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Abstract. A numerical evolutionary procedure for the structural optimisation for stress 
reduction of two-dimensional structures is presented in this paper. The proposed procedure 
couples the Biological Growth Method (BGM) with the Boundary Element Method (BEM). 
The boundary-only intrinsic characteristic of BEM together with its accuracy in the boundary 
displacement and stress solutions, make boundary elements especially attractive for solving 
shape optimisation problems. Two formulations of BEM are used in this work: the standard 
for two-dimensional elastostatics for the stress analysis, and the Dual Reciprocity Method 
(DRM) which is used to model the swelling or shrinking of the material. Two examples are 
analysed to illustrate the proposed methodology and to demonstrate its versatility and 
robustness.  
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1 INTRODUCTION 
 

Locally high stresses frequently give place to the failure of structures under service 
conditions, thus reducing service life. Consequently structural shape optimisation for stress 
reduction has been so far a major issue, examined both with analytical and numerical tools, as 
reviewed by Belegundu and Chandrupatlai.  

Biological structures give excellent examples for this purpose, as they in fact optimise their 
shape changing their contour to adapt to external loads while reducing stress peaks. Mattheckii 
observed this behaviour and consequently introduced the Biological Growth Method (BGM). 
He defines optimum shape as the one that shows a state of constant stress at part of or the 
whole of the surface of the structure. The process of self-optimisation (in tree butts, branch 
joints, deer antlers) is carried out through the swelling or shrinking of the soft outermost layer 
of material, process that reduces local stress levels.  

Since the pioneer work by Mattheck and Burkhardtiii was published interest has been 
shown in BGM coupled  with the Finite Element Method (FEM) (e. g. Chen and Tsaiiv, 
Tekkaya and Güneriv, Li et alvi. and Chaperonvii). Meanwhile the Boundary Element Method 
(BEM) has become a popular alternative in structural shape optimisation (e. g. Baron and 
Yangviii, Kane and Saigalix and Mellings and Aliabadix) due to its accuracy in the boundary 
displacement and stress solutions as well as the fact that remeshing is easier for BEM than for 
FEM. Since BGM considers that the swelling or shrinking of only the soft outermost layer of 
material governs the optimisation process BEM becomes especially attractive for solving 
shape optimisation problems using Mattheck’s approach. As far as the authors know there is 
only one published paper dedicated to coupling BGM and BEM, Cai et alxi. However, in this 
work the swelling or shrinking of the material is extended to the complete geometry and not 
only to the boundary layer as originally proposed by Mattheck. 

The swelling or shrinking of the soft thin outermost layer can be described by means of a 
thermoelastic equation, mainly replacing temperature fields by stress distributions as already 
suggested by Mattheck and Moldenhauerxii. Thermal effects (as much as body forces) were an 
initial restriction in the use of BEM as they must be included in the formulation by means of a 
domain integral, thus loosing the method its original "boundary-only" character. Many 
different approaches have been developed to overcome this drawback, among which the Dual 
Reciprocity Method (DRM) has become widely used. The implementation proposed in this 
work, then, makes use of two BEM formulations: the standard for two-dimensional 
elastostatics, which is used for the stress analysis of the problem; and the Dual Reciprocity 
Method (DRM) to model swelling. 

The authors have accomplished an evolutionary numerical algorithm that couples BGM 
and BEM (both standard and DRM formulations), by means of exponential splines, which 
provide easy remeshing. This algorithm is presented in this paper together with two examples 
that confirm the robustness of the combination.  
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( )      refvmv k σσε −=

( )refvmk σσγαθ −=

2. THE BIOLOGICAL GROWTH METHOD 
 

The Biological Growth Method (BGM) was first introduced by Mattheckii. Based on his 
observations in Nature (tree butts, branch joints, deer antlers, etc.) he posits that biological 
structures always self-optimise their shapes according to natural external loads. He defines 
optimum shape as the one that shows a state of constant stress at part of or the whole of the 
surface of the component. The process of self-optimisation consists of the swelling or the 
shrinking of the soft outermost layer of material, following the law 
  

(1) 
 

where vε  is the volumetric swelling strain rate, which is stated to be proportional to a driving 
function given by the difference from von Mises stress (σvm) and a reference stress (σref), an 
expected value. This equation holds for each point in the optimisation domain. According to 
(1), if σvm-σref >0 the thin layer swells, while, if σvm-σref <0 the thin layer shrinks, in complete 
agreement with Mattheck’s observations in Nature. An elegant method to implement (1) is by 
means of a thermal expansion analogy based on the generalized Hooke’s law, where (σvm - 
σref) is replaced by the change in temperature θ, according to the following equation 
 

 (2) 
 

where α is the thermal expansion coefficient, and γ  is a units conversion factor. Although this 
is not the only possible approach, it was the strategy followed in this work. 

