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Abstract.
Thermally coupled low speed flows have been traditionally modeled by the incompressible

Boussinesq approximation. Its relationship with models obtained from the zero Mach limit of
the general compressible Navier-Stokes equations is a subject that still deserves interest, both
from the conceptual and the numerical points of view. On the one hand, the way to justify the
Boussinesq model by using asymptotic expansions is not unique. Several geometrical and/or
thermodynamic assumptions may be used. On the other hand, numerical experiments can serve
as a virtual laboratory to test the validity of the Boussinesq approach in terms of the temperature
gradients present in the flow.

In this work we discuss the relationship between the Boussinesq model and asymptotic mod-
els for thermally coupled low Mach number flows, trying to clarify their connections. Likewise,
we propose a finite element approximation for these models using stabilization to treat cases
dominated by convection and allowing equal interpolation for all the variables. The numerical
formulation is based on the subgrid scale concept.

Both in the description of the thermal models and in the presentation of the stabilized finite
element techniques we employ to approximate them, our intention is to introduce these subjects
rather than to present the latest research results in these fields.
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1 INTRODUCTION

Several flows of interest can be considered as incompressible. This assumption is useful as
it makes the problem much simpler than if a full compressible flow is considered. The com-
pressible flow equations have different structure depending on the Mach number. If the Mach
number is of the order of or greater than one, shock waves may be present. A number of issues
have to be considered when solving compressible flows, such as the set of variables to be used
and the prediction of such shock waves. In the incompressible case the system of equations is
smaller and shocks as well as sound waves are absent. Furthermore, the mathematical structure
of incompressible equations is much better understood.

However many important flows cannot be considered as incompressible due to the presence
of thermal effects. In this work low speed flows (flows with a low Mach number) will be
considered and two simplified models will be presented: the zero Mach number model and
the Boussinesq approximation. These models have a common characteristic that makes them
attractive, namely, they do not admit sound waves solutions. The purpose of this work is to
clarify the connection between these models and to develop a stabilized finite element model to
approximate them.

When heat exchange is taken into account, the zero Mach number limit leads to a splitting
of the pressure into a constant-in space thermodynamic contribution and a mechanical one.
This limits removes the acoustic modes and the flow behaves as incompressible (in the sense
that pressure is determined by the mass conservation equation and not by the state equation)
but large variations of density due to temperature variations are allowed. This limit has been
studied first in the inviscid case,1 and later generalized to the viscous case.2 Then, a rigorous
derivation including combustion was presented3 and recently the numerical implications of this
limit have been studied.4, 5

The Boussinesq approximation, that consists in ignoring variations of density except where
they multiply the gravity acceleration, has shown to be valid for a thin layer of fluid.6 However,
the usual argument to retain small density variations in the forcing term of the momentum
equation is based on physical arguments and not on a limiting process. The first attempt to
present a rigorous derivation of the Boussinesq approximation was performed by Mihaljan.7 A
two parameter expansion of the full compressible equations was proposed and the Boussinesq
approximation was found to the lowest order in both ε1 and ε2, the parameters of the expansion.
Several problems of this approach were found:8 the two parameters introduced by Mihaljan are
of order ε1 ∼ 10−4 and ε2 ∼ 10−11 indicating that a second order approximation for ε1 has the
same order as ε2. The Mihaljan approach was improved by Perez Cordon and Velarde.8 The new
ingredient was the selection of an appropriate reference state. A derivation of the Boussinesq
equations taking a reference state into account and allowing temperature and pressure dependent
properties was presented by Gray and Giorgini.9 We note that all these works are concerned with
natural convection problems.

An asymptotic justification of the Boussinesq approximation was developed in the works of
Zeytounian10–12 and Bois.13, 14 These developments dealt first with polytropic gases10, 13 and the
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main conclusion was that the Mach number is a small parameter in the Boussinesq approxima-
tion and that the approximation is found in the limit between the quasi-static and the anelastic
approximations. The quasi-static approximation is one in which the vertical velocity is fixed (to
zero in ideal fluids) to satisfy an hydrostatic balance allowing plane motions only. The anelas-
tic approximation has been used for a long time in the context of atmospheric flows.15, 16 This
approximation removes the height limitation present in the Boussinesq’s one.

