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Abstract. The Topological Derivative concept has been seen as a powerful framework
to obtain the optimal domain topology for several engineering problems. This deriva-
tive is a function de�ned in a domain, which characterize the sensitivity of the problem
when a small hole is created at each point of it. However, the greatest limitation of this
methodology is that when a hole is created it is impossible to build an homeomorphic map
between the domains in study (because they have not the same topology). Therefore, some
speci�c mathematical framework should be developed in order to obtain the derivatives.
This work proposes an alternative way to compute the Topological Derivative based on the
Shape Sensitivity Analysis concepts, which has been denoted as the Topological-Shape
Sensitivity Analysis. The main feature of this methodology is that all the mathematical
procedure already developed in the context of Shape Sensitivity Analysis may be used in the
calculus of the Topological Derivative. This idea leads to a more simple and constructive
formulation than the ones found in the literature. Further, to point out the straightforward
use of the proposed methodology, it is applied for solving some Topological Optimization
problems for several problems in steady-state heat conduction and 2D elasticity.
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1 INTRODUCTION

Many physics phenomena can be modeled by a set of partial di�erential equations with
proper boundary conditions (boundary-value problem) or by its equivalent weak form
de�ned over a certain domain. A question of great importance, that has awaken a lot of
interest in recent years, is the ability to obtain automatically, in agreement with some
measure of performance (cost function), the optimal geometry of the domain of de�nition
of the problem under analysis. Conceptually, the problem is to �nd the domain, i.e. its
shape and/or topology such that the cost functional is minimized with the constraints
imposed by the boundary-value problem. An already established method in the literature
that addresses this kind of problems is to parameterize the domain of interest followed
by an optimization with respect to these parameters. This leads to the well-known shape
optimization technique. The inconvenience of this approach is that the topology is �xed
throughout the optimization process. In order to overcome this limitation, topological
optimization techniques were developed where very little is assumed about the initial
morphology of the domain. The main advantage of this methodology is that the optimal
topology can be obtained even from an initial con�guration that is far away from the
optimal one.

Important contributions in the �eld of topology optimization have been obtained by
characterizing the topology as a material density to be determined. In these methodologies
the cavities correspond to a region of zero density while the domain is identi�ed by the
region where the density is non-zero. This approach is based in the concepts of relaxed
formulations and homogenization techniques (see, for instance, Bends�e & Kikuchi

1

),
where, in order to obtain di�erent densities throughout the domain, a class of micro cells
of laminated material is introduced and an homogenization method is used to compute the
physical properties of these microstructures. Therefore, the optimal solution may be seen
as a distribution of �ctitious materials that compose the domain. Finally, penalization
methods and �ltering techniques are needed to retrieve the feasible design. This overall
approach leads to results that may be far away from the optimal one.

The work of Souza de Cursi
2

presents a topological optimization method for structural
components in the elastic linear regime. In this work, structures with minimum mass
and stresses below the von Mises plastic failure threshold are searched. The basic idea of
this formulation consists in the characterization of the morphology of the structure using
a geometric parameter � such that, for � > 0, one achieves saturation of the von Mises
yield criteria (fully stressed design condition). On the other hand, for � = 0 one obtains a
cavity in the domain. A limitation of this methodology is that it is necessary to establish
a mathematical formulation where the thickness map � appears explicitly as a multiplying
parameter in the state equations.

Finally, in these works (and references there in) only homogeneous natural boundary
conditions on the contour of the cavities were considered. Other boundary conditions,
such as non-homogeneous Neumann boundary conditions, Dirichlet (either homogeneous
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or not) and Robin, are not trivial to be treated using these approaches, which is reected
by the absence of publications in this direction.

More recently, Schumacher
3

and Garreau et al.
4;5

presented a method to obtain the
optimal topology by calculating the so-called Topological Derivative. The Topological
Derivative is a function de�ned in the domain of interest where, at each point, it gives
the sensitivity of the cost function when a small hole is created at that point. More
speci�cally, the idea is to make a perturbation on the domain 
 by subtracting a ball
of radius �, denoted by B�, centered in a point x̂ 2 
. This originates a new domain

� = 
�B�. Therefore, if a cost function  (�) de�ned in 
 is considered, the Topological
Derivative, here denoted by D�

T , can be de�ned as

 (
�) =  (
) + f(�)D�

T +R(f(�)): (1)

In the expression above f(�) is a negative function that depends on the problem under
analysis and that monotonically decreases so that f(�)! 0 when �! 0. R(f(�)) contains
all higher order terms than f(�), that is, it satis�es

lim
�!0

R(f(�))

f(�)
= 0:

In general,  depends explicitly and implicitly on �. The implicit dependence arises
from the solution of a partial di�erential equation de�ned in 
�. If this equation is
elliptic, conditions in the whole boundary of 
� must be imposed. Therefore, when B� is
introduced, boundary conditions must also be de�ned on @B�.

Using the Dirichlet-to-Neumann map, an asymptotic analysis of the above problem
was carried out by Garreau et al.

4;5
. This methodology, called the Domain Truncation

Method, has shown that the term that dominates the development of (1) is given by D�

T .
Furthermore, it can be used for singular problems such as those with Dirichlet boundary
conditions imposed on @B�.