The method can be summarised as follows: 
1. Generate a reasonable design, including the thin layer having a small Young 

modulus in the optimisation domain; 
2. Choose an appropriate stress reference value (σref); 
3. Perform an elastic static load case to get the von Mises stress distribution (σvm) 

over the whole structure; 
4. Perform a thermal expansion analysis with a temperature field θ given by (2). 

This computation supplies the displacements u(x,y) and v(x,y) along the optimisation 
boundary. 

5. Update the optimisation boundary by 
 

  

 
 

where the C is a magnification factor put to use to accelerate convergence. 
Steps 3 to 5 are repeated until von Mises stresses are reduced to the reference value or design 
limitations  restrain further changes in the geometry.  
Notice that γ, α, k and C have similar effects on the results: they all act as magnification 
factors. Therefore only one of them is actually needed. In this work only C is considered, 
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whereas γ and k are taken as unity and α as the actual thermal expansion coefficient of the 
material. Special attention should be taken to choose suitable values of σref and C. Otherwise 
the whole process of optimisation may not convergeiii. 
  
3. THE BOUNDARY ELEMENT METHOD 
 

A brief description of the Boundary Element Method (BEM) is given here in order to point 
out the different formulations used in this work. For further details on BEM the reader should 
refer to the books by Brebbia and Dominguezxiii and Partridge et alxiv. 
 
3.1. BEM for two-dimensional elasticity 
 

The formulation of BEM for two-dimensional elasticity problems starts with the Navier 
equation 

  

 
 

 

where j,k denote Cartesian components, G is the shear modulus, ν is the Poisson ratio, bj are 
the components of body forces and uk are the displacements.  

After including boundary conditions on traction and displacement fields where they 
correspond and using mathematical standard procedures (Aliabadi and Rookexv), a boundary 
integral and domain integral equation is obtained: 

 

∫∫∫ ΩΓΓ
Ω+Γ=Γ+ ()(),'()()(),'()()(),'()'()'( *** dxbxxuxdxpxxuxdxuxxpxuxc klkklkklk

i
k

i
lk

(5) 

 
 

 

which relates displacements ui at the collocation point x’ with the displacements uk and 
tractions pk in the boundary Γ and the body forces bk.; and  ),'(* xxplk and ),'(* xxulk represent 
the traction and displacement fundamental solutions at a boundary point x due to a unit load 
placed at location x’. The term clk(x’) is generally a function of the geometry variation at the 
boundary point x’. Providing that x’ is a smooth boundary point, that is, the outward normal 
vector to the boundary is continuous at x’, then it can be shown that clk(x’)=½δlk (Aliabadi and 
Rookexv). 

To solve this equation numerically, the model contour is discretized into N elements, where 
displacements uk(x) and tractions pk(x) are expressed in terms of the nodal values i

ku  and i
kp  

by means of isoparametric interpolation functions iφ .  
Once this discretized boundary integral equation is applied to all collocation points and in 

absence of external loads, a set of equations results which can be expressed in matrix form as 
 

Hu=Gp 

 
(6) 

0
21

=+
−

+ jk,kjj,kk bu
G

Gu (4) 



����

#� �#����������
�����&��-
$�
����� ���
������� �$%&���������#�������������������������������������������������������������������������

 

where H and G are N×N matrices and u and p are vectors of length N containing the nodal 
values i

ku  and i
kp  respectively. The unknown nodal values of i

ku  and i
kp  can be recovered 

solving the system (6) after replacing the boundary conditions. 
 
3.2. The Dual Reciprocity BEM (DRM) for two-dimensional thermoelasticity. 
 

Thermal effects (as much as body forces) were an initial restriction in the use of BEM as 
they must be included in the formulation by means of a domain integral (see (5)), thus loosing 
the method its original "boundary-only" character. Many different approaches have been 
developed to overcome this problem, among which the Dual Reciprocity Method (DRM) has 
become widely used. The basic idea behind this approach is to adopt particular solutions and 
global approximation functions. 