Apart from the discussion of the physical model, in this work we also present its finite ele-
ment approximation by using a stabilized finite element method. The goal is to cope with the
numerical instabilities found when convection dominates (that is, the local Reynolds and Péclet
numbers are high) and also when the pressure and velocity interpolations are the same. These
are two classical sources of numerical instabilities. Our purpose is to summarize the formu-
lation we have been using in several flow problems applied to the particular case considered
here.

The paper is organized as follows. In Section 2 we describe the physics of the problems,
whereas in Section 3 we present the numerical approximation of the stationary problem, con-
sidering both the space discretization and the linearization. In Section 4 we present the numeri-
cal results we have obtained for a classical benchmark problem and finally we close with some
conclusions in Section 5.

2 PHYSICAL MODEL

2.1 Navier-Stokes equations

The equations that describe the dynamics of a compressible flow are the mass, momentum and
energy conservation plus a state equation relating the thermodynamic variables. They read

Dρ

Dt
= −ρ∇ · u,

ρ
Du

Dt
= ∇ · σ + ρg,

ρ
De

Dt
= −∇ · q + σ : ε(u) + Q.

Here u is the velocity, ρ the density, p the pressure, e the internal energy, g and Q are the external
force and energy source, respectively; q is the heat flux and σ the stress tensor related to the
(rate of) deformation tensor (symmetric part of the velocity gradient, ε(u) = 1

2

(∇u +∇uT
)
)

through the following constitutive equations

σ = −pI + 2µε′(u), q = −k∇θ,

where θ is the temperature, k and µ are the conductivity and viscosity, I the identity tensor
and ε′(u) = ε − 1

3
∇ · uI the deviatoric part of the deformation tensor. Note that the Stokes

hypothesis is used, although this is not essential.
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Using equilibrium thermodynamics the system can be written as

Dρ

Dt
+ ρ∇ · u = 0,

ρ
Du

Dt
+∇p = ∇ · (2µε′(u)) + ρg, (1)

ρcp
Dθ

Dt
− βθ

Dp

Dt
= ∇ · (k∇θ) + Φ + Q,

ρ = F (p, θ) ,

where β is the thermal expansion coefficient, cp the constant pressure specific heat and Φ is the
Rayleigh dissipation function, given by Φ = 2µε′(u) : ε′(u).

2.2 Dimensionless equations

Considering scales of length (l0), time (t0), density (ρ0), pressure (p0), temperature (θ0), velocity
(u0), viscosity (µ0), conductivity (k0), specific heat (cp0), force (g0) and energy (Q0) we have
the following dimensionless numbers: Strouhal (S = l0/u0t0), Mach (M = u0/

√
p0/ρ0),

Reynolds (Re = ρ0u0l0/µ0), Péclet (Pe = ρ0cpu0l0/k0), Froude (F = u0/
√

g0l0) and a heat
release number (H = t0Q0/ρ0cp0θ0), that is a measure of the power of the heat source. The
dimensionless equations are (without using any distinctive notation for them):

S
∂ρ

∂t
+∇ · (ρu) = 0,

Sρ
∂u

∂t
+ ρu · ∇u +

1

M2
∇p =

1

Re
∇ · (2µε′(u)) +

1

F 2
ρg, (2)

Sρcp
∂θ

∂t
+ ρcpu · ∇θ − Stβθ

(
S

∂p

∂t
+ u · ∇p

)
=

M2

Re
Φ +

1

Pe
∇ · (k∇θ) + HSQ,

ρ = F (p, θ).

The parameter St depends on the state equation and is given by

St =
p0

ρ0cp0θ0
=

p0

F (p0, θ0) cp0θ0
.

For an ideal gas the state equation reduces to p = ρθ and the parameter St to St = γ − 1/γ.

2.3 Low Mach number asymptotics

2.3.1 Single scale approximation

The limit when the Mach number goes to zero can be found using standard procedures of
asymptotic analysis.17 The first step is to expand all flow variables in power series of the Mach
number as

ξ (x, t, M) =

n∑
i=0

M iξi (x, t) + o(Mn),
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for ξ = u, ξ = p, ξ = ρ, ξ = θ. The second step is to substitute them into the dimensionless
equations (2) and to require that all terms in the expanded equations that are multiplied by the
same power of the Mach number vanish. Then a hierarchy of equations that follows is obtained.