The Topological Derivative concept has been regarded as a powerful tool to solve
topological optimization problems where no restrictions concerning the nature of the phe-
nomena as well as the boundary conditions imposed on the holes are made. However,
according to the approach adopted in the referenced works, this quite general concept
can become restrictive, due to mathematical diÆculties involved in the calculation of the
Topological Derivative. In fact, the work of Garreau et al.

4

introduced several simpli-
�cation hypothesis. For example, the cost function was assumed to be independent of
the domain, only homogeneous Dirichlet and Neumann boundary conditions on the holes
were considered, the source terms of the boundary value problem were assumed to be
constant.

On the other hand, Shape Sensitivity Analysis, which has been shown to be a pow-
erful tool to only solve shape optimization problems, was proposed by Sokolowski and
Zochowski

6

and C�ea et al.
7

as an alternative way to evaluate the Topological Derivative.



����

#� �#����������
�����&��,$�
����� ���
������� �$%&���������#�������������������������������������������������������������������������

Nevertheless, their theory yields correct results only for some particular cases (for exam-
ple, homogeneous Neumann boundary conditions on the hole). Moreover, in these works,
the relation between both concepts was stated heuristically, remaining an open question.

More recently, in Novotny et al.
8�10

and Feij�oo et al.
11
, was formally established the

relation between the Topological Derivative and the Shape Sensitivity Analysis concepts.
This novel methodology, called by the authors Topological-Shape Sensitivity Anal-

ysis (TSSA) leads to a simple and constructive procedure to calculate the Topological
Derivative, that can be applied for a large class of linear and non-linear Engineering
problems. Both homogeneous and non-homogeneous versions of Dirichlet, Neumann and
Robin boundary conditions were considered on @B�.

With these ideas in mind, the Topological-Shape Sensitivity Analysis (TSSA) is re-
viewed and applied in several topological optimization design problems. The Section 2
briey recalls the Topological-Shape Sensitivity Analysis theory, whose fundamental re-
sult is given in the TSSA Theorem (Eq. 7). Next, in Sections 3 and 4, this result is
applied to 2D heat conduction and elasticity problem respectively, considering di�erent
boundary conditions on the hole. Finally, to point out the potentiality of the proposed
methodology, in Section 5 some numerical results in the topological optimization context
are presented.

2 THE TOPOLOGICAL-SHAPE SENSITIVITY ANALYSIS

Let 
 � R
2 be an open bounded domain, whose boundary � is smooth enough, i.e. a

unit normal vector n exist almost everywhere. Let still 
� � R
2 be a new domain, such

that 
� = 
� B�, whose boundary is denoted by �� = � [ @B�, where B� = B� [ @B� is
a ball of radius � centered on the point x̂ 2 
. Considering a cost function  (�) de�ned

in a certain domain, then the Topological Derivative is de�ned as
4

D�

T (x̂) := lim
�!0

 (
�)�  (
)

f (�)
; (2)

where f (�) is a negative function that decreases monotonically so that f (�) ! 0 with
�! 0 (0 � � < 1). It is important to mention that the derivative given by Eq. (2) cannot
be obtained in a conventional way because 
� and 
 have not the same topology, i.e. it
is impossible to build an homeomorphism between these domains.

Therefore, the idea behind the Topological-Shape Sensitivity Analysis is to start from
a problem in that the hole B� already exists, i.e. from 
�, causing a small perturbation
Æ� in the B�, in order to originate a new domain 
�+Æ� = 
 � B�+Æ�, whose boundary is
written as ��+Æ� = � [ @B�+Æ�. Thus, the Topological Derivative can be rede�ned as

DT (x̂) := lim
�!0

�
lim
Æ�!0

 (
�+Æ�)�  (
�)

f (�+ Æ�)� f (�)

�
: (3)

The advantage of this last de�nition (Eq. 3) is that the whole mathematical framework
developed for the Shape Sensitivity Analysis can be used to compute the Topological
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Derivative. Indeed, considering that the domain 
� su�ers a perturbation, which can be
represented by a smooth and invertible mapping dependent on the parameter � , in the
following manner

� (x; �) : x 7�! x� 8 x 2 
� � R
2 ; (4)

then, the perturbed domain 
� as well as its boundary �� , can be described, respectively,
as


� := fx� 2 R
2 j 9x 2 
�; x� = � (x; �) ; x� j�=0 = x; 
� j�=0 = 
�g ;

�� := fx� 2 R
2 j 9x 2 ��; x� = � (x; �) ; x� j�=0 = x; �� j�=0 = ��g :

where, for � small enough, every point x� may be written as x� = x + �V, being V the
velocity of change of form

12;13
.