Following Partridge and Sensalexvi the effects produced by changes in temperature θ in 
elastic bodies can be represented by initial stresses σ0, such that: 

 

jkjk χθδσ =0                                                                   (7) 

where α
ν
νχ
21

12
−
+−= G , which transforms (5) into 

∫ ∫ ∫
Γ Γ Ω

Ω′−Γ′=Γ′+′′ )(),()()()(),()()(),()()( *
,

** xdxxuxxdxpxxuxdxuxxpxuxc klkklkklk
i
k

i
lk χθ

(8) 
In DRM changes in temperature θ(x) are expressed in terms of known co-ordinate 

functions fj, which are also temperature fields: 

∑
++

=

≈
ALN

j

jjf
1

βθ  
 

(9) 
 

where j are collocation points (N on the contour and L in the domain, see Figure 1), j  is a 
set of initially unknown coefficients and A augmentation functions are used to enrich the 
approximation.  

The application of Navier equation to the generic function fj, gives the corresponding 
particular solution j

mkû . Then, integrating (8) by parts, introducing (9) and suppressing x′ and 
x for convenience, gives 
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                          (10)
 

where j
mkp̂  are the tractions corresponding to the particular solutions j

mkû . 
The procedure for numerical solution of (10) follows that described for (7). Applying (8) to 

all boundary nodes gives rise to the following system 
 

β)pGu(HpGHu ′−=′− ˆˆ  

 
(11) 

 
The choice of approximation functions in (9) is somewhat arbitrary. Generally a radial 

basis function is used, such as r, r2, r3 or r2log(r). These have shown to interpolate only in the 
neighbourhood of a particular point (local behaviour), so that global functions are also needed. 
For these last, terms in the Pascal triangle or global sine Pascal triangle are often employed, 
according to the specific type of applied external load. 
 
4. Implementation 
 

The devised optimisation algorithm follows the sequence mentioned in Section 2 for the 
BGM, now customized for BEM analysis. 

First, an approximate design is proposed for the structure to be optimised. This is 
discretised working with quadratic isoparametric elements. Besides, internal collocation 
points are evenly distributed over the complete model domain and over the thin layer along 
the optimisation boundary (see Figure 1). 

 

0 

15

0 15

INTERNAL 
POINT 

BOUNDARY 
NODE 

OPTIMIZATION 
INTERNAL 
POINT 

OPTIMISATION 
BOUNDARY 
NODE 

Figure 1. Generation of boundary and 

internal points on a given structure 
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Then, a stress analysis is performed on this original geometry using the elastic BEM 
formulation In this way Von Mises stresses on the boundary nodes and on all of the internal 
collocation points are obtained.  

These values of Von Mises stresses minus the reference stress (see (2)) are applied as a 
temperature field in DRM BEM formulation. In order to limit the swelling to the outermost 
layer of material, a temperature field different from null is specified only on the optimisation 
boundary nodes and the optimisation internal points. This computation supplies the 
displacements u(x,y) and v(x,y) along the optimisation boundary. In this work r2log(r) was 
applied and terms up to the second degree in the Pascal triangle were chosen as augmentation 
functions (TAPT3 combination, as presented by Partridge and Sensalexvi). 

The optimisation boundary geometry is updated using exponential spline curves to avoid 
local wrinkles which could act as artificial stress raisers; and to generate a good quality BEM 
discretization (boundary nodes and internal collocation points) for the new geometry. 

This whole process is repeated until acceptably low values of (σvm - σref ) are obtained. 
 
5. Examples 
 

Two problems were analysed to confirm the robustness of the proposed optimisation 
strategy. In the following sections the results for a square plate with a circular hole and a weld 
fillet are presented. 
 
5.1. Square Plate with Circular Hole 
 

The first problem introduced here is that of a square plate with a circular centred hole with 
remote loads applied in both directions σx=45 MPa and σy= 22.5 MPa (see Figure 2). Due to 

σy=22.5MPa 

σ
x =45M

Pa 

300 mm 

300
m

m

Figure 2.  Square plate with circular hole. 

80 
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symmetry conditions only one quarter of the problem is considered, as has already been shown 
in Figure 1. The hole is the optimisation domain (note the thin layer of internal points parallel 
to this surface). The same problem was solved by Tekkaya and Güneriv using BGM and FEM. 
Following their analysis the reference stress was set to σref = 40 MPa  (nominal von Mises 
stress in the plate far from the hole), and C=500. The adopted value for Young modulus was 
525MPa.  

