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Three variabJe..Gep alCorithma b time iMqratiac the eqvaliou <tl motioa ia _al aDd ••••••••••••• &Dal,Iio
_ compen:d. TIle &Da1yoed Upiu... ue: the n.om.. aDd Gladwell Kheme [1,21. wbich we JDOdiIielIia
referenee (3] for applic:atiaa '" oyst.e_ oi 4ilreNDl.ia1/aIcebnic ~ual.iona (YSA23); the Bilb..-. Bqhs ••••
T.ylor scheme (HRT) [(,5] witIa a ~ eoawI -""C..'": •••.•the DASSL <:ode. cIev••••• by L. P<UoW
(6) and d~ th....,p the NETLIB CIlIIIpU •••• libraay _...n.. A abort u.-yabout the ••••• ~
techniques ••••• Dr the YSA23 aDd HHT a1&orith_ is pleMBled. Some " ••..-K:al _ esamp\es _ show••
reprues>tinC the kiDcIoi pro!>m. the •••• is (aced '" ia pracUcal applicatioll&.

Ea ..- uabajo eam~ _ a!plrit..- de palO ...n.IlW pan Ja ~ tempaoaI "" 1u ecaaa...
de """,-ialiaLO ea aaalisis eo&ntctural y cIe~ L. a1g...ur- •• aliud ••• _: eI •••••• "" 1'bama
y Gladwell [1.2), eI cuaI IDCIdiIicamo&ell 1&••••• cia (3) ••••• eI ~ "" "" -....cioDa difer-
eIlcialel/alCebnicao (VSA23); eI esquema de BiIber, Bqhs y T.)·_ (BBT) j4.5} aI euI iacDrpor __
atra&egia de ..-.01 del tuMio de palO; y eI ...., DASSL • .-......n •• par L. PetaaW IGI y dilobi•••••••
uave. de la recI de cotIIPUladora par bobibtiateca I'ETIJB. Pr- o-ripcKia IeiIrica _
de I•• &ecnicaa de.timaci<iD del •••••.•••••••••• par _ alp>ri_ vs.ua ~.RHT. P«liki...., _ ••_ ••••
ejemp\oo que ~taD eI L.ipode ~ •• -u-ta e1 apIic ••••• pridiaoa.

iJl this paper. _ <Omp&ft claw YViabIe-slep a\pi&IuDa few time iateeraciac the eqvaLioM <tl __ ill _tal
_d mechanism dyaamic&. TIle abjeelive ;. '" ~ •. hido a1goriLIuD par_ the beUer llehaftJr ill • wide
spearum of ~.

Variable-aop -.aeps are opecialIy weJllOIiIed '" cIeaI with pr<>Wa. c:harae by !UP _liMarit~· aDd impact&.
Boc.h •••••••••• a are 'ypic:a1 oI •••••ea-ism d~•••amics oimuJa&Oaa. CoBstanI ••.•• _g;' do not P"" • sa&ioCodoIf
___ for l.h.e kiad of prohlema •••• "" it is ~. dilku.lt '" tile -. to lilOCl•• ~ &imM&eptIaat does _
IeacI toe-...cell •••••••• ~ • ....uy ~LioM.

n... ...par;.on '" be ••••de iI bMed •• ,_ aumeric:aI esampIea. TIle •••••••••• we wry •••••.••• at tile _.-e
rer'- clearly the diSc: ••llft OM it (aced 10 •••••• ""'viae .-1 ,...a.Jea. ioo__ •••••••••• " ••• ~

t Becario cIe1e-.ejo """'-01 •. I.-'.ci_ Cintifoc:. ~ T"",Ilieao" \a a•••••1oIica"-'iaa IOOl\."1CET).

: P_. U8i-..icl ••• ~aciaaol cIe11.0_01.1'101 \a e..- •.1._ ••••• del COI"ICET



The Iinl cue LOIoesoh·ed is a 1•••••~r«I--Of-freedom IiDear .~__ m.••. i1h '0«7 diKiDct eipod'reqveoacios. Jt JepleRDlI
1he kiDd of problems wc havc whcn treatillg a multiple o.v-or·freedom oUUCWft .'illa a ••.ide eicensp«trum. Thc
_d tell ia a double pendulum. ••.ith 1"OI1aeuic DOD-liDouity and conarainla ill tloe fonnuIatiaD cl tW eq••atiaDa cl.....••.•..n.e.,- to time iDLf:&raI.cin Lbis cae ia a ~ of dilrera1ial-alpWaic equatioa&, 1ypiul cllDOChanWn
-.IeIL

T10e time4loep ....,-ioc Rntec1 reJM. •• tit- upedE the •••• _imMor. the acaIioc cl tile •••• _ aacI the
al&oriUuD for lIIGdif)-iac tIae time-atep baed •• tW akaalioM cl &IoeacaIed error.