The momentum conservation equation gives

�(M0) : ∇p0 = 0,

�(M1) : ∇p1 = 0,

�(M2) : ρ0 ∂u0

∂t
+ ρ0u0 · ∇u0 +∇p2 =

1

Re
∇ · (2µε′(u0)

)
+

1

F 2
ρ0g.

The first two equations give p0 = p0(t) and p1 = p1(t). This is a very important result. The
pressure splits into three contributions: p0 a reference thermodynamic pressure, p1 an acous-
tic component and p2 a mechanical pressure. The first one, constant over the whole domain,
changes its value only by global heating or mass adding. The acoustic pressure p1 only appears
if one considers low but finite Mach number giving rise to acoustic effects.4, 5 The mechanical
pressure component p2 is determined from a velocity constraint and not by the state equation,
playing the same role as in the incompressible equations.

In the zero Mach number limit a system of equations for ρ0, θ0, p2 and u0 has to be solved.
The reference pressure p0 is determined from a global equation as presented in the following
subsection. The system to be solved is given by

∂ρ0

∂t
+∇ · (ρ0u0

)
= 0,

ρ0 ∂u0

∂t
+ ρ0u0 · ∇u0 +∇p2 =

1

Re
∇ · (2µε′(u0)

)
+

1

F 2
ρ0g, (3)

ρ0c0
p

∂θ0

∂t
+ ρ0c0

pu · ∇θ0 − Stβ
0θ0 dp0

dt
=

1

Pe
∇ · (k∇θ0

)
+ HSQ,

and a state equation of the form ρ0 = F (p0, θ0), that for an ideal gas gives

p0 = ρ0θ0. (4)

2.3.2 Determination of the reference pressure

As the reference thermodynamic pressure is constant in space, it can be determined by a global
balance. Starting from the zeroth order expansion of the mass, energy and state equations (3), a
constraint for the velocity can be obtained. In the case of an ideal gas it reads

p0∇ · u0 = −1

γ

dp0

dt
+

1

Pe
∇ · (k∇θ0

)
+ HSQ. (5)

This equation, integrated over the domain gives an ordinary differential equation for the refer-
ence pressure. In general this equation will be an implicit equation for p0, but in the case of an
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ideal gas it is explicitly given by

p0

∫
∂Ω

u0 · n = −VΩ

γ

dp0

dt
+

1

Pe

∫
∂Ω

q · n + HS

∫
Ω

Q,

where VΩ = meas(Ω). It is observed that the mean constant-in-space thermodynamic pressure
changes in time due to the addition or subtraction of mass (left hand side term) or to heat
addition or subtraction either by the contour (second right hand side term) or by volumetric
sources (last right hand side term).

2.3.3 Multiple scale approximation

The multiple scale analysis of the zero Mach number limit reveals the role of acoustic effects.
An outline of this type of approximation will be presented here. The details can be found in the
literature.4, 5, 17 In this type of approximations, to face a problem that presents different scales a
new variable that represents such scales is introduced. In the case of a flow that presents acoustic
effects a new time scale of the form τ = t/M is introduced.5 This new variable represents a
very short time scale compared to the time scale given by the variable t. Another possibility4 is
to introduce a new space scale of the form ζ = Mx. Then, an expansion of the unknowns in
terms of both scales reads

ξ (x, t, M) =
n∑

i=0

M iξi (x, τ, t) + o(Mn),

and we have

∂

∂t

∣∣∣∣
M

=
∂

∂t
+

1

M

∂

∂τ
. (6)

As in the case of a single scale analysis, introducing this expansion into equations (1) a hierarchy
of equations is obtained. It is important to remark that because of the implicit dependence of
the different terms on the Mach number through the new time scale, is not obvious that we can
require each term in the expansion to vanish, but this is actually the case.18 From each equation
in this hierarchy it can be deduced that the zeroth order density, temperature and pressure do
not depend on the fast time scale τ . Also, the following evolution equations for the first order
pressure is obtained

∂2p1

∂τ 2
−∇ · (c2

0∇p1
)

= γHS
∂Q

∂τ
, (7)

where

c2
0 = γ

p0 (t)

