Dy),c, and (Dy),c, such that for all f € M®B)

f= > DiDpf= Y DiDif,

k=—o0 k=—o00
where the series converges in M@ A, for B < B and v <.

If (Dk)kez y (bk)kez are like in Theorem (5.1) then their associated kernels Dy (z,y) and Dy (z,y)
are (€', ¢')-smooth molecules of width (2A4)~F, as functions of the first and second variable respec-
tively, for each 0 < ¢ < e. Then ﬁ,’gf and D,’;f € M7 whenever f € MBY) 0 < B,y <e.

Thus, for h € (M©®: ’Y))I Dih and Dyh are defined as elements of (M(‘M))I by < Dph, f >=<
h,Dif > and < Dyh, f >=< h,D: xf >. Therefore, the formulas in Theorem (5.1) will also hold
true in the sense of distributions. More precisely,

THEOREM 5.2. Let (Dg)rez, (Dk)kez and (ﬁ}c)kez be like in Theorem (5.1). Then for all f €

(MBY,
Z DyDyf = Z DDy f,
k=—o0 k=—oc0
in the sense of
(f.9)= lim (3" DiDif.g)= lim (Y DpDif.g)
> k<M > k<M
for all g € MP7) | with 8/ > 8 and v > ~.

Using the Calderén—type reproduction formula it can be proved that if the operators Dy in the
definitions of the norms are replaced by Eyx = P, — Py_1, with (Py)rez another approximation to
the identity of order e < 6, the resulting norms are equivalent to those defined in (2.14) and (2.15),
(see [H]). The same result is true if the operators Dy, are replaced by Dj or Dj,.

In the following two lemmas the main properties of the generalized Besov and Triebel-Lizorkin
spaces are stated without proof, for the sake of briefness.

LEMMA 5.3. The classes B;f”q, 1<p,q<ocoand F;”"q, 1 < p,q < 0o are Banach spaces and their
dual spaces are B;,/w’q/ and Fpl//qu’ respectively, with 1/p+1/p' =1 and 1/q+1/q¢ = 1.

LEMMA 5.4. The molecular space M P7) is embedded in B;f”q, 1<p,qg<ooand Fg”q, 1<p,qg<oo,
when s1 < B and so < . Moreover, M) s dense in Bg”q, 1<p,qg< o0 and Fﬁ”q,l < p,q < 00,
for all €, such that max(s1,s2) < € <.

In the setting of IR™ and for ¢ = oo unified approaches between Besov spaces of order £ related
to a Banach space E of functions (in our definitions E = LP) and Lipschitz classes of distributions
whose moduli of continuity in E is dominated by £ are treated in [J] and [B]. Also see [I] for the
inhomogeneous case. The identification between the Sobolev space of fractional order LP** and F;’q
in the setting of spaces of homogeneous type is treated in [GV].

6. MAIN LEMMAS

Let now define two quasi-metrics associated to ¢ and equivalent to § and obtain new representa-
tions of the kernels of I and Dy in terms of each quasi-metric.
Consider a quasi-increasing function ¢ of upper-type s4 < 1 and a fix function 6, as given in Corol-
lary 5.1.
We define §4 : X x X — R in the following way: for every pair (z,y) € X, d4(x,y) is the unique
solution of

Bosle) _ [T
50(,1) = / ,y)de if #y, (6.30)
6¢($7y) = =Y.
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We then have that ~

¢(6¢ (LL', y))
d (2, y)

When ¢(t) = t*, 0 < o < 1, we can choose 6= ¢ and then d, := 04 is the quasi-metric associated

to I, defined in (1.1).

The next lemma proves that Ky4(x,y) is equivalent to ¢(6(z,y))/d(z,y).

Ky(z,y) = for = #uy.

LEMMA 6.1. If ¢ is of upper type sy < 1 then there are positive constants Cy and Cy such that for
6(z,y) >0,

¢(8(x,y)) _ d(ds(x,y)) P(4(z,y))
C < <C 6.31
o) S s S sy (031
PROOF: By (2.17) and (2.18), it holds that
ot e t
wst(a:,y)dt <c / @dt.
o t s@a)/bn
The substitution ¢t = ud(z,y)/b1 and inequality (2.4) yield to
> ¢(t) ciby  6(z,y) /°° 1 ¢(d(2,y))
— dt < ———du < ] ———= .32
A p St(xvy) = 6($,y)¢( bl ) L u2_s¢ U = Cl 5(33,3/) (6 3 )
since sy < 1 and ¢(s/b1) < C'max(1,1/b7%)é(s) for all s > 0.
On the other hand, by (2.18) and the fact that ¢ is quasi-increasing, it follows that
Mst(z,y)dt > 02/ ﬁi)dt
o 1 Swy)/ba T
¢(6(z,y)/b2) /°° 1 P(6(x,y))
> QOLY)/B2) [ gy = ¢, BT Y)) .
= S S @™ T ey (63

since ¢(s/bz) > Cmin(1,1/b5*)¢(s) for all s > 0. From definition (6.30) and the above inequalities
then (6.31) follows. {
An immediate consequence of the previous lemma is that

¢(0(z,y))

0< Ky(z,y) < C—F—=. 6.34
olay) < CHEY (6.3

LEMMA 6.2. If ¢(t) is of upper type sy < 1 then d4 is a quasi-metric equivalent to §.

