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Abstract. In this work, steady creeping three dimensional flow of a viscous and incompressible fluid
around closed rigid bodies is numerically solved using a Galerkin scheme applied to the Power-Miranda
boundary integral equation. The related double surface integrals that account the pairwise interaction
among all boundary elements are quadruple and they are computed on flat simplex triangles using the
scheme proposed by Taylor (D. J. Taylor, IEEE Trans. on Antennas and Propagation, 51(7):1630–1637
(2003)). Numerical examples include the creeping steady flow around the unit sphere and the unit cube,
covering issues on the convergence under mesh refinement of the numerical solution, stability under
small mesh perturbations and indifference of the drag force to the direction of the incoming velocity
relative to a center line of the body.
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1 INTRODUCTION

Integral boundary equations are usually solved with the Boundary Element Method (BEM)
(Parı́s and Cañas, 1997; Hartmann, 1989). Typically, collocation techniques are employed,
for instance, for modelling Stokes flow (Power and Wrobel, 1995; Kim and Karrila, 1989) as in
Fachinotti et al. (2007) where fast integration was performed using the collocation method while
self-integrals, that contain singular kernels, were analytically computed over linear triangles.
Another alternatives are also possible like the “Galerkin Boundary Element Method” (GBEM).
When this procedure is carried with boundary elements (or panels) in R3 leads to compute
double surface integrals, i. e. quadruple integrals, that account the pairwise interaction among
all elements (or panels) of the BEM mesh, task that is carried out through a double nested
element loop p, q = 1, 2, ..., E, where E is the number of elements in the BEM mesh. In the
case of weak singular kernels, analytical expressions for double surface integrals are known for
some cases, for instance, the so called “potential integrals” for linear layers on flat triangles of
the Green functions for Laplace and Helmholtz equations (Eibert and Hansen, 1995; Sievers
et al., 2005), in other cases a numerical quadrature is usually performed. When the generic
pair p, q of interacting panels, with p 6= q, do not share an edge nor a vertex, its kernels are
regular and a Gauss-Legendre quadrature formula is usually sufficient, otherwise there are weak
singularities due to a common edge or a common vertex (Burghignoli et al., 2004). When p = q,
both panels are coincident and, then, the whole integration domain has a weak singularity.
For hand double surface integrals with flat triangular elements, Taylor (2003a) and (Taylor,
2003b) proposed a systematic way for its semi-numerical computation based on a convenient
reordering of the four iterate integrations that translates the weak singularity at the origin of
the R4 integration space and, then, a systematic use of the Duffy’s transformations, i.e. using
polar coordinates with the singularity at the origin, in order to regularize their integrand. In a
previous work a slightly modified implementation of the Taylor scheme was presented (D’Elı́a
and Battaglia, 2006), where a full numerical quadrature was employed in the four integration
coordinates in order to handle generic Green functions with a weak singularity. In this work,
the steady creeping three dimensional flow of a viscous and incompressible fluid around closed
rigid bodies is numerically solved using a standard Galerkin scheme applied to the Power-
Miranda boundary integral equation (Power and Miranda, 1987). The modified Taylor scheme
is employed here as a “black box” for computing the double surface integrations among all
triangular flat panels of the BEM mesh. Numerical examples include the creeping steady flow
around the unit sphere and the unit cube, covering issues such as convergence of the numerical
solution under mesh refinement and its stability under mesh perturbations. Gauss-Legendre
quadrature formulas, with 2 ≤ n1d ≤ 6 points in each integration coordinate, and flat simplex
triangles are used in all cases. Another validation for the cube case is also included by a finite
element computation using the PETSc-FEM (2007) code. This procedure can be also of interest
in so called Variational Boundary Element Method (VBEM) as used, for instance, in fluid-
structure-interaction (Paquay, 2002) or acoustics (Schuhmacher, 2000).