Following Savinxvii analytical optimisation predicts that in an infinite plate the circular hole 
will become elliptical and that the optimum geometry will be attained if and only if the 
quotient of maximum over minimum ellipse axis equals σx/σy, that is, 2 in this case. At the 
same time, Muskhelishvilixvii analytically infers that the minimum von Mises stress attainable 
in an infinite plate with a circular hole and these boundary conditions is yxvm σσσ +=minimum , 

that is, 5.67minimum =vmσ MPa in this case.  
The evolution of the normalized von Mises stresses (σvm/σref) is plotted in Figure 3 as a 

function of the position (degrees) in the quarter of the hole. Also included as a reference are 
the results by Tekkaya and Güneriv for the original circular geometry. It can be observed that 
for the original geometry the peak value corresponds to the vertical edge (θ=0º), while the 
minimum coincides with the horizontal edge (θ=90º), as the applied load in the y-direction is 
half the applied load in the x-direction (σx/σy=2). After five loops the normalized von Mises 
stresses are approximately uniform in the hole. This fact shows that the optimum uniform 
stress has been reached. At the same time, the stress value is close to 70 MPa, which agrees 
with Muskhelishvili´s analysis, referenced above. 

 
 
 

Figure 3. Evolution of the normalized von Mises stresses along the 

quarter of a hole during the optimisation. 
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The evolution from circular to elliptical of the optimisation boundary can be seen in Figure 
4. In the final geometry the quotient of maximum over minimum ellipse axis equals 2.00058, 
in complete agreement with the theoretical predictions for an infinite plate, as stated above. 
Changes in shape follow variations in von Mises stresses. Both variations in stresses and 
geometry are illustrated in Figure 5. It is easy to see how the peak stress at θ=0º is lowered 

through the swelling of the area, while regions with stresses lower than the reference value 
(θ=90º) shrink in order to increase the load level.  
 

5.2. Weld Fillet 
 

The last problem presented herein consists in a weld fillet, illustrated in Figure 6. A 
uniform stress σ = 10 MPa is applied in the horizontal direction. The optimisation boundary is 
indicated with a thick line. Reference stress was chosen as σref = 10 MPa and C=400. 36 
elements and 198 internal points were used. The adopted value for Young modulus was 
525MPa. The same problem was solved by Li et alvi by means of Sensibility Analysis with 
FEM. 
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Figure 4. Evolution of hole profile as the optimisation progresses. 
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Figure 5. Distribution of von Mises stresses 

for the initial and final geometry 

Figure 6. Weld fillet. 
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Twenty-six optimisation loops were necessary in this case. Figure 7 illustrates the 
evolution of normalized von Mises stresses along the optimisation boundary, where the origin 
of the abscissas corresponds to position A, and 1 to position B in Figure 6. Note that with the 
exception of point A, the stress level on most of the optimisation boundary is bellow the 
reference value for the original configuration. As the optimisation progresses the thin layer 
shrinks, what results in a general augmentation in the stress level. Except in the region close 
to point B where stresses can only be null, the final configuration shows a normalized stress 
distribution approximately equal to the reference stress, fact that confirms that the 
optimisation procedure has been fulfilled.  

The evolution of the model shape is shown in Figure 8 for selected loops. Figure 9 
illustrates the corresponding results by Li et alvi. Note that both methods generate the same 
final geometry. Finally Figure 10 presents the initial and the final resultant geometry with the 
corresponding stress distributions.  
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Figure 7. Evolution of normalized von Mises stresses as a function 

of the normalized position in the optimisation domain.
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Figure 8. Evolution of fillet geometry as the optimisation progresses. 

Figure 9. Evolution of fillet 

geometry as the optimisation 

progresses, reported by Li et al. 
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6. Conclusions 
 

A numerical evolutionary procedure for the structural shape optimisation of two-dimensional 
problems is presented in this work. The proposed procedure is based in the Biological Growth 
Method (BGM) and was implemented using the Boundary Element Method (BEM). Two 
BEM formulations were employed in this work: the standard for two-dimensional elastostatics 
for the stress analysis, and the Dual Reciprocity Method (DRM) which was used to model the 
swelling or shrinking of the material. 

BEM has proved to be an excellent analysis technique in this kind of problems. The 
optimisation of a shape problem by BEM, as described in this work, did not require the 
discretization of the model domain, neither for the stress or the swelling/shrinking analyses. 
This feature made the remeshing an easy task. Very accurate values of both domain stresses 
and displacements could be also obtained when using BEM.  

BGM has proved to be a simple and effective method to obtain homogeneously distributed 
surface stresses. Besides, the optimisation method based on it was easy to implement. The 
versatility of the proposed methodology was illustrated by a series of examples, and results 
were compared to those reported in the bibliography. Excellent results were obtained for all 
cases showing the efficiency and effectiveness of the implementation. Coupling the BGM 
with BEM makes full use of the advantages of both methods. 

 
 

Figure 10. Distribution of von Mises stresses in the weld fillet for the 

initial and final configurations.
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