ρ0 (x, t)
,

does not depend on τ .
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Equation (7) is a wave equation for the first order pressure that shows the dependence of
the first order pressure on the fast time scale τ (acoustic effects) which is determined by the
time dependence of the heat source on the fast time scale. A tempting conclusion is that if the
heat source varies slowly (i.e. independently of the fast time scale τ ) acoustic effects will be
absent but this conclusion is false because sound can be generated by the flow itself. This fact
is well known after the development of the acoustic analogy by Lighthill.19 Even in absence of
a rapidly variable heat source, in a low but finite Mach number regime, u0 and p2 will give rise
to a dependence of the second order density on the fast time scale, so for finite Mach number
all the terms in the expansion remain coupled even for slow external heating.4, 5

2.4 Boussinesq model

The low Mach number approximation developed in the previous section was carried out con-
sidering all the dimensionless numbers, except the Mach number, fixed. In this section the
possibility of a low Froude number is taken into account and the Boussinesq model is pre-
sented. As previously mentioned, successive improvements of the derivation of the Boussinesq
approximation have been made introducing a reference state about which a perturbative scheme
is developed.8, 9 Following the ideas of Bois and Zeytounian10–14 we next present some argu-
ments for the choice of such state. As we will consider a vanishing Froude number, it is useful
to introduce the Boussinesq number, defined as

B =
ρ0gl0
p0

=
M2

F 2
.

This number was defined first by Zeytounian10 but its importance in verticaly stratified flows
was already noted previously.15 As both M and F are low, the Boussinesq number can be finite
or zero depending on the relation between F and M . The external force will be considered due
to gravity and supposed in the (−ẑ) direction. Then a single scale expansion on powers of the
Mach number of the equations (1) will give, to the first order in the momentum equation

∇p0 = −Bρ0ẑ

from where it follows that

p0 = p0 (z, t) , ρ0 = ρ0 (z, t) , θ0 = θ0 (z, t) .

We will consider this reference state as independent of time.10–14 The possibility of this
assumption depends on the boundary conditions of the problem studied. In an unbounded do-
main, one can think of flow at infinity that only depends on z.13 Under this assumption the
lowest order energy equation is given by

w0ρ0

(
dθ0

dz
+ BStβ

0θ0ẑ

)
=

1

Pe

d

dz

(
k
dθ0

dz

)
+ HSQ. (8)
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Several different cases need to be considered in the zero Mach number limit of this equation.
First one notes that, if the term

dθ0

dz
+ BStβ

0θ0ẑ = �(1),

then from equation (8) one obtains

w0 =

1
Pe

d
dz

(
k dθ0

dz

)
+ HSQ

ρ0 dθ0

dz
− Stβ0θ0 dp0

dz

that for an ideal fluid in absence of external heating gives w0 = 0. This case is called the quasi-
static approximation.10–14The vertical velocity is constrained by an hydrostatic equilibrium in
the vertical direction and only plane motions can occur.

A different situation occurs if

dθ0

dz
+ BStβ

0θ0ẑ = �(M), (9)

as in this case the constraint for the vertical velocity disappears. The relation (9) will be valid if
B → 0 and dθ0

dz
→ 0. In this case θ0 can only be constant or depend on a slow variable ζ = Bz.

Then we consider an asymptotic expansion of the form10–14

ξ (x, t, M) = ξ0 (ζ) +
n∑

i=1

M iξi (x, t) + o(Mn), (10)

for ξ = p, ξ = ρ, ξ = θ and

u (x, t, M) =

n∑
i=0

M iui (x, t) + o(Mn). (11)

Introducing (10) and (11) in the dimensionless equations (1) it follows that p1 is a constant
(p1 = 0 can be taken). If one assumes that the heat source is weak (i.e. the heat release number
goes to zero as the Mach number) the Boussinesq equations are obtained

∇ · u0 = 0,

ρ0 ∂u0

∂t
+ ρ0u0 · ∇u0 +∇p2 =

1

Re
∇ · (2µε′(u0)

)− ρ1ẑ,

ρ0 ∂θ1

∂t
+ ρ0u0 · ∇θ1 + u0 · ẑ

(
dθ0

dζ
− Stβ

0θ0 dp0

dζ

)
=

1

Pe
∇ · (k∇θ0

)
+ HSQ.