PROOF: Since s, < 1, from (6.31) and ¢ ~ ¢ it follows that
$(8(z,)) _ d(ds(x,y)) o(8(x,y))

Ch < < . 6.35
o) S bewy) S o) (6:35)

Nevertheless, since 1(t) = t/¢(t) is increasing and invertible and its inverse function is of finite
upper type, it follows that
Ci/(S(.ﬁ, y) < 5(25('7;) y) < Cé/é($,y)
Clearly, from the above equivalence turns out that d, is a quasi-metric.$
The next two lemmas state smoothness and cancellation properties of K.

LEMMA 6.3. Let ¢ be of upper type s¢ < 1. Then

N
8z, x )) ¢(8(z,y)) (6.36)

Kofon) = Kole' )l < © (505

whenever 0(x,y) > 2A6(z, a').

PROOF: Let a = by ' min{d(z,v),d(x',y)}. where by is that defined in (2.18). From (6.30), it follows
that

/ = o(t) /
Kolwrw) — Kola )l < [ P suoy) st )l
a
From the smoothness property (2.19) of s; it follows that

> z,2')0
Kolw) — Kole' ) < [ 2002 (6:37)
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Since s4 < 1, Proposition 5.1 says that ¢(t)/t is quasi-decreasing and then,
o $(a)

ql+o

Ky (,y) — Ky(2',y)| < Co(x,2') (6.38)

Since §(x,y) > 2A5(x,z’) then 6(z,y) < 245(2’,y) and thus, §(z,y) < 24bja. But, since ¢(t)/t is
quasi-decreasing whenever [ > sg4, it follows that

|K¢(m,y) - K¢(x/vy)| < 05(1:71'/) W
which is our statement.$>
LEMMA 6.4. Let ¢ be of upper type sy < 8. Then
[ o) = Kole' plduto) =0, (6.39)

for every x and &’ € X.

PROOF: First notice that the integral in (6.39) is absolutely convergent. Indeed, (6.30), (2.17) and
(2.18) yield to

/] A o @,9) — su(e’, ldtdn(y)

< q/ /I&w%+@@ymwwt<0/¢ at < .

(6.40)
Moreover, from (2.19) it follows that
//‘—A&xw—wawwm
- ¢>(t)/
< C((z, 2 9/ — du(y)dt
( ( )) 1 120 §(z,y)<bit O §(z’,y)<bit ( )
< @) [ Da <o) [ —at < oo (6.41)
>~ ) 1 t1+9 1 t1+9—s¢ : :

Therefore, (6.39) is obtained by Fubini’s theorem and (2.20).$

Let now consider a quasi-increasing function ¢ of finite upper type and the function gZ;, as given
by Corollary 5.2.
We then define d;,4 : X x X — IR such that §;4(x, y) is the unique solution of the equation

1
O(61/6(2,9)01jp(zy) / B(t)t (@ y)dt if z#y, and (6.42)
S1/(my) = 0 if z=y.
Hence we have that
K1/¢( y) = 1 for x#y.

¢(51/¢(93 Y))01/4(2,y)
When ¢(t) = t*, 0 < a < 1, choosing ¢ = ¢ it turns out that §_, := §;-« is the quasi-metric
associated to D, defined in (1.2).
The following results are obtained in analogous way to the case of I, and their proof is ommited
for the sake of briefness. The first one sets that K ,4(x,y) is equivalent to 1/(¢(d(x,y))d(x,y)).

LEMMA 6.5. If ¢ is a quasi-increasing function of finite upper type then there are positive constants
C1 and Cq such that
1 1 1
Cy <= < Oy .

Moreover, 61,4 is a quasi-metric equivalent to 4.

(6.43)
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Immediately follows from the above lemma ths size estimate
v
¢(8(x,y))d(x, y)

LEMMA 6.6. If ¢ is a quasi-increasing function of finite upper type then

0< Kyjp(z,y) <C

|K1/6(2,y) — K1jp(@',y)| + [ K1/6(y, ©) — Kq/4(y, 2")]|
0
1
5(1‘,2/)) #(6(z,y))d(z,y)

for §(z,y) > 2A(x, 2.