2 GOVERNING EQUATIONS

For the creeping flow around a closed, rigid and piecewise smooth body surface S, the Power
and Miranda (1987) alternative that allows the determination of a net force and torque on a
closed body surface S by solving the modified boundary integral equation∫

S

dSy{K[ψ(x)−ψ(y)] + Pψ(y)} = −u(x) for x ∈ S; (1)
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where ψ is the surface density and u(x) is the unperturbed incoming flow velocity. The surface
element is denoted as dSy = dS(y), while the integration and field points are y = (y1, y2, y3)
and x = (x1, x2, x3), respectively. The kernels K = K(x,y) and P = P(x,y) are related to
double-layer surface and point sources, respectively, as follows, see Fig. 1 (left).

The double-layer surface kernel K is due to the surface density ψ of stresslets over the body
surface (Ladyzhenskaya, 1969; Pozrikidis, 1996, 1997), and it is given by

Kij = − 3

4πµ

r0
i r0

j r0
k n0

k

r2
; (2)

with r0 = r/r ; r = x− y ; r = ‖x− y‖2 ; (3)

where µ is the dynamic fluid viscosity, while n0
k = n0

k(y) is the unit surface normal. For smooth
surfaces, this kernel has the key property∫

S

dSyKij(x,y) =
1

2µ
δij ; for x ∈ S; (4)

where δij is the Kronecker delta. On the other hand, the point kernel P is due to a combined
pair of Stokeslet and a rotlet point singularities, and it gives rise to a force and a torque when
the combined kernel is integrated over a closed surface that encloses it. Their approach is an
extension to the steady Stokes equation of the Mikhlin results on the exterior Dirichlet problem
for the Laplace equation (Mikhlin, 1965, 1970). A key idea of the Power-Miranda scheme is
to choose that the strength of the point (combined) kernel depends linearly upon the surface
density ψ(y), i.e.,

P(x,y) = C(x,y)ψ(y) ; (5)

where the coupled matrix C = C(x,y), after some algebra, can be written as

C =
1

8πµR3

∫
S

dSy(S + R) ; (6)

with its Stokeslet part

S =

(x1x1 + R2) x1x2 x1x3

x2x3 (x2x2 + R2) x2x3

x3x1 x3x2 (x3x3 + R2)

 ; (7)

and its rotlet one

R =

(y2x2 + y3x3) −y1x2 −y1x3

−y2x1 (y3x3 + y1x1) −y2x3

−y3x1 −y3x2 (y1x1 + y2x2)

 ; (8)

where R = ‖x‖2 when, for simplicity, the point singularity is placed at the origin, with the
origin inside the closed body. It should be noticed that the coupled matrix C given by Eqs.
(5-8), in these conditions, is always regular. Reordering terms in Eq. (1),∫

S

dSy{(P−K)ψ(y) + Kψ(x)} = −u(x) for x ∈ S; (9)
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Figure 1: Left: a closed, rigid and piecewise smooth body surface S with a surface density of Stresslets, and a
point singularity (Stokeslet and rotlet) inside S. Right: the x,y points related to the p, q panels, respectively, for
the double nested loop p, q = 1, 2, ..., E.

that is ∫
S

dSy{Aψ(y) + Kψ(x)} = −u(x) for x ∈ S; (10)

where A = A(x,y) is the difference between both kernels A = P − K. Then, the Power-
Miranda alternative can be written as I(x) = −u(x) for x ∈ S, with the integral operator

I(x) ≡
∫

S

dSy{Aψ(y) + Kψ(x)} . (11)

3 NUMERICAL FORMULATIONS

Two numerical formulations are considered in this work. First, a collocation technique (Becker,
1992) is employed and, next, a Galerkin one. The collocation algebra is later employed for
checking the corresponding Galerkin procedure. Numerical results were found through both
methods but, due to space reasons, only those obtained with the GBEM alternative are reported.
These techniques use a double nested loop over the panels p, q = 1, 2, ..., E, where the x and y
points are related to the p, q panels, respectively, see Fig. 1 (right). The assembling process is
performed in each case by nodes or by elements through a simple and rather “obvious” example
in R2, as shown in Fig. 2, with E = 3 boundary elements and N = 4 nodes. Element and nodal
values are denoted with supra and sub index, respectively. Finally. integration overt triangles is
summarized.