Thus, the (shape) sensitivity of the cost function  (
� ) in relation to the domain
perturbation, characterized by � , is given by the following derivative

d

d�
 (
� )

����
�=0

= lim
�!0

 (
� )�  (
0)

�
: (5)

Remembering that only the ball B� su�ers a perturbation Æ�, so 
�+Æ� = 
� and
��+Æ� = �� and considering a suitable velocity �eld along the boundary �� = � [ @B�,
such that �

V = Vnn with Vn < 0 constant on @B�

V = 0 on �
; (6)

then, it is possible to establish the relation between the Topological Derivative and the
Shape Sensitivity Analysis concepts, through the following theorem
Topological-Shape Sensitivity Analysis Theorem (TSSA Theorem)

9;11
: Let

f (�) be a function chosen in order to 0 < jD�

T (x̂)j < 1, then the limit with � ! 0 that
appears in the de�nition of the Topological Derivative given by Eq. (2) can be written as

D�

T (x̂) = DT (x̂) = lim
�!0

1

f 0 (�) jVnj

d

d�
 (
� )

����
�=0

: (7)

This theorem points out that the Topological Derivative may be obtained through the
Shape Sensitivity Analysis of the cost function. Therefore, results obtained in Shape
Sensitivity Analysis, whose mathematical foundation is already well developed

14
, can be

used to calculate the Topological Derivative in a simple and constructive way given by
the expression (7).

3 TOPOLOGICAL DERIVATIVE IN THE POISSON'S PROBLEM

To illustrate the potentialities of the result of the TSSA Theorem, the Topological Deriva-
tive will be calculated, utilizing the Eq. (7), in the problem of steady-state energy transfer
in two-dimensional rigid bodies. It is important to mention that the extension to three-
dimensional domains is straightforward to consider. From the equations of the �rst law of



����

#� �#����������
�����&��,$�
����� ���
������� �$%&���������#�������������������������������������������������������������������������

thermodynamics (energy balance) in permanent regime and considering the constitutive
equation given by the Fourier's law for isotropic materials, one has a problem that may
be modeled by a second order elliptic boundary value problem, classically known as the
Poisson's equation (see, for instance, Carlson

15

or Slattery
16

). On the holes, boundary
conditions will be imposed either in the temperature (Dirichlet), in the heat ux (Neu-
mann) or even in both variables (Robin). Physically, the holes can be interpreted as
cooling channels, where the convection is totally predominant (prescribed temperature)
or where there is a prescribed heat ux (thermal isolation, for example). A more realistic
situation can be considered admitting a �nite and non-null convection in the holes. Such
a phenomenon can be modeled through the well-known Newton's law of cooling, leading
to the mixed boundary conditions (Robin) on the holes.

3.1 Formulation of the problem

Let a rigid body be represented by 
� � R
2 with a small hole B� centered in x̂ 2 
, whose

boundary �� = � [ @B� is such that � = �N [ �D [ �R, with �N , �D, �R, @B� mutually
disjoint. Considering that the body is submitted to a constant excitation b in the domain

� and Dirichlet (or essential), Neumann (or natural) and/or Robin (or mixed) boundary
conditions on �D, �N and �R, respectively, and that on the contour of the holes (on @B�),
will also be imposed either Dirichlet, Neumann or Robin boundary conditions. Thus, the
solution u� must satisfy the Poisson's equation, that is:8>>>>>>>>><

>>>>>>>>>:

Find u�; such that
�k�u�= b in 
�

u�= �u on �D

�k
@u�

@n
= �q on �N

�k
@u�

@n
= hc (u� � u1) on �R

h(�; �; ) = 0 on @B�

; (8)

where the function h(�; �; ) is such that:

h(�; �; ) = � (u� � �u�) + �

�
k
@u�

@n
+ �q�

�
+ 

�
k
@u�

@n
+ h�

c
(u� � u�

1
)

�
= 0; (9)

and �; �;  2 f0; 1g with �+�+ = 1. Therefore, the three kind of boundary conditions on
@B� considered in this work are obtained combining the parameters �, � and  adequately,
that is:

h(�; �; ) =

8>>><
>>>:

u� � �u�; if � = 1; � =  = 0; Dirichlet

k
@u�

@n
+ �q�; if � = 1; � =  = 0; Neumann

k
@u�

@n
+ h�

c
(u� � u�

1
) ; if  = 1; � = � = 0; Robin

: (10)
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The parameters k, �u, �q, u1, hc, �u
�, �q�, u�

1
and h�

c
are considered, for simplicity, con-

stants in this work, where k is the thermal conductivity; �u is the prescribed temperature
on �D; �q is the prescribed heat ux on �N ; u1 and hc are the temperature and the
heat-transfer coeÆcient of the outside medium, respectively; �u� is the prescribed tem-
perature on @B�, when � = 1; � =  = 0; �q� is the prescribed heat ux on @B�, when
� = 1; � =  = 0; u�

1
and h�

c
are the temperature and the heat-transfer coeÆcient in the

interior of the channels, respectively, when  = 1; � = � = 0.
The problem given by Eq. (8) can be written in the variational form. In other words,

this means to solve the set of Eqs. (8) in the weak sense, that is: Find u�2 U�, such that

a� (u�; w�) = l� (w�) 8 w� 2 V�; (11)

where a� (u�; w�) and l� (w�) are written, respectively, as

a� (u�; w�) =

Z

�

kru� � rw� d
� +

Z
�R

hcu�w� d� + 

Z
@B�

h�cu�w� d@B�; (12)

l� (w�) =

Z

�

bw� d
� �

Z
�N

�qw� d� +

Z
�R

hcu1w� d�

� �

Z
@B�

�q�w� d@B� + 

Z
@B�

h�cu
�

1
w� d@B� (13)

and the admissible functions set U� and the admissible variations space V� are given,
respectively, by

U� =
�
u� j u� 2 H1 (
�) : u�j�D = �u and � u�j@B� = ��u�

	
;

V� =
�
w� j w� 2 H1 (
�) : w�j�D = 0 and � w�j@B� = 0

	
;

where H1 (�) is a Hilbert space of order 1 de�ned in a given domain. It is important to
mention that, when � = 1, u�j@B� = �u� and w�j@B� = 0; and when � = 0; u�j@B� and
w�j@B� are free on @B�.