7. PROOF OF THEOREMS 4.1 AND 4.2

PROOF OF THEOREM 4.1

(6.44)

(6.45)

Let us first see that Iy f(x) is absolutely convergent for every z € X. From (6.30), it follows that

4(5(2,)
[ 1ola i wldntn) < [ LS 1) dut),

= #0(z,y)) _

Applying (5.28) -since i4 > 0-, and the fact that £ is quasi-increasing it follows that

L)) PV
hse | SR - J@l @)

(9€)(6(x,y))
s@y<1  O0(x,y)
< CEM)|fle +1f(=)])
< C(lfle +1f(2)])

Furthermore, since s, < 1 then ¢(t)/t is quasi-decreasing and

$(0(,y))
pcf S Wlnw) <l

Inequalities (7.47) and (7.48) lead to the bound

(z,9))

p(6
C d ¢
< C|fle Hy) +Clf @) /5(z,y)<1 6(z,y)

du(y)

(s f(2)] < /X K (2, 9)lf(9)lduly) < C(|fle + [ (@) + 1 £11),

for every z € X.

(7.46)

(7.47)

(7.48)

(7.49)

In order to prove that f¢ is well defined we follow the idea of the above proof. In fact, using
(5.28) for §(z,y) < 2A46(z, o) and, on the other hand, (6.36), the fact that s, + 8 < 6, and (5.29)

for 6(x,y) > 2A6(x, xg), it is not hard to prove that

/X [Ko(2,y) = Ko (xo, y) |l (W)lduly) < Co(0(z, 20))(E(0(x, 0))[fle + |f(2))),

for every =,z € X.

To prove that |If|se < O|f|e and |Iyf|ge < C|fle it is enough to consider x1, 22 € X, 21 # 2o,

set 7 = 6(x1,x2) and show that there is a constant C' > 0 such that

To f(22) — Lo f(21)| = Lo f(x2) — Isf(21)] < C|fle&(r)e(r),

where it must be understood that f € A¢ for I, and f € AS N L for I.
By Lema 6.4 we can write

(7.50)

Iof(x2) = Iof(x1) = Lo f(x2) — Lpf(21) = /X(f(y) — f(22))(Kg(2,y) — Ko (21, 9))dp(y)-
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and the right member in the above equalities is bounded by

GO, 22) oo e
/5(yx2)<2,47~ 5(y, z2) |f(y) = f(2)|dp(y)

¢(0(y, x1))
- ~/5(y,3c2)§2Ar 5(?/7 xl)

+ / K o2, ) — Kolan, )| £ () — fla2)|duy)
6(y,x2)>2Ar

=J1+J>+ J;3. (751)

|f(y) = fl2)|du(y)

Let denote B = B(z3,2Ar) and B¢ its complement. From the smoothness condition of f and since
&¢ is of positive lower type it holds that

¢ yvxZ))

J1<C|f|§ 5(y, 72)

— 7 E(0(y, w2))dp(y) < C|fe £(r)o(r) (7.52)

On the other, since B C B(z1, A(2A + 1)r), € is quasi-increasing and ¢ is of positive lower type, it
holds that

s < cifle [ A m)auty) < Clrleroln) (153

Finally, the smoothness conditions on the kernel and on f, the condition 5+ s4 < 6 and Proposition
5.3 are used to get

Js < C|fler” / il y’””g“(y’“))du(wscwf|g£<r>¢(r>.<> (7.54)

5(y, x2) 110

REMARKS 7.1. From inequality (7.49) it also follows that I is a linear continuous operator from
M) to (M(ﬁ’“”))/, for every 1,71, P2 and y2 > 0. More precisely, there is a finite constant C
such that

| < Isf,g > | < Clfllameio gl pr@ame, for every pair f € M®B) gnd g € MP272) gnd,
moreover, it holds that

<Iofig>=< Lsg>= [ [ Koo f@)a@dn(u)dno). (7.55)

PROOF OF THEOREM 4.2
By (6.43) we have

) () — ()
[ e lsw) - s o [ L
@)~ @)
v o1 B0 G,y W) = Dt I (7.56)
Since s¢ < a, from (5.28) it follows that
£0(z,9))
h<clfle [ o e ) ) < Ve (7.57)
Furthermore, since i, > 0 and f € L*°, (5.29) leads to
1
Cllflleo ——d < Ol fllsos .
Bl [ ) £ I (7.58)
and thus, from (7.57) and (7.58),
[ 1B )l£6) = £@)ldn(s) < Clfle for every @ € X. (7.59)

which implies that
[1Dgflloo < Cllflle for sy < (7.60)
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To show that Dyf(z) is absolutely convergent for f € A¢ and |D¢f|§/¢ = |Dyflesg < C|fle is
enough to prove that

/X 1K1z, y) (f(y) = f(2) = Kiyg (20, y) (f(y) — f(0))]dp(y)

o
< C|f|§m, for every x,xzo € X. (7.61)

Firstly, if y € B = B(x,2A40(x,z0)) then §(y,zo) < A(2A 4 1)§(x,x0), and proceeding as in (7.57),
since sy < a, we have

/ 1Ky s(,9) (F) — £(2)) — Koo, ) (F(y) — Fao)ldu(y) < O1f]e SOET0D) g 60
; o(8(.70))

Moreover, by reordering the integrand, it follows that

/B Ky n) () F)) — Koo, 0)(f () — fzo)ldpty)
< / Ky ()| f(z0) — £(2)|dp(y)
.