3.1 Collocation through an element assembling

Assuming a constant density layer ψ(y) on the surface of each panel, it can be extracted out
of the surface integrals in Eq. (10). In the “obvious” example p, q = 1, 2, 3, the collocation
technique results in the following system of equations

[A11ψ1 + K11ψ1] + [A12ψ2 + K12ψ1] + [A13ψ3 + K13ψ1] = −u1 ; (12)

[A21ψ1 + K21ψ2] + [A22ψ2 + K22ψ2] + [A23ψ3 + K23ψ2] = −u2 ; (13)

[A31ψ1 + K31ψ3] + [A32ψ2 + K32ψ3] + [A33ψ3 + K33ψ3] = −u3 ; (14)
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Figure 2: Scketch of an “obvious” GBEM mesh in R2 with E = 3 boundary elements and N = 4 nodes.

for the surface density ψ = (ψ1,ψ2,ψ3), where Apq = A(xp,yq), up = u(xp) and ψp =
ψ(xp) are evaluated at the panel centroids xp. Re-orderingÃ11 A12 A13

A21 Ã22 A23

A31 A32 Ã33

ψ1

ψ2

ψ3

 =

−u1

−u2

−u3

 ; (15)

where

Ã11 = A11 + (K11 + K12 + K13) ; (16)

Ã22 = A22 + (K21 + K22 + K23) ; (17)

Ã33 = A33 + (K31 + K32 + K33) ; (18)

and a numerical solution of Eq. (15) gives the surface density ψ = (ψ1,ψ2,ψ3).

3.2 Galerkin approximation through a nodal assembling

In this section, Eq. (10) is solved by a Galerkin technique in the context of a standard Finite
Element Method (FEM). As already stated in the introduction, in the present work it will be
only assumed the case of a linear density layer ψ(y) on the surface of each panel which is a
simplex element. As first step, the nodal shape functions are decomposed as the sum of its
elemental contributions, see Fig. 2,

N1(x) = N1
1(x) ; (19)

N2(x) = N1
2(x) + N2

2(x) ; (20)
N3(x) = N2

3(x) + N3
3(x) ; (21)

N4(x) = N3
4(x) ; (22)
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and the same for the incoming velocity field

u1(x) = u1
1(x) ; (23)

u2(x) = u1
2(x) + u2

2(x) ; (24)
u3(x) = u2

3(x) + u3
3(x) ; (25)

u4(x) = u3
4(x) ; (26)

where, as usual,

u1(x) = N1(x)U1 ; (27)
u2(x) = N2(x)U2 ; (28)
u3(x) = N3(x)U3 ; (29)

with the row vectors
N1(x) =

[
N1

1 (x) N1
2 (x)

]
; (30)

N2(x) =
[
N2

2 (x) N2
3 (x)

]
; (31)

N3(x) =
[
N3

3 (x) N3
4 (x)

]
; (32)

and the column ones

U1 =

[
U1

U2

]
; U2 =

[
U2

U3

]
; U3 =

[
U3

U4

]
. (33)

The Galerkin technique in the present context chooses the nodal shape functions Ni(x) to en-
force the orthogonality conditions∫

S

dSxNi(x)I(x) +

∫
S

dSxNi(x)u(x) = 0 ; (34)

for i = 1, 2, ..., N , where Ni = NT
i (transposed). In the example, using firstly a FEM nodal

assembling, Eq. (34) is split as∫
S

dSxN1(x)I(x) = −
∫

S

dSxN1(x)u(x) ; (35)∫
S

dSxN2(x)I(x) = −
∫

S

dSxN2(x)u(x) ; (36)∫
S

dSxN3(x)I(x) = −
∫

S

dSxN3(x)u(x) ; (37)∫
S

dSxN4(x)I(x) = −
∫

S

dSxN4(x)u(x) ; (38)

and replacing Eq. (19-22) into Eq. (34), the last one can be written as the sum of the elemental
contributions ∫