The boundary value problem written in the reference con�guration (Eq. 11), must also
be satis�ed for all perturbation � , which can be written in the perturbed con�guration

� , in the following manner: Find u� 2 U� := U� (
� ), such that

a� (u� ;w� ) = l� (w�) 8 w� 2 V� := V� (
� ) ; (14)

where a� (u� ;w� ) and l� (w�) are given, respectively, by

a� (u� ;w�) =

Z

�

kr�u� � r�w� d
� +

Z
�R

hcu�w� d� + 

Z
@B��

h�
c
u�w� d@B�� ; (15)

l� (w�) =

Z

�

bw� d
� �

Z
�N

�qw� d� +

Z
�R

hcu1w� d�

� �

Z
@B��

�q�w� d@B�� + 

Z
@B��

h�
c
u�
1
w� d@B�� ; (16)



���	

#� �#����������
�����&��,$�
����� ���
������� �$%&���������#�������������������������������������������������������������������������

and �� = � + � jVnj and r� (�) is adopted to denote r� (�) :=
@

@x�
(�). Observe that the

boundary � = �N [�D [�R is �xed, as can be seen in the de�nition of the velocities �eld
given by Eq. (6).

3.2 Calculus of the Topological Derivative

To obtain the expression of the Topological Derivative via Shape Sensitivity Analysis, it
is necessary �rstly to calculate the derivative of the cost function  (
� ) := 	� (u�) in
relation to the parameter � , at � = 0 (see Eq. 7). The sensitivity calculation of the cost
function 	� can be realized evoking the Lagrangian Method. That is, let u� and �� be
solutions of the state and adjoint equations, respectively, then:

d

d�
	� (u� ) =

@

@�
$� (u� ; ��) =

@

@�
	� (u� ) +

@

@�
a� (u� ; �� )�

@

@�
l� (�� ) : (17)

where
$� (u� ; �� ) = 	� (u� ) + a� (u� ; �� )� l� (�� ) 8�� 2 V � : (18)

The cost function 	� is, in a certain way, arbitrary. However, to arrive at its derivative
(Eq. 17) one must adopt a 	� in particular, depending on the interest and the application
that one has in mind. In the heat conduction problem here under study the total potential
energy is adopted as an example of objective function, which, in this case, is de�ned as
(it is important to stand out that the methodology here proposed is not limited to this
cost function in particular):

	� (u� ) :=
1

2

�Z

�

kr�u� � r�u� d
� +

Z
�R

hcu
2

�
d� + 

Z
@B��

h�
c
u2
�
d@B��

�

�

Z

�

bu� d
�+

Z
�N

�qu� d��

Z
�R

hcu1u� d�

+ �

Z
@B��

�q�u� d@B�� � 

Z
@B��

h�cu
�

1
u� d@B�� : (19)

Once characterized the cost function to be studied (Eq. 19), one can calculate the
derivative of the Lagrangian (Eq. 17). Thus, the adjoint equation for this particular case
is given by: Find �� 2 V� , such that

a� (�� ; _u�) = �

�
@	� (�; u�)

@u�
; _u�

�

= � (a� (u� ; _u�)� l� ( _u�)) = 0 8 _u� 2 V� ;

) �� = 0; see Eq. (14). (20)

Therefore, for u� and �� = 0 solutions of the state and adjoint equations (Eqs. 14, 20),
respectively, the derivative of the Lagrangian (Eq. 17) remains

@

@�
$� (u� ; u� ) =

1

2

@

@�
a� (u� ; u�)�

@

@�
l� (u� ) : (21)
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The derivatives in the referential con�guration 
0 = 
� can be obtained by the
Reynolds' transport theorem. Thus, the derivative of the bilinear form a� (u� ; u�) be-
comes

@a�

@�

����
�=0

=

Z

�

�
@

@�
(kr�u� � r�u� )

����
�=0

+ kru� � ru� divV

�
d
�

+ 

Z
@B�

h�
c
u2
�
div�V d@B�; (22)

where div�V = (I� n
 n) � rV.
The derivative of the gradient of a scalar �eld that appears in the Eq. (22), is given by

@

@�
(r�u�)

����
�=0

= � (rV)T ru�: (23)

Substituting this last result in the Eq. (22) one has that

@a�

@�

����
�=0

= �

Z

�

��
rV

T +rV
�
kru� � ru� � kru� � ru� divV

�
d
�

+ 

Z
@B�

h�
c
u2
�
div�V d@B�: (24)

In the same way, the derivative of the functional l� (u�) can be calculated in the fol-
lowing manner

@l�

@�

����
�=0

=

Z

�

bu� divV d
� � �

Z
@B�

�q�u� div�V d@B� + 

Z
@B�

h�
c
u�
1
u� div�V d@B�:

Thus, substituting the Eqs. (24, 3.2) in the Eq. (21) and rearranging terms, the
derivative of the Lagrangian becomes

d$�

d�

����
�=0

= �
1

2

Z

�

� � rV d
� +
1

2

Z
@B�

[h�cu� (u� � 2u�
1
) + 2��q�u�] div�V d@B�;

where, for the problem under study, � results a symmetric tensor, given by

� =2 (kru� 
ru�) + (2bu� � kru� � ru�) I:

Since div� =0; therefore, the derivative of the Lagrangian (Eq. 3.2) becomes an inte-
gral only de�ned on the boundary ��, that is,

@$�

@�

����
�=0

= �
1

2

Z
��

�n �V d�� +
1

2

Z
@B�

[h�cu� (u� � 2u�
1
) + 2��q�u�] div�V d@B�: (25)
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Boundary Conditions f (�) DT

Neumann: � = 1; � =  = 0 and �q� = 0 ���2 kru � ru� bu

Neumann: � = 1; � =  = 0 and �q� 6= 0 �2�� ��q�u

Robin:  = 1; � = � = 0 �2�� �
1

2
h�cu (u� 2u�

1
)

Dirichlet: � = 1; � =  = 0
2�

log (�)
�
1

2
k (u� �u�)2

Table 1: Topological Derivatives for the Poisson's problem in 2D domains

From the de�nition of the velocity �eld given by the Eq. (6) and remembering that
�� = �+ � jVnj and that 
� � R

2 , on has that div�V =1

�
jVnj. Substituting this last result

in Eq. (25), taking into account the de�nition of the Topological Derivative obtained
via Shape Sensitivity Analysis (Eq. 7) and considering that the hole is subject to an
expansion (sign (Vn) = �1), one �nally has that

DT (x̂) =
1

2
lim
�!0

1

f 0 (�)

Z
@B�

(
k

�
@u�

@n

�2

� k

�
@u�

@t

�2

+ 2bu�+

+
1

�
[h�

c
u� (u� � 2u�

1
) + 2��q�u�]

�
d@B�: (26)

Now, it is enough to calculate this limit with �! 0 to obtain the �nal expression of the
Topological Derivative. To do this, an asymptotic analysis shall be performed in order to
know the behavior of the solution u� when � ! 0, as well as its normal and tangential
derivatives. From this asymptotic analysis one can obtain the results shown in the Table 1
(see the works of Novotny et al.

9

and Feij�oo et al.
11

), where one has the �nal expressions
of the Topological Derivatives for the Poisson's problem, taking as a cost function the
total potential energy (Eq. 19) and where the solution de�ned in the domain 
 (without
hole) is denoted by u.

From the analysis of the Table 1 one observes that it is suÆcient to calculate the so-
lution of the original problem (without hole), that is u, to obtain the sensitivity of the
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cost function when a hole is created in an arbitrary point x̂ 2
. Thus, the Topological
Derivative can be obtained without additional cost, besides that necessary in the calcula-
tion of u and � and/or ru and r� (note that in the present case � = 0 due to the choice
of a particular cost function, as can be seen in Eq. 20).

4 THE TOPOLOGICAL DERIVATIVE IN 2D ELASTICITY

Now, the Topological Derivative for 2D Elasticity problem will be presented in this section.
First, it is introduced the mechanical model and further the calculus of its Topological
Derivative.

4.1 Mechanical Model

Let 
� be a deformable body, with boundary �� = �N [ �D [ @B�, submitted to a set of
surface forces q on the boundary �N , body forces b in the domain 
� and displacement
constraints u on the boundary �D. Then, the mechanical model can be described by the
following variational formulation in terms of the primal variable u�: Find u� 2 U�, such
that Z


�

Crsu� � r
sw� d
� =

Z

�

b �w� d
� +

Z
�N

q �w� d�� 8w� 2 V� ; (27)

where rs (�) denotes the symmetric part of the gradient and C is the forth order elasticity
tensor. Assuming that b 2 L2 (
�) and q 2 L2 (�N), the admissible functions set U� and
the admissible variations space V� are given, respectively, by

U� =
�
u� 2 H1 (
�) j u� = u on �D

	
and V� =

�
w� 2 H1 (
�) j w� = 0 on �D

	
:

It is important to mention that on @B� is imposed an homogeneous Neumann condition

(Crsu�)n = 0 on @B� : (28)

The variational problem written in the reference con�guration must also be satis�ed
for all perturbation � , that is: Find u� 2 U� := U� (
� ), such that

a� (u� ;w� ) = l� (w� ) 8w� 2 V� := V� (
� ) ; (29)

where a� (u� ;w� ) and l� (w� ) are given, respectively, by

a� (u� ;w�) =

Z

�

Crs

�
u� � r

s

�
w� d
� and l� (w� ) =

Z

�

b �w� d
� +

Z
�N

q �w� d�� :

4.2 Calculus of the Topological Derivative

In this work, considering the wide range of engineering applications, it is also adopted as
cost function the total potential energy

 (
� ) :=
1

2
a� (u� ;u� )� l� (u� ) : (30)
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The derivative of the cost function in relation to � , at � = 0, is given by
8;10

d

d�
 (
� )

����
�=0

=

Z

�

� � rV d
� ; (31)

where � is the Energy-Momentum Tensor introduced by Eshelby, when he studied defects
in the context of in�nitesimal deformations of elastic bodies