+ [ 170) = o) 153 a(o.9) — Kajolao )lduty) = 1 + o (7.63)
From (5.29) and ¢g > 0 it follows that
£(3(z,20)
= VGG a)

On the other hand, Proposition 6.45, the facts that if y € B¢ then §(y, z¢) < Cd(z,y), £ is quasi-
increasing and finally, inequality (5.29), since 5 < 6 + iy, lead to the bound

[ 5(6(‘r7y)) 6(6(1'71'0))
Ja < C’|f|§5(x7x0) ~/BC 5(z,y)1+9¢(5(m,y))du(y) < C|f‘§m
We then arrived to inequality (7.61).$

REMARKS 7.2. Let & be a function of lower type oy and upper type B; fori=1,2 and let s4 < oq
then

< Dyf,g>= / Kyyg(z,9)(f(y) — f(2))g(z)du(z)du(y), (7.64)

for any f € AN L>® and g € L.
Furthermore, if f € A NLXNLY, ge A2 NL>®NLY, and sy < az then

< Dgf,g>=<Dgyg, f>. (7.65)

Indeed, by (7.60), if f € A5t N L, with sy < aq, then Dy f € L™ and < Dy f, g > is well defined
for g € L' and the left side of (7.64) is absolutely convergent. The identity then follows from Fubini’s
theorem.

Moreover, we have that | < Dyf,g > | < C| fllellgllz:
Furthermore, if f € A5 NL®N LY, g € A2 N L®°NLY and sy < ag, the previous argument also
leads to the identity

< Dyg.f >= / Ky o, 9) (9(y) — 9(2) (@) dp)du(y). (7.66)

Therefore,

< Dyf,g>— < Dgyg, f>= / Kyg(x,y)(f(y)g(x) — f(2)g(y))du(x)du(y) = 0 (7.67)

since the integrand h(z,y) satisfies the condition h(z,y) = —h(y,x) and
J [ Wz, y)dp(z)du(y) is absolutely convergent.

REMARKS 7.3. Since MP7) c APNL>®NLY, for any B and v > 0, from Remark (7.2) follows that
Dy is a linear continuous operator from MBu7) g (MP272)) - for s¢ < B1, 71,72 > 0 and B2 > 0.
Moreover, if also sg < o then < Dy f,g >=< Dyg, f >.
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8. LEMMAS NEEDED TO PROVE THEOREMS 4.3, 4.4, 4.5 AND 4.6

Seeking for the continuity of the operator I4 on the generalized Besov and Triebel-Lizorkin spaces,
a representation of the operator Iy in terms of the Calderén-type reproduction formulas is needed.
Let consider an approximation to the identity {Sk}ke% of order ¢ < 6 and the family {D; =

S — Sk,l}ke%. Given f € MW7) with 0 < #; <1 and v; > 0, by Theorem (5.1) it follows that

f=lim > D;D;f. (8.68)
l7l<M

where the series converges in M) for every ' < /1 and 7/ < 1. Moreover, by Remark (7.1) I,
is a linear continuous operator from M 6"

into (M(BN’“’”)),7 for every 3" > 0 and 7 > 0. Then, for g € MP272) 0 < 8, < 1 and v, > 0, it
holds that

<Isf.g>= lim_ | gM < I4D;Dif,q>. (8.69)
J>

Choosing 3" < 2 and 7" < 742 and now applying the Theorem (5.2) it follows that

<Isf.g> = lim lim > > < DiDilyD;D;f,g >
|KI<N |j|<M

= lim dim Y N7 < DilyDi(D;f), Dig >,
IM<N [5|<M

It is easy to check that the kernel associated to the operator Iy 1; = DylyD; is defined by

Koss(.0) =< Dale. 1 1sDs(9) >= [ [ Dule2)o(e,0) D) du)du),
(8.70)
and it satisfies
Ky iz, y) = Ky ji(y,x), for every z,y € X and k,j € Z. (8.71)

In analogous way, Remark (7.3) yields a representation of D, in terms of the Calderén-type repro-
duction formulas. Indeed, we get that

<Dyfg> = lim lim > Y <DyDyDyD;D,f,g >
[KI<N |j|<M

— Jim i B b
Mlinoo ]\}gnoo Z Z < DkD¢D](D]f)aDkg >,
[k|<N [jI<M

for every pair of functions f € M¥P17) and g € MP272) | with s < B1 and B2,71,72 > 0. The
kernel associated to the operator Dy 1; = DypDgD; is given by

Kijprij(wy) = < DgDj(.y), Di(z,.) >

— [ D@ ) ) (D) - Dy pdntdnz), (572)

which is well defined by Remark (7.2). Moreover, since the kernels Dy(xz,2) and Dj(u,y) are sym-
metric, from (7.65) it follows that

Kl/%kj(%l/) = K1/¢,jk(y7$)~ (8.73)
A sharp bound for K j;(x,y) will be obtained in the following lemma.