S

dSxN
1

1(x)I(x) = b1 ; (39)∫
S

dSxN
1

2(x)I(x) +

∫
S

dSxN
2

2(x)I(x) = b2 ; (40)∫
S

dSxN
2

3(x)I(x) +

∫
S

dSxN
3

3(x)I(x) = b3 ; (41)∫
S

dSxN
3

4(x)I(x) = b4 ; (42)
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where the source term b = (b1,b2,b3,b4) is also computed by adding the elemental contribu-
tions

b1 = −
∫

S

dSxN
1

1(x)u1(x) ; (43)

b2 = −
∫

S

dSxN
1

2(x)u1(x)−
∫

S

dSxN
2

2(x)u2(x) ; (44)

b3 = −
∫

S

dSxN
2

3(x)u2(x)−
∫

S

dSxN
3

3(x)u3(x) ; (45)

b4 = −
∫

S

dSxN
3

4(x)u3(x) . (46)

3.3 Galerkin approximation through an element assembling

Due to the fully coupled nature of the term I(x) in Eq. (11), from now on it will be more
convenient to shift to an element assembling. Then, Eq. (34) is rewritten as the sum of the
contributions of the three boundary elements∫

S1

dSxN
1
(x)I(x) +

∫
S2

dSxN
2
(x)I(x) +

∫
S3

dSxN
3
(x)I(x) = (47)

−
∫

S1

dSxN
1
(x)u1(x)−

∫
S2

dSxN
2
(x)u2(x)−

∫
S3

dSxN
3
(x)u3(x) . (48)

The I(x) integral is also decomposed as the sum of the contributions of the three elements

I(x) = I1(x) + I2(x) + I3(x) ; (49)

where

I1(x) =

∫
S1

dSy{Aψ1(y) + K[ψ1(x) +ψ2(x) +ψ3(x)]} ; (50)

I2(x) =

∫
S2

dSy{Aψ2(y) + K[ψ1(x) +ψ2(x) +ψ3(x)]} ; (51)

I3(x) =

∫
S3

dSy{Aψ3(y) + K[ψ1(x) +ψ2(x) +ψ3(x)]} . (52)

Taking into account the compact nature of the shape functions Np(x), “hat” functions in the
present case, after some algebra, results the system equation

HΨ = b ; (53)

with the sub-blocks

H =

H11 H12 H13

H21 H22 H23

H31 H32 H33

 ; Ψ =

ψ1

ψ2

ψ3

 ; b =

b1

b2

b3

 . (54)

Introducing the short notation

Ipq{...} =

∫
Sp

dSx

∫
Sq

dSy N
p
(x) {...}Nq(y) ; (55)
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incoming flow unperturbed velocity force F torque T
uniform (U, 0, 0) 6πµUR e0

1 0
shear U(x2,−x1, 0) 0 8πµUR2 e0

3

paraboloidal U(x2
1 + x2

2, 0, 0) 4πµUR e0
1 0

Table 1: Steady creeping flow around a sphere. Analytical expressions for the viscous force and torque.

for the double surface integrals, with p, q = 1, 2, ..., E, the entries of the system matrix H are
for its first row

H11 = I11{A}+ I11{K}+ I12{K}+ I13{K} ; (56)
H12 = I12{A} ; (57)
H13 = I13{A} ; (58)

for its second row

H21 = I21{A} ; (59)
H22 = I22{A}+ I21{K}+ I22{K}+ I23{K} ; (60)
H23 = I23{A} ; (61)

and for its third row

H31 = I31{A} ; (62)
H32 = I32{A} ; (63)
H33 = I33{A}+ I31{K}+ I32{K}+ I33{K} . (64)

A first check between the entries of the system matrix obtained by the collocation procedure
and the Galerkin one, Eq. (15-18) and Eq. (56-64), respectively, reveals that they have the same
algebraic form. On the other hand, the element source vectors are computed as the matrix-vector
products

b1 = M1U1 ; b2 = M2U2 ; b3 = M3U3 ; (65)

between the “mass” like matrix, given by the single surface integrals

M1 = −
∫

S1

dSxN
1
(x)N1(x) ; (66)

M2 = −
∫

S2

dSxN
2
(x)N2(x) ; (67)

M3 = −
∫

S3

dSxN
3
(x)N3(x) ; (68)

and the unperturbed velocities U1, U2 and U3. This “obvious” example in R2 is sufficient to
shows the main features of the assembling process using the Galerkin alternative, which are
commons with the practical R3 case.