TIIia MCtloa ..-del tIae lab_iq_ lIMId in &Ioe'1llamu ud Glad-JI (VSA23) aacI Bilher. Buel- •••d Taylor
(BaT) scIoemea. We do _ p__ t •••y theory -'-t PeuoIcI'a DASSL cocIe. aiAc:eit •• retriewed ffOlDtIae COIIlpOIIer
librwy act_It HETLlB and.-d •••• iI' (__ bow_. that the LecluUq_ usee! for the __ tstimatioD ill &his

c:ocIe an '0«7 oimilar ill Dal_ to u-. cl &IoeVSA23 a>de. ud caD Ioer-ad •••••••iIere {6D.

1D an •••• the error eotimaaor _ .- io •• CI&imatloa cl tIae local UWIcatloa..... Theil, tile timMIl.ep it modilied
-.liDC to tIae variatiOllll clllais IDCUUlC.

The VSA23 c:ocIeio a IDllCIified.••••• cl tIae n.-- ••••G1achooI1-*IIocI [l,2}. n.eproceclwe it brieay •••••• 'becI
here; a thoIoqIa cIooolcrip&ioDis ci- ill tefeoeDCCS{3.1].

1D VSA23. tIae local __ ••••• io __ by -.-n- clthe NAIIU cl tile iIIwcr- to tbooe P- by
a higher ...w a1piu.a. (c.C. a •• order accurllC)' ~ io used •• iJdecral« .biIe a aecODd order accuraq'
a1Coritlam •• the ref_). Let..: •.• be the pmitiGa -... p_ by the intqrator aDd let ..: .•• he the pmitioD
vec:tor pIelIic&ed ..me tIoe"'-'-o a1","w... boUl eoalua&ed at tJae eqailibrium time ••.•••• t.t {!oj}. Th •••• _ CUI

-u-ae the local •••••••.•• ill &Ioeron-u.c form (_ fipJe (1)):

'-,"'••• '-I
FiJ.,.. 1 : E.--- ••• <11•••• ia Ill. "SA~ co*

AlthouP &Ioe••.••• imatioa io achJaIl~' computed at aD in....-diate time t •.••• _ •• it diNctly •• aD ostimatioa
of tJae _ at &IoeCIlCIcl the time Itep t.+I. i.c.

This _ is alterwuds scaled (asitoc a cbaraclm.tK IoD;tb cl •••• problem beiac sohoodl aacI ...t to ddenDiae
tIor ~ of tIae 'utqrator.

The aelectloa or the aaep-ai~ in t_ code is .-ac&ic:aIIf ia tM oriei_. farm ~ by ~ ud GIMweD. "';tb
_ 01••• lDOCii&cati0t06introduced b~' doe au&.loaft•• [3.7). n.- •••••CCYis b.-l ••••• illlaini",. at .--y time



Wbell the error estimation •• tim••• the ••••• .....,ribecI &oIeruac:eTOL, the .sep •• is accepted aDd the IleX1-....-'-+. ;. predided '" '-+. - r '-

r = {O.S V:OL
; with r Lt. 1.0 ~ r ~ 2.o}

e.+l

"'bere the factor 0.8 is uoed to U5UI'e that the error computed ••••11&the _ time step eo&imatiaoawiJI \'Uify .-

specified tolerance.

Ou tbe other baud, if tbe error •••timatioD is pater thu TOL. the.sep •• is rejecSed aud a _ Uy ;. made wiIIc a

li_ step p""" '"
"- _ r "-

r = {o.s V:OL
; with r •. t. 0.5 $ r $O.ll}

C.+l

Tbis algoritbm is eurreDtJr implemented iD UECA!"O [il] ••• a _ ••••• iDlqraI«. We adopted a ample
strategy, bued on estimatill& tbe local enor by ditreeD •• bet-.. tlle precIia.ed biet- order 4eri.-.ti_, &ad traM-
for.-d it into a T&riable-owp ODe flIJ. The •••••Iti!l& scbeme p•.••••rv••• the __ orde KClInC)' '" tbe BUT for
appropriate ,1lI••es '" tbe aJsorithm para.me1era.