LeMmMA 8.1. If ¢ is of positive lower type and of upper type sy < € < 0 then the kernel Ky 1; satisfies
the inequality
(QA)—(ij)(€—5¢)

|K¢>,krj(xu y)| < C¢((2A)_(kvj)) ((QA)f(k;/\j) + 5(x’y))1+(efs¢) :

(8.74)

where a V b = max(a,b) and a Ab = min(a,b).
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PRrOOF: It is enough to consider the case k > j since the other immediately follows from this by

(8.71).
From (8.70) and as Dy, has null mean in each variable, the kernel can be rewritten in the form

Ky rj(z,y) //Dk (@, 2)[Ky(z,u) — Kg(x,u)|Dj(u, y)dpu(u)du(z). (8.75)

Let first consider the case d(x

z,y) < 4AC(24) 7.
Defining n(t) € A€, with n(t) = 1 if |¢

|t| < A and n(t) = 0 if [t| > 4A2, by Lemma (6.4) it holds that

Kokj(2,9)
= [ [ D) (Roer) = K u)) (D3 0.9) = D) 0y 5 )

n / / Di(, 2) (K (2,0) — Kop (2, 0) (D (. 9) — Dy (1)

d(z,u) B
X (1 — n((QA)—k)> dp(u)du(z) = D + B.
The first term D satisfies

|D| <

C/|Dl~c(3«"a2)| 1Ko (2,u) = Kg(z,w)|[Dj(u, y) = Dj(x, y)|du(u)dp(z)
S(z,u)<(2A)—k+1

< €24y [ Dy(a,z) (o) + Ko, )3, ) dp() ),
§(z,u)<C(2A)—F

but if 6(x,z) < C(24)7% and §(x,u) < C(24)7F, then 6(z,u) < C(2A)~*. Moreover, since ¢ is of
positive lower type, inequality (5.28) and the size condition (6.34) can be used to get

D] <

C(24)7 (24)~(k=0)e ( / Ky(z,u)dp(u) + / K¢(z,u)du(u)>
§(z,u)<C(24)~Fk 8(z,u)<C(2A)~F

< C(24) (24)"FD4((24) ). (8.76)

On the other hand,

|B| <

I/ 1D, 2)[o(210) = Ko ]|y 9) = Dy ) ld(u)d)
§(z,u)>C(2A)k+1

(//C(2A k<5 (z,u) <C(24)—i+1 //zu C(24)~ J+1>

Dy (2, 2)[[ Ko (2, u) = Ko (2, w)||D; (u, y) — Dj(,y)|dp(u)dp(z)
= Bl + BQ.

As §(x,u) > 2A4d(z, z) for u in the domain of B; and Bs, Lemma 6.3 can be applied. Moreover,
denoting C; = {C(2A)7F* < §(z,u) < C(2A)7F+Hi+1Y i = 1,2,..., since s, > 0 and ¢(t)/t is
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quasi-decreasing and € < # then
k—j
B =AY [IDie )Y [ 1Kt u) - Kolo,u)}o(e, w) dutu)du(:)
i=17Ci

k—j
ceap®+ i@y [ J(SC,Z)CWW(U)W(Z)

k—j
< C(24)70+9(24) 7R 3" p((24)FH)
=1 .
< C(2A4Y ¢((24)7F)(24) (k=) Z(Q A)iso

< C(2A) ¢((2A)F)(24)~ (=)= w)

On the other side, since sy < € < 6, from (5.29) it follows that

By < C(24) / | Dy (, 2)| |Kg(2,u) — Koz, u)|dp(u)du(z)
§(w,u)>C(24)—i+1

- O, 2)" ¢ ) o
<Ay [Iua) [y it
< C(24)7 (24)~F=Degp((24)~ )

< C(24) ¢((24)7F)(24) 7= (ems0), (8.77)

Nevertheless, since t© < t=%¢ for t < 1 and (2A4)7(0F<=%¢) < C1/((2A)77 + §(z,y)) <% for
§(x,y) < 4A%(2A)77, inequality (8.74) arises from (8.76) to (8.77).