3.4 Double surface integrals over flat triangles

The double surface integral

Z =

∫
Sp

dSx

∫
Sq

dSy F(x,y) ; (69)
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Figure 3: Unitary master triangles on the p and q panels.

is performed over the p and q panels, so it is a quadruple integral. Many times, its integrand
contains the kernel F = QG, where Q = Q(x,y) is some multiplicative regular function and
G = G(r) is a Green function with r = ‖x − y‖2 such that it has a weak singularity O(1/r).
Then, Eq. (69) is transformed by using two simplex coordinate sets, i.e. (ξ1, ξ2) over the p panel
and (η1, η2) over the q one,

(ξ1, ξ2) : 0 ≤ ξ1 ≤ 1 ; 0 ≤ ξ2 ≤ ξ1 ; (70)
(η1, η2) : 0 ≤ η1 ≤ 1 ; 0 ≤ η2 ≤ η1 ; (71)

see Fig. 3. The generic points on each of these triangles are transformed to the p and q panels
using

x(ξ1, ξ2) = Np(ξ1, ξ2)V
p ; (72)

y(η1, η2) = Nq(η1, η2)V
q ; (73)

with the element shape functions

Np(ξ1, ξ2) =
[
(1− ξ1) (ξ1 − ξ2) ξ2

]
; (74)

Nq(η1, η2) =
[
(1− η1) (η1 − η2) η2

]
; (75)

and the element nodal coordinates in triangle vertex

Vp =

Vi

Vj

Vk

 ; Vq =

Vr

Vs

Vt

 . (76)

Then, Eq. (69) is written as

Z =

∫
Sp

dSx

∫
Sq

dSy F(x,y) = JpJq F̃ ; (77)

where Jp,q = 2Ap,q are the Jacobians of each panel, and Ap,q are its areas, respectively, and

F̃ =

∫ 1

0

dξ1

∫ ξ1

0

dξ2

∫ 1

0

dη1

∫ η1

0

dη2 F(ξ,η) . (78)

Further details about this “dirty job” can be found in Taylor (2003a) or D’Elı́a and Battaglia
(2006).
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Figure 4: Creeping steady flow around the unit sphere at Re = 0.01: convergence of the drag coefficients K =
F/(µUL) and K̃ = T/(µUL2) with respect to mesh refinement for three incoming flow profiles.

Figure 5: Convergence under mesh refinement. Isosurfaces of the tx traction coefficient with smoothed BEM
meshes for 192, 432, 768, 1200, 1728 and 2352 panels, from up to bottom and from left to right, respectively.

4 NUMERICAL EXAMPLES

Numerical simulations are performed with the proposed scheme for the steady creeping flow
of a viscous and incompressible fluid around single bodies. Two cases are considered, a unit
sphere and a unit cube whose centers are placed at the origin in R3. The numerical examples
cover issues of convergence of the numerical solution under mesh refinement, its stability under
small mesh perturbations and indifference of the drag force to the direction of the incoming
velocity relative to a center line of the body. Gauss-Legendre quadrature formula is employed
in the Taylor “black box” integrator, with n1d = 2, 3, 4, 5, 6 Gauss Legendre quadrature points
in each coordinate, and flat simplex triangles are employed in all cases.