17;18
, written as

� =
1

2
(Crs

u� � r
s
u�) I� (b � u�) I�ru

T
� (Cr

s
u�) : (32)

Since div� = 0 when the equilibrium holds, then recalling the divergence theorem and
considering the velocity �eld given by Eq. (6), the derivative of the cost function becomes

d

d�
 (
� )

����
�=0

=

Z
��

�n �V d�� = Vn

Z
@B�

�n � n d@B� : (33)

Taking into account that

�n � n =
1

2
(Crs

u� � r
s
u�)� b � u� � (Crs

u)n � (ru�)n ;

and remembering that (Crs
u)n = 0 on @B� (see Eq. 28), then the Eq. (33) simpli�es

as following,

d

d�
 (
� )

����
�=0

= Vn

Z
@B�

�
1

2
Cr

s
u� � r

s
u� � b � u�

�
d@B� : (34)

Finally, substituting the Eq. (34) in the result of the TSSA Theorem (7) and consid-
ering an expansion on the hole (sign(Vn) = �1), it is obtained

DT (x̂) = lim
�!0

1

f 0(�)

Z
@B�

�
1

2
Cr

s
u� � r

s
u� � b � u�

�
d@B� ; (35)

Now, analogous to the Poisson's case, an asymptotic analysis was performed in order to
know the behavior of the solution u�, as well as the associated deformation rs

u�, when
� ! 0. Then, for an isotropic linear elastic material and null body forces (b = 0), the
Topological Derivative obtained from this asymptotic analysis is given by:

� Plane Strain

DT (x̂) = 2(1� �)T � r
s
u +

(1� �)(4� � 1)

2(1� 2�)
trT trrs

u (36)

� Plane Stress

DT (x̂) =
2

1 + �
T � r

s
u+

(3� � 1)

2(1� �2)
trT trrs

u (37)

where u(x̂) is the solution de�ned in the original domain 
 (without hole) and T = Cr
s
u

is the corresponding stress. It is interesting to remark that the same solution was obtained
by Garreau et. al.

5
using the Domain Truncation Method.
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5 APPLICATION IN THE TOPOLOGICAL OPTIMIZATION CONTEXT

In this Section, the Topological Derivative obtained through the Shape Sensitivity Analy-
sis (see the expression (7)) shall be utilized for the determination of the optimal topology
in several problems of heat conduction and 2D elasticity. In all examples, the total po-
tential energy is adopted as cost function and, as a constraint, the state equation in its
weak (variational) form. However, the topological optimization problem is, in general,
more complex. In fact, it is still necessary to consider some additional constraint in the
problem, besides the state equation, in order to avoid that any topological optimiza-
tion algorithm to be developed leads merely to the trivial solution of the problem, i.e.

meas (
) = 0. Nevertheless, in the manner as presented in this work, a simple way to
outline this problem consists in introducing a stop criteria in the algorithm, that can be,
for instance, over the �nal volume to be obtained. That is, the idea is creating the holes
while meas (
) � meas(
̂); where meas(
̂) corresponds to the �nal volume required.
Thus, considering this stop criteria, a proposal of a topological optimization algorithm
based on the Topological Derivative may be summarized on the following steps (in the

work of C�ea et al.
7
one can �nd a variation of this algorithm):

A topological optimization algorithm

Considering the following sequence f
j j meas(
j) � meas(
̂)g, where j is the j-th
iteration, then:

1. Provide the initial domain 
0 and the constraint meas(
̂).

2. While meas(
j) � meas(
̂) do:

(a) Find the solution uj associated to the domain 
j.

(b) Calculate DT (x̂)
j according to Table (1), (36) or (37).

(c) Create the holes in the points x̂ corresponding to �
j

inf � DT (x̂)
j � �jsup; where

�
j

inf and �jsup are speci�ed proportional to the volume of material to be removed
in each iteration j.

(d) De�ne the new domain 
j+1.

(e) Make j  j + 1.

3. At this stage, it is hoped to have in hand the desired �nal topology.

Although the algorithm is simple and rudimentary, even so it is possible to obtain
satisfactory results. However, other algorithms could be proposed in order to use better
the information contained in the Topological Derivative.
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5.1 Numerical results

For the problems studied in this paper, the Topological Derivative depends on u (x̂)
and/or ru (x̂), the source b and the boundary conditions on @B�. In this work, the

solution u (x̂) is calculated via the Finite Element Method
19�21

, that is, u (x̂) � uh (x̂) and

ru (x̂) � ruh (x̂), where ruh (x̂) is obtained by a post-processing
22
of the approximated

solution uh (x̂). More speci�cally, in the following examples the three node triangular �nite

element is adopted for the discretization of the variational problem
20;21

. Furthermore,
DT (x̂) is evaluated at the nodal points of the �nite elements mesh, being that the elements
that share the node which satis�es �inf � DT (x̂) � �sup are eliminated (for more technical

details see the work of Novotny
23
).