Let q", q" . q., be the cOIIIpOIledpoeitioa. ,..,Ioci. ies &ad accel..-aLioDs at lime i". Then. it •••••be cuily ••••• Dtbat
tbe paaitiOIlS predicted by the HBT algorithm at f.+. call be espres&ed iD the !ora:

< _ Cl•• ,-q,.
co. _ "-

and ••.bere "- = i,,+. - i" is the aureat s&q-sizc aod II is SA alpitbm par..-ter iaftllCllCillCita &CC1IIII£)' aod
diaajpatM>a.

CompariDg (6) with the Ta)'Ioo:'s series ~ -ad c.. ...., CaD ~ tile local ••••• IooItiac at tile last
"complete" term :

" «r'(t.) 1-')ea.. =
3!

q(')(i,,) is tbe tbird order deriwati"" of q(t) at i" with •••••ed to tilDe, .1Iida caa be eotimaMd fJua the ~
bet weeD accelentioll ¥eCton:

(
dCi) q., •• -Ci.,
- 11I----
<It. ".

Thea. tile estimatioa or t'" local tnacatioa _ io:

.; (' - )_. = I" 'Ioo+.-q"

Tbe foI_ing Slratqy has bcea foIlo-ec1. ia artier 10~ oa_ vaI_ to _ • a baois for -..par;-. We
distia&w.bed bet_ '..-0 kiDda 01 dcgnleo 01 r.....oc- ia a D>eeIoaoioon.-del: the vaI_ 01 ~t"'" ud '" ••••••••.
FoIlcM-iagShampiac and GenIc- (10J. _ •••• ~ •••• a refeesK •.•.• 1••••••••• b «cree 01 ~ by ..willi lip t_
terms: a reiati, .• sad aD al>eolute part:



~; = {~i~L
10

L4 is t.be diacoalll cia ""'" .......mille tIoe atiN fiaiw ••••••• t model •• d N E L tIoe .amIler cI __ la.

i••, = '"Q (..!!-) ~ TOL
•• 1."" ••.• , i

Thia caacfiliDD is •••••• em..n.. cI acceptaDce •• Ntjedioa cI a compu&ecl I&ep.

~ lime I&ep is adj..-..cl ~ 10 maiDtaia t.be __ eolimatiClll below tIoe toIcraa •••. n...natiaa is made ""
foIlc.i"l a atraleQ iD'-<IecI 10 keep t.be time lI&epUDdoanced d"riDClooc pewiocla, .....-w.c a aati-ty time atep
cbucmc mo<Ie cI ope •••.•••••tIaa& would dewriooate t.be al&arithm perfonnaDaL

By faD-inc ideu pn!RIl&ecl iD refereDce (10), _ tzieoI \0 Iooep tIoe •••••. ""'- ell"'" to TOL/2 at "1 time iDRut
•••d diaiDeuiahed betw_ four diJraeat caaditioM 10 IIded the time *p:

i. If the comp,,"'" enor is pea&er thu t.be SoIe._, _ n;jeo:t the previous lI&ep..,d.-pat.e it lIIinc••u.e.-
eqoal \0 half the previous vaJ-.

ii. If the error ;. ••• thaa tIoe toMnAce, •••• pealer thu half its valae, _ acupl the ClDIIIputedLime ••• but
tlecre_ the _ tu- iAcremalt tr1i"l1o maIoe ••• _ •••• a1 to half tIoe ~ (_ &pre 2).

iii. If the error is ••• thu half tIoe ~ but ere- thu OM eighth TOLI2, _ accept the ccmputed time step
and keep the value of iDCl'eDleDtat its ClIfrellt ,-.1"". This aiterioa is hued OD c:oIIlIideriu&that, if _ double the
time iDcremetlt, the err« _re would he pea ••• tItaD the desired limit (ODehalf of the toIeraD•••).

i••. 1£the error is ••• thaD ODe sixt.ealth of tIoe~ _ accept the computed step ad double the ti •••• iDere"""'t.

Fipre :' displays the c1illaeat actioDs 10 follow d"riDe tIoe time lI&ep tleIection proc-.



A wry irnpclrtut plGPerty •• a time i8~ a/plridmo for .cruetura! dyHmia ••• dsa& it •••• lle capUk"
pcrCornWlC the UIaIysia witllaool iDtloduciDc too mud> .,..,.,... d_patioa (i.e. laiP1y.cited ••••••• sIlou1d Dallle

MiDped ••••t).