Let now consider the case §(x,y) > 44%2C(24)~7

If Dj(u,y) # 0 then 6(u,y) < C(24)~7 and thus, §(z,u) > 24C(24)~7 > 2A(x, z), moreover, the
equivalence &(x,u) ~ (2A)~7 + 6(z, y) holds. Therefore, using Lemma 6.3 and (5.26), from (8.75) it
follows that

| K,k (,9)]

<C/|Dkxz| O, 2)

S(u,y)<C(24)-7 (2, u)Ite

¢(6(z, )| Dj(u, y)|dp(u)dp(z)

0(x,z)e %
scfinalf s Syt (00, 2) D () di( )

< 0o ((2A - (QA) (e—s4)

) @ ey

The next lemma follows easily from Lemma 8.1.

LEMMA 8.2. If ¢ is of positive lower type and of upper type s4 < € then

/IK¢ ki (2, )| dp(x /IK¢ ki (@)l du(y) < Co((24)~FV))(24)~Ih=al(es0),

An estimate of Iy y; in terms of the Hardy-Littlewood maximal operator derives from Lemma
(8.1).

LEMMA 8.3. If ¢ is of positive lower type and of upper type s4 < € then
[1s,55h(@)] < Co((24)~ ") (24)Ik=3==0) M| (z), (8.78)

where M denotes the Hardy-Littlewood maximal operator.
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PROOF: As in the proof of Lemma (8.1), it is enough to consider the case k > j. From that lemma
it follows that

/ 1K g 152, 9) 1)l du(y)
< Co((24) ) <<<2A>’“<6%>><2A>J’<H¢>H / k() ldu(y)
6(z,y)<4A2C(2A)—7J

(2A)7k(efs¢)

+/ e |h(y)|du(y) | = I + .
5(2,y)>4A2C(2A) i 6(x’y)(6—6¢)+1| ( )‘ ( ) 1 2

Clearly,
I < Co((24)7F)((24)~ =D ) M (|h]) (x).

Finally, defining the sets Q; = {y : C(2A)"™7 < §(z,y) < C(2A)"™177} i = 2,3,..., since sy < €
then

I < Co((24) B d

< - 7

2 < o Z @5”% I)ld()

< C((24)F)(24)~F=D=0) 3 (24)H=50) (2.4~ / ) lduy)
P §(x,y)<C(2A)it+1-i

< 06((24)7F)(24)” F=D) Mh|(2).0

Corresponding results are obtained for the kernel K4 1; and the operator Dy y; in the following
lemmas

LEMMA 8.4. Let ¢ be of lower type iy > 0 and upper type s4 < €. Then, there is a constant C > 0
such that

1 (24) = (kvi)e

[K1yp,05(2,y)| < C¢((2A)—(k\/j)) ((2A4)~ A 1 §(z, y))LTe’

where a V b = max(a,b) and a Ab = min(a,b).

PROOF: It is enough to consider the case k > j since the other one immediately follows from this by
(8.73). Let first consider the case §(x,y) < 44%(2A)~7
Since Dy, has null mean in the z variable, the kernel defined in (8.72) can be rewritten as

Kijpkj(x,y) =
/ Di(, 2) K1y (2 u) (D3 () — Dy (2,1))
Koo, u) (D5 () — Dy, ) dp(u)dp(z).

Fix n(t) € A§(R), such that n(t) =1 for |¢| < A and n =0, for |t| > 2A. Then,

Ki/pk5(2,y)
/ Dk(l‘,Z) (K1/¢(z,u)(Dj(u,y) - Dj(z’y)) - K1/¢(x,u)(Dj(u,y) - Dj(xvy)))

g ) )

/ Dk({L‘7Z) (K1/¢(27u)(Dj(u7y) - D](Z7y)) - K1/¢(x7u)(Dj(u7y) - Dj(l',y)))

<(1 = Gy g dn(duz) = D+ B
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First notice that if (x, z) < C(24)7% and 6(z,u) < C(2A4)~*, then §(z,u) < CA(2A)~*. Therefore,
from (2.10), applied to D;, and (5.28) it follows that

/|Dk x,2) / oA - |K1/¢,(z,u)|(2A)j(1+e)5(z,u)ﬁdu(u)du(z)

+ [ IDuta 2l / 1K, )] (24000, w)dp () dp( )
§(z,u)<c(2A)—F
(24)~*
AP
On the other hand, it holds that

/ / Dy (x, )
5(zyu)>(24)—k+1

(1K1)4(2,u) = K1/ (x,u)||D;(u, y) — Dj(z,y)|
+K1)4(z,u)|Dj(x,y) — Dj(z,y)|) du(u)du(z) = B1 + Bs.