At a first sight there is an extra term in the energy equation proportional to the vertical veloc-
ity. This term is also found in the literature.6, 8–14 Under certain conditions this term can be
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neglected.9 A state equation has to be considered to evaluate ρ1. If we consider an ideal gas we
have

�(M0) : p0 = ρ0θ0, (12)

�(M1) : 0 = ρ1 + θ1. (13)

For a general variation of density as function of temperature and pressure, a first order expansion
about θ0 and p0 is considered. We have (in dimensionless form)

ρ = [1− β0 (θ − 1) + K0 (p− 1)] .

Then

�(M0) : ρ0 =
[
1− β0

(
θ0 − 1

)
+ K0

(
p0 − 1

)]
, (14)

�(M1) : ρ1 = −β0θ
1, (15)

so in any case a linear relation between temperature and density is found.

3 NUMERICAL APPROXIMATION

In this section we present the numerical approximation of both the low Mach number and the
Boussinesq stationary problems. In the numerical examples presented in Section 4, we solve di-
rectly the stationary form of the problem by performing nonlinear iterations with a linearization
technique described later.

The two problems considered can be written in a unified manner as a system of nonlinear
convection-diffusion-reaction equations of the form

L(U ; U) = F in Ω, (16)

where

L(U 0; U) := Ai(U 0)
∂U

∂xi

− ∂

∂xi

(
Kij

∂U

∂xj

)
+ S(U 0)U . (17)

Equation (16) needs to be supplied with appropriate boundary conditions. There, Ω is the
computational domain, U = (u, p, θ), F is a known vector of nunk = nsd + 2 components and
Ai, Kij and S are nunk × nunk matrices ( i, j = 1, ..., nsd). The usual summation convention is
implied in (16), with indices running from 1 to the number of space dimensions n sd. We shall
refer to the terms of the left-hand-side (LHS) of this equation as the convective, the diffusive
and the reactive term.

The matrices and vectors involved in (16) may depend on the unknown U . Their expression
is, in the two-dimensional case (nsd = 2):

R. Codina, J. Principe, G. Houzeaux

13



Low Mach number model:

K ij =




µδij + µδi1δj1 + 2µ
3

δi1δj1 µδi2δj1 + 2µ
3

δi1δj2 0 0
µδi1δj2 + 2µ

3
δi2δj1 µδij + µδi2δj2 + 2µ

3
δi2δj2 0 0

0 0 0 0
0 0 0 k


 ,

Ai(U) =




ρui 0 δi1 0
0 ρui δi2 0
δi1 δi2 0 −1

θ
ui

0 0 0 ρui


 , S(U) =




0 0 0 ρg1

0 0 0 ρg2

0 0 0 0
0 0 0 0


 , F =




0
0
0
Q


 ,

where the density ρ depends on the temperature θ through the relation ρ = pthθ
−1, pth being

the thermodynamic pressure, corresponding to p0 in (4). Note that this relation has been used
to rewrite the continuity equation (third row).

Boussinesq model:

K ij =




µδij 0 0 0
0 µδij 0 0
0 0 0 0
0 0 0 k


 , Ai(U) =




ρui 0 δi1 0
0 ρui δi2 0
δi1 δi2 0 0
0 0 0 ρui


 ,

S =




0 0 0 ρβg1

0 0 0 ρβg2

0 0 0 0
0 0 0 0


 , F =




ρβθ0g1

ρβθ0g2

0
Q


 .

Note that in this case ρ is not an unknown of the problem but a physical property.

3.1 Variational problem

Let W be the functional space where the solution is to be sought. The components of u and
θ must be H1(Ω) functions satisfying the Dirichlet boundary conditions (W is thus an affine
space) whereas p must be an L2(Ω) function. Let also W0 be the corresponding space of test
functions.