•• a •••• -seIed.ed step4iae .....,. \lie _Iai.-.If ~ the ~ta to lle •••••••• ia \lIe.....- (•••••••
••• be damped _) by ..&ectiq &IIappropriMe time ••••• AI. It. _IJ-k_ rille •• to •••• AI= r./IIl, w'-e r•••
lhe smallest ~ri04 of tlle .-IpoDeIIta lie w_ to ~ time intepaloe .

•• a vs ••able-.tep ItrateeY, tbe __ cIoea _ •••••tN1 \lie U- step II dilec:tly. The ••••••••• au.-itally -.ij_ •
bu.d OIl error mooaitonnc cooaide<atioaa. The step ••• .&odioa .traleQ sbouJd lie ach dsa& w••••• for i••••••.••••
frequeDCy modes are stroDpy acited. \lie alcooi&I- Uo&qral.them accara&eIy (i.e. !oJ'--' tile AI= TIl/II
rille)

L.~~.. ...~!.~---;-

~

1Dorder &0 test lhe pedonn •••••• of lhe VSA23, DASSL aDd !lHT a1corithms, _ llallllalyv a 2-DOF ~ •••••••
(fiCIll'e 3). The Iystem parametea will be "...Oed to lest two ~:

I. a lin& ••••t ill •.bid> tile e-v of tbe Ioicb fNq_ mocIe is equal "" tbe -eY of tile law ~ _;
il. a -.I test ill wlUch\lie -0- 01 tile hiP fNq_y ••••••it amodl 10-. •••••• t1la of doe law '-I-cy __

TIIae •.•••• clearIJ paiDt aut _ qu.liliea ud ~ el the aIpritluM•••••deatiDc willa _a! e,-ia
problems, •••d are fuUY deacriberl ill lKtioo 3.1

•••_08d e:ltam~ _ •••••.•• that of a cIou~peJMlul •••••aya&<-Ih TI..- la, •••••••the perf~ of the ~
s·beI. cIeaI"" WIth a oIifleoent•••..~ 5>_ wiIIo _~ <Iq:.- of fteedom •••• -.l -.aia&s •• doe •••..
mulaUOll n,.. IIl1tlai ••• fi,;uralIOll •• at .- aM a ~ "af\'~ hOOllOtltai ~ ••.•• at ••••. ~ _ deaaiIMoI •

"5ur' •



&lid after eoIviac the _iatecI eic""problnn we fouad d", I"" ei,,,,,Creq_ieo: "" = 100.005 ..., = O.9lllllMll. If
• = I~ , chl is the matrix ol ei&ee--""'" we caD project 11M. .)·atem (13) oato iU modal b_, ., = .T q, witlo J
hei", the modaJ diaplacemeDIa vector. It •••• 11aiD ••••• """pled O)"Ol.eID olthe C_

{
i. + •••~~. =0
i: +..,~II> =0

'TheA, tile iDitial .,.wm eDefQ' wiD he o! tile atraiD t)'pe. We compal.e U- modaJ •••••••Ps iD tbe Corm

I , 2E; = 2 ••••iii. (Ill)

wiame E; io tIoe tot&I iDitial mercy uoociatecl to JDOdei. This eDercY diotribuliaa will .-..in unchansed dur;'" \.be
iDtegratial, aiDu the 0>_ is linear ••••d undamped. A. we !la,.••said earlier, we ~ two <US that differ iD the w~
the modal -Ps are excited:

i. £, = I ; £. = 1 . Thio cue ",,_to a __ in wbich hiP tiequeDcy mods are otroD,ly _cited. The initial
..-cIitioao (ill order to baw the obo,,. clistribuu.. or iDitial ~) _: to. = 0.01428285 ; to, = 1.4142828fl.

ii. £, = I ; E, = .ooסס1 "'_, the hi,b &eq1MDCYmod.,. ha"e a oma11opurious excit&tioe and they do DOt participau
ill the P>bal ~- The initial coe6pzat.iaa Corthis c-. is: 9DJ= 0.000282343 ; ••• = 1.41428Q5.