< C(24)707F9) (8.79)

But, if Dy (z,2) # 0 and 6(z,u) > (24) 7%+ then §(z,u) > C(24)~*. Moreover, since i, > 0, from
(6.44), (2.10) and (5.29), we deduce that

§(z,x)¢

By < C(2Ay(+9 / DAl [ R st
< C(24) (24) k-9 / Dy (x, ) /6( o mdumdm

(ZA) 1+e)( A)sze
= O

We now split B; in the form

]
<//(2A)k“§5(¢7u)§(2f3)”1 6(x,u)2(2A)j+1>

| Dy, 2)[|K1/4(2,u) — Ki/g(2, w)|[Dj(u, y) — Dj(2, y)|du(uw)du(z)
= B+ Bia.

(8.80)

B,

IN

Since 6(z,2) < C(24)7% and §(x,u) > 2A5(x, ), smoothness conditions (6.45) and (2.10) and, also,
(2.3) lead to the bound

Bl,l < C(ZA) i(1+e) X

T,z z,u)¢ Oz, 2)° L U z
/'Dk( /) (24) k1 <5 (z,u) < (24) i +1 o) O(w,u)lte ¢(5(Iau))du( Jdu(z)
—(k=j)e 1 u
< oAy 2A Z/A) kti<§(z,u)<(24)—k+itl P(6(x U))5($au)du( )
NS B g
< C(24)7(24)~ ¢ )W;(ZA)
S C<2A)j(2A>_(k_j)E i(zA)—ii(p < C(2A)J(2A)_(k_J)€ (881)

S(A)F) 2= =AY

On the other hand, using (6.45), (2.9), (5.29) and the fact that ¢ is quasi-increasing, we obtain

J T,z O, 2)° ! w)dp(z
Bia < €AY [IDiwz) o anrons o T Sy )
1 (k—j)e 1
< (247 (24)7* A TaaAT) < CeAY (24)~ R
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From inequalities (8.79), (8.80), (8.81) and (8.82), we conclude that
if §(x,y) < 4A2(24)77 then

(e ke 1 (2A4) ke 1
Ksjos )] < CRAYETI QA Sy = Clays 1 ota, ) a(@A) )

To finish the proof, we consider the case §(z,y) > C4A2(2A)~7
Notice that if 6(z,z) < C(2A)~* then 6(z,y) > CA(2A)~7 and therefore D;(z,y) = 0. Moreover,
the condition [ Dy(z, 2)du(z) = 0 enables us to rewrite the kernel in (8.72) in the form

Kijpri(z,y) = /Dk(%z)/(Kw(%u) — Ky (x,u))Dj(u, y)dp(u)du(z).

But, also, since 6(u,y) < C(2A)~7 then &(z,u) > C(24)77 > C(24)™F > 2A5(x, 2) and §(z,u) >
C(§(x,y) + (24)77). Therefore, from (6.45) and the fact that ¢(t) is quasi-increasing, we deduce
that

[ K15 (2, 9)]
(z, 2)|Dj(u,y)|

< /|Dk($vz)| S(ug)<(24)—3 5(z, u) e (8(x, ))d/i( u)dp(z)
(24) ! i(u u z
= C((QA)—j+5(x7y))1+e ¢((2A)—k)/|Dk($72)|/|Dy( »y)|dp(u)dp(z)
(24)°*

<

< -

T (2A)TT + (@, y)) e o((24)7F)
The proof of the following two lemmas are similar to those given for the integral of order ¢ and so
they will be omitted.
LEMMA 8.5. If ¢ is of lower type ig > 0 and upper type sy < €, then there is a constant C > 0 such
that

(2 A)*VC*J'\E

/|K1/¢> ki (@, ) |dp(z /\Kl/qs ki (2, ) |du(y) < OW- (8.83)

LEMMA 8.6. If ¢ is of lower type ig > 0 and upper type sy < €, then there is a constant C > 0 such
that

—lk—jle
Gmwmm(x), (8.84)

where M denotes the Hardy-Littlewood mazimal operator.

|Dgrih(z)| < C

9. PROOF OF THEOREMS 4.3, 4.4, 4.5, AND 4.6

If max(sy, s2) < € then the space M(©9) is dense in F;P,q and B;/”q and hence, in all the theorems,
it is enough to prove the boundedness of the operators on such molecules. PROOF OF THEOREM 4.3

For f € M(©) by using (8.69) we obtain

1/q

Mo lggoa =1 (Z (s o)) ) s

keZ

q\ 1/q
1 .
< || kEZZ (¢((2A>—k)¢((2A)—k)jeZZ|Dk'I¢Dj(Djf)|) ) Hp
q\ 1/4q
= (Z( P((24)~F)y((24)~ Zu‘“ﬂpf ) )
kez j<k
q\ 1/a
+ Z‘ d>7w D f Hp =[5 +S2H;n~

P((24)~

kezZ _]>k)
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First notice that as 5 is quasi-increasing and 1 is of upper-type s, for k > j it holds that

