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Abstract. This paper introduces the solution of the thermal field induced in a semi-infinite body by
a moving heat source with Gaussian distribution inside a double-ellipsoidal volume. This heat source
model was introduced byGoldak et al.(1984) for the simulation of welding processes. It is the most
widely used model nowadays mainly thanks to its versatility to accommodate a wide variety of welding
techniques. Two different semi-ellipsoidal volumes are defined corresponding to the front and the rear of
the moving source. The analytical solution proposed byNguyen et al.(1999) is only correct when both
semi-ellipsoids are equal, i.e. for Goldak et al.’s (not-double-) ellipsoidal model. The correction needed
to extend Nguyen et al.’s analytical solution to the double-ellipsoidal case is presented here.

The same problem is then solved using two- and three-dimensional finite element models, in order to
evaluate these models in terms of accuracy and computational cost.
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1 INTRODUCTION

The thermal analysis of a welding process implies the solution of a heat transfer problem with
a highly concentrated, often mobile, heat source. The most widely used heat source model in
numerical analysis of welding is the moving double-ellipsoidal model proposed byGoldak et al.
(1984), which stands out for its versatility to accommodate different fusion welding techniques,
including gas metal arc welding (GMAW) (Abid and Siddique, 2005; Abid et al., 2005; Gery
et al., 2005; Nguyen et al., 1999, 2004), gas tungsten arc welding (GTAW) (Gery et al., 2005;
Bang et al., 2002; Branza et al., 2004; Deng and Murakawa, 2006b,a; Duranton et al., 2004; Lei
et al., 2006; Lundb̈ack et al., 2003; Thiessen et al., 2006; Wu and Yan, 2006; Wu et al., 2007),
shielded metal arc welding (Bang et al., 2002), submerged arc welding (Goldak et al., 1984),
laser spot welding (De et al., 2003), electron beam welding (Goldak et al., 1984; Goldschmied
et al., 1990), laser-GMA hybrid welding (Reutzel et al., 2005).

Analytical solutions, although limited to particular situations, are fundamental for the vali-
dation of sophisticated numerical models. To this end, recourse is often made to experimental
results as reference values (Goldak et al., 1984). The double-ellipsoidal heat source model has
enough adjustable parameters to calibrate the model and force numerical results fit experiments,
even when the numerical model is simplified, e.g. by using a coarse mesh or a large time step.
Therefore, in order to asses the accuracy of a finite element model in terms of mesh and time
step size, it is much better to compare to an analytical solution of a representative problem, free
of measurement errors.

In this work, we solve analytically the problem of heat conduction induced by a Goldak’s
double-ellipsoidal heat source in a semi-infinite domain, as a first approach for the simulation
of welding on thick plates. With the analytical solution at hand, the accuracy of 3D and 2D
finite element models is finally evaluated.

2 MOVING DOUBLE-ELLIPSOIDAL HEAT SOURCE PROBLEM

Let us consider a fixed Cartesian reference framex, y, z. A heat source located atz = 0 at
time t = 0 moves with constant velocityv along thez-axis. Goldak et al.(1984) defined for
welding applications the heat emitted at a point(x, y, z) at instantt by means of the double-
ellipsoidal law:
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(1)

whereQ is the energy input rate,a, b andcr (resp. cf ) are the radii of the rear (resp. front)
ellipsoid, andfr (resp.ff ) is the portion of the heat deposited in the rear (resp. front) ellipsoid,
with fr + ff = 2 (see Figure1).

Let us note that
∫ ∞

−∞

∫ ∞

−∞

∫ ∞

−∞
q(x, y, z, t) dx dy dz = 2Q (2)
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Figure 1:Double-ellipsoidal heat source model (Goldak et al., 1984).

For arc welding, the energy input rateQ can be expressed as

Q = ηV I (3)

whereη is the arc efficiency,V the voltage andI the current intensity.
Calibration of the Goldak et al’s double-ellipsoidal heat source model implies to adjust the

six parametersη, a, b cf , cr andff in order to make analytical or numerical results fit experimen-
tal data. Some authors (Nguyen et al., 1999; Lundb̈ack et al., 2003; Nguyen et al., 2004) reduce
the number of adjustable parameters by imposing the additional constraintff/cf = fr/cr in
order to force the continuity of the functionq across the planez = vt at any instantt: this
yields

ff = αcf/(cr + cf ) (4)

with α = 2. This condition is usually ignored in the literature on welding modelling:α was
found to lie between1.8 (Goldak et al., 1984) and3 (Goldak et al., 1984; Gery et al., 2005;
Reutzel et al., 2005; Song et al., 2003), the latter matching with the choice ofcr = 4cf and
ff = 0.6, as suggested byGoldak et al.(1984) as default in absence of better data. Let us note
that the temperature field induced by the double-ellipsoidal heat sourceq is always continuous,
independently of the value ofα.