4.1 Steady creeping flow

As it is known, steady creeping flow is restricted to fluid flow problems when the Reynolds
numbers Re = UL/ν are lower than one, where U and L are typical speed and length scales,
while ν and µ = ρν are the fluid kinematic and dynamic viscosities, respectively, and ρ is the
fluid density. In this case, the body force F = (Fx, Fy, Fz) and body torque T = (Tx, Ty, Tz)

J. D'ELIA, L. BATTAGLIA, M.A. STORTI, A. CARDONA2406
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Figure 6: Isosurfaces of the tx traction coefficient on the sphere surface with perturbed BEM meshes and a GBEM
computation for 768, 1200 and 1728 panels, and 5 Gauss-Legendre quadrature points, from left to right, respec-
tively.

incoming flow u = (U,0,0)

3 πK     =min
#Gauss 
Legendre

K K      =  3    3max  π
20

16
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4
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-40 -20 0 20 40

12.56
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φ=+45 [degree]θ

K =12.533aK

Figure 7: Creeping steady flow around the unit cube at Re = 0.01. Convergence of the drag coefficient K with
respects to the number of Gauss Legendre points (left). Indifference test of the drag coefficient K with respects to
the direction of the incoming velocity U = (u1, u2, u3), using n1d = 6 Gauss-Legendre points (right).

are given by the surface integrals

F =

∫
Sy

dSyψ ; (79)

T =

∫
Sy

dSy(r×ψ) . (80)

The drag coefficients are computed as K = Fx/(µUL) and K̃ = Tx/(µUL2), where L =
2R, the sphere diameter, or L = A, the cube edge length, respectively, while the traction is
adimensionalized with t = ψ/(µUL).

4.2 Sphere
The sphere case is chosen since there are analytical solutions for the force and torque for several
inflow conditions. In particular, three inflow conditions are considered: uniform, shear and
paraboloidal. The expressions for the unperturbed velocity, force and torque for each case are
summarized in Table 1. The following values are adopted in the numerical simulations: fluid
density ρ = 1 kg/m3, kinematic viscosity ν = 2 m2/s, incoming speed U = 0.01 m/s and
sphere radius R = 1 m. Then, the typical length is L = 2R = 2 m. The plots in Fig. 4 show
the convergence of the drag coefficients K and K̃ with respect to mesh refinement for incoming
flow profiles: uniform (left), shear (center) and paraboloidal (right).
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The analytical traction field on the surface sphere under uniform flow is the constant value
σ = (3/2)µU/R e0

1, given the related traction coefficient K = 3/4, where e0
1 is the unit

Cartesian vector in the x1 direction. Figure 5 shows the isosurfaces of the tx traction coefficient
on the sphere surface and smooth BEM meshes for 192, 432, 768, 1200, 1728 and 2352 panels,
respectively. Figure 6 is the same as previous one but with perturbed BEM meshes, of 768,
1200 and 1728 panels, respectively, in order to check the stability of the numerical solution.
The mesh perturbations are performed through small random increments for the nodal positions
but without leaving the sphere surface.

4.3 Cube flow case with GBEM

The cube case is selected as a very crude simplification of MEMS geometries although there
is not analytical solution in this case, but bounds and semi numerical or experimental values
are taken as a reference. For instance, an open interval bound is known for the drag force
and it is given by Fmin < F < Fmax, with Fmin = 3πµUA and Fmax =

√
3Fmin, where

A is the cube edge length, or expressed as a drag coefficient interval, Kmin < K < Kmax,
with Kmin = 3π and Kmax = 3

√
3π. In the numerical simulations, the following values are

adopted: fluid density ρ = 1 kg/m3, kinematic viscosity ν = 1 m2/s, incoming speed U =
0.01 m/s and edge length A = 1 m. Thus, the typical length is L = A = 1 m. Figure 7
(left) shows the convergence of the drag coefficient K with respect to the number of Gauss-
Legendre quadrature points n1d in each integration coordinate. It should be noted that as the
GBEM implies double surface integration, there are a total number of n4

1d quadrature points.
On the other hand, in steady creeping flow, indifference of the drag force with respect to the
direction of the incoming velocity related to some body axis should be verified. Figure 7 (right)
shows the drag coefficient K, obtained using n1d = 6 Gauss-Legendre points, as a function
of the incoming velocity U = (u1, u2, u3), when u1 = cos(θ) cos(φ), u2 = cos(θ) sin(φ) and
u3 = sin(θ), for −π/4 ≤ φ, θ ≤ π/4, with angular steps ∆φ = ∆θ = π/4, in the spherical
coordinates 0 ≤ φ < 2π and π/2 ≤ θ ≤ π/2. From these results we can take an average value
of Ka = 12.53.