5.1.1 Example 1 - a heat exchanger

The problem being considered can be seen in Fig. 1, where one has a body denoted by

, whose thermal conductivity is such that k = 204W= (m oC) ; and a cooling surface,
�R; which is exposed to the ambient air (steady air) at a temperature u1 = 25oC,
leading to a heat-transfer coeÆcient hc = 20W= (m2 oC). When a cooling channel (hole)
is introduced, one has water at a temperature u�

1
= 30oC; that ows throughout the

interior of it, in order to induce a heat-transfer coeÆcient h�c = 200W= (m2 oC) (Neumann
or Dirichlet boundary conditions on @B� are very severe hypothesis, the reason for which
only the Robin boundary conditions shall be imposed on @B�). Finally, the heat ux
�q prescribed on �N presents a piecewise linear distribution, where the smallest value is
�q1 = 2 � 103W=m2 and the greatest value is �q2 = 2 � 104W=m2: Due to the periodical
symmetry of the problem, only a part 2L � L, where L = 4m, of the whole domain is
discretized (see mesh shown in Fig. 1), and the gray region of width a = 1m each one,
shown in the same �gure, shall not be optimized, being considered the structural part of
the problem.

�N

�

�R

q
1

q
2

. . .. . .
umax

a

a

2L

L

Figure 1: Example 1 - model and mesh with 1086 �nite elements of a heat exchanger.

By creating the holes where DT (x̂) �
1
2
h�cuh(x̂)(uh(x̂)� 2u�

1
) (see Table 1, Robin b.c.)

assumes the greatest absolute values, the maximum temperature, denoted by umax in
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Fig. 1, should be rapidly diminished up to the required value u�
max

. The idea, therefore,
is to accomplish a topological optimization of the structure for now described up to
umax � u�

max
. Considering this new stop criteria in the algorithm, with u�

max
= 200oC and

removing 1% of the material in each iteration, one observes that the temperature umax
actually diminishes during the iterative process, which can be seen in Fig. 2.

0 1 2 3 4 5

0

200

400

600

800

1000

u
max
*

= 200 ºC

u
max

u
(º

C
)

j

Figure 2: Example 1 - maximum temperature (umax) in each iteration.

Through analysis of Fig. 2, one notes that the condition umax < u�
max

is reached in
the iteration j = 5; from which umax presents an asymptotic behavior. Thus, if the re-
quired temperature were u�

max
<< 200oC (u�

max
= 100oC, for instance), the ow condition

imposed into the cooling channels (represented by the parameters h�

c
and u�

1
) would be

insuÆcient to reach it.
The temperature distribution obtained in each iteration is shown in Fig. 3, where one

observes a diminution of the temperature in the whole domain, as the cooling channels are
being automatically introduced via Topological Derivative, whose distribution calculated
in each iteration can be seen in Fig. 4.
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(a) temperature at j = 0 (b) temperature at j = 1

(c) temperature at j = 2 (d) temperature at j = 3

(e) temperature at j = 4 (f) temperature at j = 5

Figure 3: Example 1 - temperature distribution obtained during the iterative process.
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(a) Topological Derivative at j = 0 (b) Topological Derivative at j = 1

(c) Topological Derivative at j = 2 (d) Topological Derivative at j = 3

(e) Topological Derivative at j = 4 (f) Topological Derivative at j = 5

Figure 4: Example 1 - Topological Derivative obtained during the iterative process.

The �nal topology obtained in the iteration j = 5 is presented in Fig. 5, where one

notes that the distance between the channels grows as these stand back from the point of

maximum temperature, as it was expected.
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Figure 5: Example 1 - �nal topology.

This example shows, therefore, how the Topological Derivative can be utilized to op-
timize the topology of heat exchangers, in order to automatically determinate where the
cooling channels must be positioned, satisfying some design requirement.

5.1.2 Example 2 - a bicycle

This example shows how Topological Derivative can be used in order to suggest a new
design to a classical product: a bicycle. The Fig. 6a presents the lay-out of a common
bicycle superposed to the initial con�guration to be optimized. The Young's modulus
E = 210� 103 MPa, Poisson's ratio � = 1=3 and thickness � = 5 mm are assumed. The
�nal topology, considering meas(
̂) = 0:30meas(
), is shown in Fig. 6b, where 1% of
material was removed at each iteration.

150 N 150 N
1000 N

7500 N

5
0

0
0

N

1000 N

(a) model and mesh (b) optimized part

Figure 6: Example 2 - inicial and �nal topology.

In Fig. 6b is shown an overlap between the �nal result and a classical bicycle design.
One can observe that the result obtained by topological optimization remain close to the
usual design of a bicycle: this is probably due to the large empirical knowledge included
in this type of vehicle.

5.1.3 Example 3 - a cantilever beam

The design of a cantilever beam is performed. The model is shown in Fig. 7.a, where
the initial domain is represented by a square panel 
 = (0; 50) � (0; 50) mm2, whose
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thickness is � = 5 mm, clamped in the region denoted by a = 5 mm and submitted to a
concentrated load F = 5000 N , also Young's modulus E = 210� 103 MPa and Poisson's
ratio � = 1=3 are assumed. In the topological optimization process, 1% of material shall
be removed at each iteration. This problem is discretized into 3656 �nite elements, as
shown in Fig. 7.b. The �nal topology, considering meas(
̂) = 0:42meas(
), is obtained
at iteration j = 53, where one has a quite classical solution (see Fig. 7c).

�

F

a

a

(a) model (b) mesh (c) topology at j = 53

Figure 7: Example 3 - a cantilever beam design.