1 Pa((24) ) (k—7)s Yo ((24)~ ) (QA)(k*j)Sl
= A J)s1 _ 4 .
e~ heaH =Y e T ey (9.85)
Also, since 1) is quasi-increasing and v, is of upper-type ss then, for k < j,

LAY _ o ome (AT (24)070
D(2A)F) i ((24)F) = < oA = (9.86)

$1((24)77) $((24)77)
Therefore, applying (8.78) and then (9.85) it follows that

q\ 1/a
(k—j7)(e—sp—s1) .
Si(z) < (Z (Z (2A)¢((2A) 5 M|Djf|(a:)) )

kez \j<k

q\ 1/4q
€—Sp—51) R
= (Z (Z %MM|Dk—jﬂ(x)) ) : (9.87)

keZ \j>0
On the other hand, using (8.78), (9.86) and inequality
$(24)77) < C(A)UMieg(24)7F), for j >k, (9.88)

it follows that

q\ 1/4q
(j—k)(e—sp+ip—s2) .
Si(r) < (Z (2(2‘4) e MIDij(fc)) ) (9:89)

keZ \ j>k

From Minkowski’s inequality and the hypothesis s4 + s1 < € for (9.87), and sy — iy + 52 < € for
(9.89), it follows that

. q\ 1/q
Si(@)+ Sa(z) <C (Z (W) ) (9.90)

keZ

for every x € X. Since 1 < p,q < oo, we are able to apply the Fefferman-Stein vector valued
maximal inequality to get that

D a\ /49
15+l <cl (Z (W) ) I < Ol a0

kez

PROOF OF THEOREM 4.4
For f € M(“), by (8.69), it holds that

q\ 1/4q
Moo < (Z ( S 3 DDy, m) )

keZ ]EZ
q\ /a
1
< (1; (d)((QA)—kW( ;CHIqka“pp”(D f)p> )
a\ 1/a
1
+ (};Z (¢((2A)k>¢( ; 1,315, 1 (D f)”p) ) =51+ 5>

Nevertheless, from Lemma, 8.2, it follows that

g5l < C((24)~FVD)(24) 7 K=3l(em00), (9.91)
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In fact, for 1 < p < oo, it holds that

oty < ([ o plirianyan)

) </ </ |K¢’kj(x7y)|du(y)>p/p, (/ |K¢”“f<xvy)|h(y)l”du(y)> dﬂ(x)>l/p;

(9.92)
and, for p =1,
Hositll < [ [ 1KoniCo ) 110 dito)du(z). (9.9)
Then applying Lemma (8.2) in (9.92) and (9.93), it follows that
gkl

1/p’ 1/p
< ¢ (otay wneay ) ([ [l Pdutint)
< C((24)" ) ) Isleso) ],

for 1 < p < oo, and

g phll < Co((24)~ V) (24) 7 kltemse) / |h(y)ldp(y)
= Co((24)” VD) (24)~ IF=lems0)] .
for p = 1. Thus inequality (9.91) results. Substituting it in S; and using (9.85), it follows that

q\ 1/4q
(k—j)(e—s¢—s1) ||( f)HP
s <C (Z (Z(ZA) TN )) ) (9.94)

kez \j<k

On the other hand, using (9.91), (9.85) and (9.88) it follows that

q\ 1/q
(j—k)(e—s¢+ip—s2) ||( J )HP
S, <C (Z (Z(ZA) HEA) )) ) . (9.95)

kezZ \j>k

For 1 < ¢ < oo, Minkowski’s inequality and conditions s4 + s1 < € for (9.94) and sy — iy + 52 < €
for (9.95) lead to the bound

S1+ 85 < C”f”sgw-

PrOOF OF THEOREM 4.5
For f € M(“9), proceeding as in the above proofs and applying (8.72) it follows that

q\ 1/q
—k R
IDoflpsrea < (Z (Wsz@m) )

kezZ i<k

a\ /4
k‘
- (Z (;ZEEICZH% ki(D; f)|) ) lp = [[S1(2) + Sa(2)lp-

keZ >k

Using (8.84) and (9.85) it follows that

q\ 1/a
Si(z) < C (Z (Z(2A) (k=j)(e= Sl>m) ) (9.96)

kez \j<k
On the other side, again using (8.84) and inequalities (9.86) and
9((24)7) < CRA)TTH6((24)7), for k<,
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then
q\ 1/q

T —(j—k)(e—%—b’a)w
So(z) < C ]; g(m) N (9.97)

From Minkowski’s inequality and the hipothesis s; < € for (9.96) and s4 + s2 < € for (9.97) it follows

that
A a\ /g
M|Dy f|(z)
2\ (@A) )
From the Fefferman—Stein vector valued maximal inequality, for 1 < p,q < oo, it follows that

N q\ 1/q
1Sy + S|, < C (Z (W) > lp < Cllfll g0 ©

kez
Since the proof of Theorem 4.6 is similar to the previous ones it is ommited.
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