3 INDUCED TEMPERATURE FIELD

Heat conduction in an homogeneous solid is governed by the linear partial differential equa-
tion

ρc
∂T

∂t
− k∇2T = q (5)
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whereT = T (x, y, z, t) is the temperature at point(x, y, z) at timet, q the heat source,ρ the
density,c the heat capacity, andk the thermal conductivity.

The fundamental solution of equation (5) is the Green function (Carslaw and Jaeger, 1959)

G(x− x′, y − y′, z − z′, t− t′) =

1

ρc [4κπ(t− t′)]3/2
exp

[
−(x− x′)2 + (y − y′)2 + (z − z′)2

4κ(t− t′)

]
(6)

whereκ = k/(ρc) is the thermal diffusivity.
Equation (6) gives the temperature increment at point(x, y, z) and instantt due to an in-

stantaneous unit heat source applied at point(x′, y′, z′) at instantt′, assuming the body to be
infinite with an initial homogeneous temperature. Then, due to the linearity of equation (5),
the temperature variation induced at point(x, y, z) at timet by an instantaneous heat source of
magnitudeq(x′, y′, z′, t′) applied at(x′, y′, z′) at timet′ is

q(x′, y′, z′, t′)G(x− x′, y − y′, z − z′, t− t′) (7)

Assuming that heat has been continuously generated at the point(x′, y′, z′) from t′ = 0, the
temperature increment at point(x, y, z) at timet is

∫ t

0

q(x′, y′, z′, t′)G(x− x′, y − y′, z − z′, t− t′) dt′ (8)

If we assume that the heat has been continuously generated fromt′ = 0 throughout an infinite
medium, the temperature increment at any point(x, y, z) and at any instantt takes the form

∆T (x, y, z, t) =
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(9)

Then, the temperature induced by the double-ellipsoidal heat source defined by equation (1)
is
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Finally, by assuming that the body was initially at the homogeneous temperatureT0, the
temperature field is defined by

T (x, y, z, t) = T0+

3
√

3

π
√
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Q

∫ t
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]
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with
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The time integral in equation (15) does not have a closed analytical expression, and recourse
must be made to numerical integration. To this end, we use recursive adaptive Simpson quadra-
ture, approximating the integral to within an absolute error tolerance of10−6.

Remark I: In the solution proposed byNguyen et al.(1999) for the same problem, the terms
involving Bi are lacking, making their solution valid only whencr = cf andfr = ff = 1.

Remark II: By considering the symmetry of the solution (15) with respect to the planey = 0,
this solution can also be interpreted as the increment of temperature induced byq in the semi-
infinite bodyy ≥ 0, assuming that the surfacey = 0 is adiabatic. This may be considered as a
first approach to the problem of welding on a thick plate.

4 APPLICATION

Let us consider the problem of heat conduction in the semi-infinite domainy ≥ 0, with the
material and process data listed in Table4. It is assumed that welding starts at pointO(0, 0, 0)
at t = 0 and the welding torch moves with constant velocityv = 5 mm/s along thez-axis.

Three different cases are studied, corresponding to different choices of the parameters defin-
ing the size and the portion of heat absorbed by the front and rear semi-ellipsoids. In all cases,
the fractions of the total heat corresponding to the front and the rear semi-ellipsoids are defined
as

ff = 2
cf

cf + cr

= 2− fr (18)

which forces the heat power density functionq given by equation (1) to be continuous at the
planez = vt at any instantt.

In Figure2, we observe the temperature evolution at a point located along the welding axis at
a distance of 5 cm from the welding start (the welding torch is directly over this point att = 10
sec). Figure3 shows the temperature along the welding axis 10 sec after the start of welding,
i.e., when the welding torch is located5 cm-far from the starting point.

As mentioned above, the error-function terms in equation (15) are missing in the solution
proposed byNguyen et al.(1999), explaining why their results are identical for cases 2 and 3,
wherecf andcr, and alsoff andfr in virtue of equation (18), are interchanged. Nguyen et
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al’s solution is correct only for the casecf = cr andff = fr, when the error-function terms in
equation (15) cancel themselves.

As it can be observed in Figures2 and3, the solutions proposed here reproduce the expected
effect of the double-ellipsoidal heat source, with the front and rear semi-ellipsoids of different
dimensions receiving different fractions of the total heat input. As shown on Figure2, with the
current solution, the increase of temperature induced by the source at a given point along the
welding path is observed earlier for case 3 than for cases 1 and 2, coinciding with the fact that
the front semi-ellipsoid in the welding direction for case 3 is longer than that of cases 1 and 2.