5.1.4 Example 4 - a Michell structure

The design of a Michell structure is performed. In Fig. 8 is shown the initial domain
given by a simply supported rectangular panel 
 = (0; 50)� (0; 100) mm2 with thickness
� = 5 mm, submitted to a concentrated load F = 5000 N . The material properties are
given by E = 210� 103 MPa and Poisson's ratio � = 1=3. Considering the symmetry of
the problem, the panel is discretized into 3656 �nite elements.

�

F

Figure 8: Example 4 - a Michell structure design.
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Taking meas(
̂) = 0:22meas(
), the �nal topology is obtained at iteration j = 67, as
can bee seen in Fig. 9, where one has a classical Michell structure.

Figure 9: Example 4 - topology at j = 67.

5.1.5 Example 5 - a short beam

Now, the design of simply supported short beam, submitted to a concentrated load F =
5000 N , is performed. The elastic material properties are given by E = 210� 103 MPa
and � = 1=3. The initial domain 
 = (0; 50)�(0; 150)mm2, with � = 5mm, is discretized,
considering the symmetry of the problem, into 5494 �nite elements (see Fig. 10).

�

F

Figure 10: Example 5 - a short beam design.

The �nal result obtained from the topological optimization procedure is depicted in Fig.
11. This result was obtained at iteration j = 69 considering meas(
̂) = 0:23meas(
).



����

��������-.�������/�0���1�� ��	��
������������2�
��������������������������������������������������������������������

Figure 11: Example 5 - topology at j = 69.

5.1.6 Example 6 - a bridge structure

In this last example, the design of a bridge is considered. The model is shown in Fig. 12,
where one has the initial domain represented by a rectangular panel 
 = (0; 60)� (0; 180)
m2, whose thickness � = 0:3m, under a uniformly distributed traÆc loading q = 250�103

N=m2 applied on the grey strip positioned at c = 30 m from the top of the design domain
(this strip of height b = 3 m will not be optimized). Finally, the material properties are
given by E = 210� 103 MPa and � = 1=3. The panel is clamped on the region a = 9 m
and simply support on the extremes of the gray strip (a similar example can be found by

Q.Q. Liang and G.P. Steven
24

).

�

a a

c

b

q

Figure 12: Example 6 - a bridge structure design.

Considering the symmetry of the problem, the initial domain is discretized into 5470
�nite elements, whose mesh is shown in Fig. 13.a. The topology optimization history can
be seen in Fig. (13b-d) at j = 23, 33 and 43, respectively.
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(a) mesh (b) topology at j = 23

(c) topology at j = 33 (d) topology at j = 43

Figure 13: Example 6 - topology optimization history.

The �nal topology, considering meas(
̂) = 0:32meas(
), is obtained at iteration j =
63, where one can observe a well-known tie-arch bridge structure, as shown in Fig. 14.

Figure 14: Example 6 - topology at j = 63.

A result obtained from a �ner mesh (the initial domain is discretized into 21984 �nite
elements) is shown in Fig. 15, where one can observe that the �nal topology is slice
di�erent from the one shown in Fig. 14.
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Figure 15: Example 6 - topology at j = 71 (�ner mesh).

It is important to mention that the above result was obtained at iteration j = 71
considering meas(
̂) = 0:25meas(
).

6 CONCLUSIONS

In this work, Shape Sensitivity Analysis was employed to calculate the Topological Deriva-
tive. The relationship between both concepts was formally demonstrated by the authors

9;11

.
The TSSA Theorem (see expression (7)) shows that the Topological Derivative is a gener-
alization of the Shape Sensitivity Analysis concept. Therefore, results obtained in Shape
Sensitivity Analysis can be used to calculate the Topological Derivative in a simple and
constructive way as shown in Section 3 and Section 4.

In order to illustrate the potentialities of the result obtained by the TSSA Theorem,
the Topological Derivative was calculated, utilizing the expression (7), for steady-state
heat conduction and 2D elasticity problems taking as cost function the total potential
energy. These are adequate examples, since has several practical applications allowing
the study of the e�ects on the theory due to di�erent boundary conditions on the hole
(Dirichlet, Neumann or Robin boundary conditions).

It is important to mention that the extension of the methodology here proposed to other
engineering problems (non-linear Solid Mechanics, Fluid Mechanics, Electromagnetism,
and so on) with general cost functions is straightforward.

The Topological-Shape Sensitivity Analysis, i.e. the Topological Derivative calculated
via Shape Sensitivity Analysis, was expressed in terms of the limit �! 0 in expression (7).
To calculate this limit, it was necessary to make an asymptotic analysis of the solution
u� and of its normal and tangential derivatives, which allowed to apply the localization
theorem to obtain the results shown in Table 1 and expressions (36)-(37). However, when
it is not possible to perform an asymptotic analysis of the solution, the limit can be
estimated numerically allowing to extend the methodology proposed in this work to more
complex problems.

Finally, in Section 5, the proposed topological optimization algorithm based on the
Topological Sensitivity Analysis concept, led to excellent results, even though it was im-
plemented in a rudimentary way. This highlights the potentialities of the Topological
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Derivative concept when applied to topology optimization. However, other strategies us-
ing the information provided by Topological-Shape Sensitivity Analysis must be explored.
Among those, an strategy that exploits the eigenvectors of the tensor � will be studied
in future works.
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