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DYNAMICAL PROBLEMS FOR ELASTIC-PLASTIC BODIES
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Es posible probar que el problema ciinamico de un material elastoplastico con endurecimiento lineal
(en particular elastoplasticidad perfecta) es lfmite del modelo que responde a la ley viscoplastica
de perzyna. Se demuestra ademas en este trabajo resultados de regularidad adicionales para la
velocidad que surge de la hip6tesis de endurecimiento positivo.

It is possible to prove that the dynamical problem of an elastic plastic materials with linear
hardening (in particular the perfect case) is limit of the clasic viscoplastic Perzyna model. We also
demonstrate in this paper the additional regularity result for the •.•.elocity that gives the assumption
of positive hardening.

1 - DYNAMIC EVOLUTION OF ELASTIC PLASTIC MATERIALS
WITH LINEAR HARDENING

The body occupies a bounded region fl in R 3 , with a smooth (C1) boundary.
• v is the velocity field, v(z,t) E RS, u is the stress tensor u(z,t) E R~ and J are the body forces
/(z,t) E R3 with z E fl, t E [O,Tj, T> O.
• Let w E D'(fl)3. we define e(w) the strain tensor associated with w

E = (~,O)0 E Rm ,

where q(z,t) E Rm ,(z,t) E fl x [O,Tj is the hardening parameter.
• Denote by K the generalized closed convex set of plasticity, which belongs to R~ x R m and delimits
the set of physically admissible general stress states in the elastic plastic case.
• We will study the case where the free energy is a quadratic and strictly convex function (see for instance
[11] and [6]). Therefore the constitutive la.w cm be written a.s

E(v) E (M,Hq) + DIK(I:)

*This paper is part of work done under the direction of Pierre Suquet director of Research at the "Labo-
ratoire de Mecanique et D'Acoustique" (CNRS), Marseille, France.



where A is the elastic compliance tensor, and HE Rnxn is symmetric, constant and positive definite.
• Denote by LP(O)= (V(O»: X(v(o»m, 1 ~ P ~ 00.

• We recall the definition of the space of velocity fields with a bounded deformation on an open set 0 of
R3 (see for instance [9], [10], [12])

BD(O) = {u E L1(0)3 with £i;(U) E M1(0) 1 ~ i, i ~3}

where Ml(O) is the space of bounded measures on O.
BD(O) is a Banach space with the norm

• Let adopt the notation X' = PK(X), X E R: x Rm, where PK is the projection on K for the usual
scalar product of a: x am.

In perfect plasticity (see [1],[5], [6], [8],[9]), in order to obtain an existence result we shall consider
first a viscoplastic case. For plasticity with linear hardening, we will consider first the elastic viscoplastic
Perzyna's law:

{
E(O) = 0'0 Z E 0

v(O) = Vo Z E 0

{
O'.n = Fd
v =lId

ifz E 8FO t E [O,T]
ifz E 8,,0 t E [O,T]

are prescribed, 80 = 8,,0 U 8FO
Using the semi-group theory(see [2], [3], [4]) we can obtain the existence and uniqueness ofthe visco

plastic solution:

{
(EI"vl') E W1,OO(O,T;L2(0) x L2(0)3) ,
div O'l'(t) E L2(0)3 t E [O,T], 1I1'(t) E Hl(0)3 •

Making priori estimates (see [8]) and passing to the limit as J& tends to 0, we obtain the existence
and uniqueness of (E, v) :

{
E E W1,OO(O,T,L2{0», div 0' E LOO(O,T,L2(0)S)
V E W1,OO(O,T;L2(0)3) n LOO(O,T;BD(0)3) ,

that satisfies the weak formulation of the elastic plastic law:

L (AU(t),Hq(t»(E(t) - T(t»dz+ In(v(t) - v*(t» div (O'(t) - Tl(t»dz ~

~LE(v*(t»(E(t) - T(t»dz,



where r(z,t) = (rl(z,t),T2(Z,t» E R: x Rm, r(z,t) E K a.e. , rl E LOO(0,T;L2(U)~), div rl(t) E
L2(U)3 t E [O,T], T2 E LOO(0,TjL2(u)m) rl.n = Fd in OFU x [O,T] ,
together with the motion equation,

{
E(O) = Eo
v(O) = Vo

It is necessary to impose, (see [1], [8],[9]) regularity assumptions for the boundary and initial condi-
tions, in order to obtain the results we have enunciated.