;1
'0.00 •• )0

The resuh .• ol cue Ii) ~ •••••••••ill 6pft i. IuI i' ••••~. be •••••. tloe Th ••• and Gladwell modified _,hod 1\'SA23)
•••d tIoe PeuoId one IDASSL) b. ••• olarF -.., or Dumencal diosi".,ion .n the hi,h lrequeuc)' mod" This is_
desirable. oiDce in tbis <Me tbe hish 1"",,_)· modt b•• au ,mronaau put. oCd", Iol&I_&.'.
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Fi,.,.. I : Ii-e ., nolodin __ E, = E,

0. the other h&Dd. tile BllT ocIIeme has a JDDd beha••••••wi&IMMiIIUodac:Uoc _ -.dI diwir ti ••••••• __

bequeucy mode. hs lipre e.tile u- *p ewlMi<ab tile ta- melhocM io ~&eol Note tIW 1M vs.us •••
DASSL a1&oritbmo iDc.- the al.elHde by fi1l8iIoc out tile IIiP fNqueacy....... Tlwy J.d to _ -K. """
"'0IIg. iDtegratioo of tile equatioDs of aootioD: ill figure 5 we caB _ that aI t = 1. bCIdo\'SA23 ud DASSL ~
""""'P1eI.ey fillcnd out tlIc IaiIb freq_y -*. wbicll IMd ODC b.oIf of I.o&.aI .,- -.p. We __ die _ ••
• 1aicIIthe bi,b freqUClOCY-.de ill caciced..., a--n......-. __ of -.p. M_. it -.kIllc "-iIUIe aut 1M
alcoritbJa he capabIa of det.ec:tilt&tUI -.ditiaD ud •. tile hip ~ __ -aUaI",

'.4 a.x
1IIl[

FIr- 7: ••• Jret-aq ••••••••••••.J- •••~ ..-tca -- Eo = E,/10f*
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111ficure9. \.heevolut.ioa ol the horizomal ditpI_ at DOCk2 io sbo...... This cIqree 01 freedom ClKIlWa witl
a omaIler period than that correspondi", 10 DOCIe1. N•••-erth~lc:so. it iI very importaDt 10 \.he -rstem IeSpODIe _
it wovId be desirable that the al&arithm do DOt liltoer it. B_·e.-er. the VSA23 aDd DASSL al&oriOuas an: •••• 10
introduce a strone .purious damp~. afiec~ it Jipificau&ly_ la ficwe )0 are pIotled \.he bClrizoat.al diop!_
of-.IeJ 1 and 2 u••••••.•lI &om DASSL. 111that ficw'e. _ •••• apprecia&e a _do-bIocki", 01 the biDce at ••• 2-
On the other hand. in ficwe 11 ••.~ praeot the same c~, __ clue 10 lhe RRT alpritbm and the)' are __ to be

undamped and UDCOIlpled.

...., Ic_ •..., ._.



'l1Ie UBT aIcarid- po.... _ --.I&s. •• aa.. au ~ '- a &004 llfta ••••••••• all ltabila., paW <tl Yiew
(i.e. it -m. ..-an,__ daria& &Iw•• ~). 1a 'e- 12, lIae ewlIutiae <tl • io ...-""" •• &Iwl.hoee
-uaoda.

r-------
I
I

• I. \
I-~
I ~

r '-_ j'''l -.....-, ft.1

1.2.. ••.• ••• ,..,.. a_GO 12 ••
TIllE

Fi,.. Jt : tilDe -'q •...,.~ /_r tk ~ Pft~al-•••<1

A ~ <1Itbne ~ ~ '- "-,.,.,.... ne BUT ~ ill -u-:uc- with OIlr

•••.• lectioD •••••••••• '- appeued to be _ ",.,da •.•.....,
i. Wba hicIa ~ IIKJde. are -. acited, &Iw aIpi&Iua ••••• _ .-,.. &Iwm. S-, it ........0)'

••••••••••••••••• aciYtiaM<tl rup r-p-e, moda.
ii. ~ ~ __ are correctly iaIepa&ed.

iii. TIae WDe •••• do. IIllIt ••• '- ..a. c1••••• &IwuaI) .••• &a.a ~ t.be alpitlam perlarmuce.
;". It _. ••••• -.q.1eacIiaIc to.-iWy ••••• &i8w••• dIaD&IwotMr aJcorit •••• ra. lIae __ ac:aanq<tl __

•. TIae mmpea' •••••••••••• -u. doaa •• &Iwo&IoeraIcori&ll-. ••• it ••••••••• &Iwlocal __ byeomJ>&rial
IoiPer 0I'cIer ~ •••• are aJn.cI)' ~ ill ClllIIIplI~
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ea, la-.-.r JooImaJ ra.Numerical Me&IMocIe"~, •••• 26, ~ (11188).
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