4.4 Cube flow case with FEM

FEM computations have been performed with the open source PETSc-FEM code. This code
solves the Navier-Stokes equations with the SUPG+PSPG algorithm (Tezduyar et al., 1992;
Sonzogni et al., 2000), i.e. using equal-order interpolations with the PSPG stabilization term in
order to bypass the Brezzi-Babuska condition. The FEM computation does include the inertial
terms, so that in order to compare with the GBEM results a low Reynolds number must be
chosen. The Reynolds number was set to 0.001 by choosing the particular combination of
parameters ν = 0.1, U∞ = 10−4 and L = 1. The flow is aligned with the x axis, and by
symmetry only one fourth of the domain (y, z ≥ 0) was considered. The mesh was constructed
by extrusion of a surface mesh having 50x50 quadrangles on each side of the cube, i.e. the mesh
had 50x50x6/4= 3750 quadrangles on 1/4th of the cube. The mesh spacing was non-uniform,
with a logarithmic refinement towards the edges of the cube, where the results show that large
friction values are found. This refinement was such that the linear size h of the quadrangles
near the center of the face was in a ratio 5:1 to the size near the edges. This surface mesh was
extruded in the radial direction into 50 layers of hexahedral elements in the radial direction from
the cube surface, up to an external cube of length Lext = 50. The width of layers in the radial
direction were also refined towards the internal cube surface in such a way that the width of the
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external layer was in a ratio of 40:1 to the layer adjacent to the cube skin. Boundary conditions
were u = (U∞, 0, 0) at inlet (x = −Lext/2), p = 0 at outlet (x = Lext/2), slip boundary
condition at the lateral walls y, z = ±Lext/2, and non-slip boundary condition u = 0 at the
cube.

With this setup the computed value for the drag was K = Fx/(µU∞L) = 13.76. The
numerical experiment was performed with other values of Lext and mesh refinement in order to
assess the sensibility of this result with respect to those parameters. This series of experiments
have shown that this result is particularly sensitive to the size of the computational domain Lext.
This is so because the slip boundary conditions are equivalent to a lattice of mirrors of the cube
with a spacing of ∆y = ∆z = Lext. Then, each cube sees an effective external field given by
U∞ plus the velocity induced by the other cubes in the array. This field decays very slowly (as
O(1/Lext)) for Lext →∞, so that very large domains must be used in order to reduce the error.
For instance, the error for Lext = 10 is estimated in 15%. Computations for a sphere, for which
the drag can be computed analytically show a similar behavior.

The result obtained with GBEM is 10% lower than the FEM value. This difference deserves
some comments. Both results fall within the interval (Kmin, Kmax) predicted by analytic com-
putations mentioned in section §4.3. In the GBEM computation the result is highly sensitive
to the number of integration points, whereas for FEM the most influential parameter was the
size of the computational domain. In both cases, some residual error may be due to insufficient
mesh refinement. This is specially true in this case, because the strong variation of friction near
the edges degrades convergence with respect to mesh refinement.

5 CONCLUSIONS

From the numerical simulations, when the number of panels is small, at least three and four
Gauss-Legendre quadrature points in each integration coordinate were found to be necessary for
a good approximation of the double surface integrals. This, in turn, implies a total of 34 = 81
and 44 = 256 integration points, respectively, for each pair of interacting panels. On the other
hand, two points were nearly sufficient for meshes more refined, e.g. numerical simulations
were also performed with 3072, 4800, 6912 and 9408 panels and two points. The system matrix
obtained with a Galerkin technique remains full populated, as the most standard BEM schemes,
but it is symmetric and positive defined.
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