ρ 7820 kg/m3

c 600J/(kgoC)
k 29W/(moC)
T0 20 oC
v 5 mm/s
Q 5083 W
a 10 mm
b 2 mm
Case 1 2 3
cf 15 mm 6 mm 24 mm
cr 15 mm 24 mm 6 mm
ff 1 0.4 1.6

Table 1:Moving double-ellipsoidal heat source in a semi-infinite body: material and process data.
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Figure 2:Analytical solutions for the temperature variation with time at the point(0, 0, 5 cm).
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Figure 3:Analytical solutions for the temperature profile along the welding path 10 sec after the start of welding.

4.1 Validation of finite element models

With an analytical solution at hand, the accuracy of two different finite element (FEM) ap-
proximations of the solution of the heat conduction induced by a moving double-ellipsoidal heat
source will be evaluated. In both cases, the fully implicit Euler-backward technique is used for
time discretization. Both finite element models are implemented in the code OOFELIE (Open
Engineering, 2008).

The semi-infinite medium is approximated by the thick plate0 ≤ x ≤ 10 cm (symmetry
with respect to planex = 0 is invoked),0 ≤ y ≤ 10 cm,−5 cm≤ z ≤ 15 cm, as shown in
Figure4. Welding begins at pointO(0, 0, 0) at timet = 0, and follows the pathOF .

An unstructured mesh of 65557 linear tetrahedral elements (13547 nodes) is used to dis-
cretize the domain (see Figure4 on the right). The mesh is gradually refined towards the weld-
ing axis, where the average element size ish = 0.84 mm. The time step is set to 0.05 sec,
constant along the analysis.

The analytical solution also serves to assert the validity of certain simplifications that are
widely accepted in numerical modelling, particularly the dimensional reduction to two dimen-
sions, which is the most common way to reduce the computing time (Goldak et al., 1986;
Goldak and Akhlaghi, 2005). The 2D models usually represent either a thin plate by a plane
shell or a plane section normal to the welding direction. The latter model is well-suited for the
thick plates addressed in this work. The accuracy of this model increases as the Peclet number
increases (Mendez, 1995). Peclet number is proportional to welding velocity and the character-
istic dimension in the welding direction, sayL, and inversely proportional to the diffusivity of
the material, i.e.

Pe =
vL

κ
. (19)

By adoptingL = 10 cm, we obtainPe = 80.9, validating the use of the 2D cross-sectional
model. The cross section located atz ≡ z2D = 5 cm is chosen for the analysis. An unstructured
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Figure 4: Finite element analysis of the temperature induced by a moving double-ellipsoidal heat source in a
semi-infinite body: geometry and mesh of linear tetrahedra.

mesh of 486 linear triangular finite elements (280 nodes) is used. The mesh size is equivalent
to that of the 3D mesh (in fact, the 2D mesh is the facez = −5 cm of the current 3D mesh).
The time step is again adopted equal to 0.05 sec.

Now, taking into account that the temperature distribution is stationary with respect to a
coordinate system attached to the torch moving with constant speedv along thez-axis, the 3D
temperature field becomes completely determined from the 2D temperature field by using the
relationship

T (x, y, z, t) = T (x, y, z2D, t + (z2D − z)/v) (20)

Let us compare numerical and analytical results. As shown in Figures5 and6, the 3D FEM
model fits the analytical curves with high accuracy, either for the evolution of temperature at
the pointP or the temperature profile alongOF at t = 10 sec. On the other hand, the 2D
FEM model gives satisfactory results for the evolution of the temperature atP (which is located
at the considered cross section) for the whole time interval of interest, while the temperature
predicted alongOF at t = 10 sec agrees with the analytical solution except at the proximity
of the starting point of welding. This coincides with Goldak et al’s observations (Goldak et al.,
1986; Goldak and Akhlaghi, 2005) on the inability of the 2D-cross sectional model to account
for run-on effects.

Last but not least, there is an impressive difference regarding the CPU consumption: 5288.53
sec for the 3D FEM against 13.70 sec for the 2D FEM in a PC with Intel Core 2 Duo 6300.
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Figure 5:Analytical vs. FEM solutions for the temperature variation with time at the point(0, 0, 5 cm).
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Figure 6:Analytical vs. FEM solutions for the temperature profile along the welding path 10 sec after the start of
welding.

5 CONCLUSIONS

This work proposed an analytical solution for the unsteady heat conduction induced by a
double-ellipsoidal moving heat source on a semi-infinite medium. This problem is of industrial
interest since it is is representative of a wide variety of welding processes on thick plates.

The availability of an analytical solution enables the evaluation of a numerical solution free
of experimental uncertainties. By using a quite fine spatial and time discretization, we obtained
accurate results with linear tetrahedral finite elements for the whole 3D domain, while results
using linear triangular finite elements for a cross section were satisfactory except for the run-on
of the process. On the other hand, the computational consumption with the 2D model was two
orders of magnitude lower than that required for the 3D model. This made the 2D model the
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most convenient tool for the analysis of welding in regions far enough from the starting point.
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