2 - DYNAMIC EVOLUTION OF ELASTIC PLASTIC MATERIALS
WITH POSITIVE LINEAR HARDENING

In this section we shall assume that

K = Hr,71) E R~ x Rm / F(T,71)$ O}
where
71= (;:),'11 E R~, '12 E Rio,Rm = R~ x Rio

F(r,('11,712»= «r- '11)D(r- '11)D)t - Y(712),
where (T - '11)Dis the deviator tensor of (r - '11) ,
Y is a concave function, Y E C1(RIo)

and there is a positive constant d such that

d<IOYI<~ inR".-o712-Q

Remark that K is a natural generalization of the Von Mises' Convex.

Definition of positive hardening (see for instance [11])

There is a positive constant a> 0, such that if (r,71)E oK then

of -1of
a;;(r,71)H a;;(r,71)
of -1of
oT(r,71)A OT(T,71)

Notice that H-1 and A-I are constant and positive definite, therefore if the positive hardening assump-
tion holds,

IOF 12a;;(T,71)

loF 12or (r,71)



Orp,.(x) = .!:.(X - PKX) = A,.(X) °OF(x') .
11 X

PROOP; The result holds because of the smoothness of F , and the convexity of K . Notice that A,.(X) = °
if X E K and A,.(X) > ° if X f. K.

Consider E,.,lI,. solution of (1)-(4) and E,lI solut~on:of (5)-(8) ,therefore

E~~E in LOO(O,T;LZ(O»

E,. ...•E in LOO(O,T;Lz(O))

thus the result holds, because the projection on K is a non-expansive function in LOO(O,T;LZ(O)).

Lemma 3

OF OF IOF IZ

Ox (X) Ox (X') ~ Ox (X') X ER~ X R
m

•

PROOP:
IT X E K, X' = X. IT X f. K, from the convexity of F we obtain

(OF (X) - OF (X'») (X - X') > °Ox Ox - ,

and X - X' = A:~ (X') with A> 0 ,
therefore

(OF (X) _ OF (X'») OF (X') ~ 0 •
Ox Ox Ox

Consider (E,.,,,,.) the solution of (1)-(4). From (12) it yields

{

AU,. = E(",.) - A,.(O',.,q,.) ~~ (O'~,q~)

HiJ,. = -A,.(O',., q,.)~~ (u',.,q~)



where (u'",q~) = PK(U",q,,).

Define

{
51 = ((z,t) E n X [O,TI/1:,,(z,t) E K}

52 = ((z,t) E n X [O,TI/1:,,(z,t) f/. K}

so that n X (O,T) = 51 U 52'
H (z,t) E 51, from (15) we obtain

H" = : (u",q")Ao-,, + ~: (u",q")Hq,, ,

where H" is bounded in LOO(0,T;L2(n».
From (15) together with (18) we deduce

8F 8F ,
H" = 8T (u",q,,)(e(v,,) - A"(U,,,q,,) 8T (cr,.,q,,»-

8F( )8F(,,)
- A"(U,,,q,,) 8f/ u",q" 8f/ u",q" '

8F (8F 8F)
where 8X = 8T' 8f/ .

Define

Using (14), the Cauchy-Schwartz's inequality, and properties of the deviator tensor (see [7]), that implies1~~(1:~)1= 1~~(1:,,)1= 1 we get

I
8F (1:' )1

2

8T "c(1:,,) ~ 1 - 2 '

laF (1:' )1
8x "

and from (10), there is a constant 0<6 < 1, such that



I
of (E' )1
aT "

IR"I ~ IH"lloF of I I ~ IH"I·
ax (E,,) ox (E,,)

le(v,,(z,t))IR: ~ klu,,(z,t)!R: '

If (z,t) E S2, from (24) and (25) we deduce

le(v,,(z,t))!R: ~ 1~5 (klu"IR: + jH,,(z,t)IR:) .

Ile(v,,(t))llL'(O): ~ 1~ 5 (kllu,,(t)IIL2(o): + IIH,,(t)IIL2(o):) .

From (26) and (18):
e(v,,) is bounded in LOO(O,Tj L2(0):) .

Using the Korn's inequality (see for instance [5]), we finally get

{
v" -+ v

e(v,,) -+ e(v)

where (E,v) is the solution of (5)-(8).
From (31) it follows as an importanr result that v satifies the boundary condition:

in LOO(O,T;H1(0)3) weak *
in LOO(O,Tj L2(0)) weak *

so that (E, v) satisfies not only the weak constitutive law (5) for elastoplasticity with hardening, it also
satisfies the strong one:
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