Let matrices Ai be split as Ai = Ac
i + Af

i, where Ac
i is the part of the convection matrices

which is not integrated by parts and Af
i the part that is integrated by parts. In our case, Af

i cor-
responds to the components of Ai that multiply the pressure. Assuming that the von Neumann
conditions are of the form

niK ij
∂U

∂xj

− niA
f
iU = T on ΓN ⊂ ∂Ω,

the weak form of the problem consists in finding U ∈ W such that

B(U ; U , V )− L(V ) = 0 ∀V ∈ W0, (18)
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where the nonlinear form B and the linear form L are defined as

B(U 0; U , V ) := 〈V t,L(U0; U)〉 :=

∫
Ω

V tAc
i(U 0)

∂U

∂xi
dΩ

−
∫

Ω

∂

∂xi

(
V tAf

i(U 0)
)
U dΩ +

∫
Ω

∂V t

∂xi
K ij

∂U

∂xj
dΩ +

∫
Ω

V tS(U 0)U dΩ, (19)

L(V ) :=

∫
Ω

V tF dΩ +

∫
ΓN

V tT dΓ. (20)

The Galerkin finite element approximation of this problem is standard. IfWh is a finite ele-
ment space to approximateW andW0,h the associated test function space, the discrete problem
consists in finding U h ∈ Wh such that

B(Uh; Uh, V h)− L(V h) = 0 ∀V h ∈ W0,h. (21)

It is well known that this formulation lacks stability when the diffusive terms are small,
compared either to the convective or to the reactive terms. Likewise, since the quadratic form
associated to K ij is not positive definite, it is not possible to use equal interpolation for all the
components of U . In our case, velocity-pressure pairs must satisfy the inf-sup condition. If the
thermal coupling is strong, this could also lead to a source of numerical instabilities.

3.2 Stabilized finite element approximation

The purpose of this subsection is to describe the stabilized finite element formulation we employ
to solve problem (18). This formulation is based on the subgrid scale method with an algebraic
approximation to the subscales.20

Instead of dealing with the nonlinear problem, we will motivate the stabilization technique
for its linearized version, that is,

B(U 0,h; U , V )− L(V ) = 0 ∀V ∈ W0, (22)

where U 0,h is a known finite element function. In the linearized process described later, it
will be an approximation to U . The possibility of using the subgrid scale method in nonlinear
problems is sketched in a recent article.21 Both its numerical performance and its theoretical
consequences need to be further explored.

3.2.1 The subgrid scale approach

Let us split the continuous spaceW asW =Wh ⊕ W̃ , where W̃ can be in principle any space
to completeWh inW . To fix ideas, we may think of W̃ as the orthogonal complement ofWh

with respect to the L2 inner product inW . Since W̃ represents the component ofW which is
not reproduced by the finite element space, we call it the space of subscales or subgrid scales.
The continuous equation (18) can now be written as the system

B(U 0,h; Uh, V h) + B(U 0,h; Ũ , V h) = L(V h) ∀V h ∈ Wh, (23)

B(U 0,h; Uh, Ṽ ) + B(U 0,h; Ũ , Ṽ ) = L(Ṽ ) ∀Ṽ ∈ W̃ , (24)
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where U = Uh + Ũ and Uh ∈ Wh, Ũ ∈ W̃ .
Let nel be the number of elements of the finite element partition of the domain Ω and let

Ωe be the region occupied by the e-th element. It is useful for the following to introduce the
notation

∫
Ω′

:=

nel∑
e=1

∫
Ωe

,

∫
∂Ω′

:=

nel∑
e=1

∫
∂Ωe

. (25)

Let us assume that the solution of the continuous problem U is smooth. Integrating by parts
within each element domain it is found that problem (23)-(24) can be written as

B(U 0,h; Uh, V h) +

∫
∂Ω′

Ũ
t
ni

(
Kij

∂V h

∂xj
−Af

iV h

)
dΓ

+

∫
Ω′

Ũ
tL∗(U 0,h; V h) dΩ = L(V h), (26)

∫
∂Ω′

Ṽ
t
ni

(
K ij

∂

∂xj
(Uh + Ũ )−Af

i(Uh + Ũ)

)
dΓ

+

∫
Ω′

Ṽ
tL(U 0,h; Ũ) dΩ =

∫
Ω′

Ṽ
t
[F − L(U 0,h; Uh)] dΩ, (27)

where ni is the i-th component of the exterior normal to ∂Ω and L∗ is the adjoint operator of L
with homogeneous Dirichlet conditions.

Equation (27) is equivalent to finding Ũ ∈ W̃ such that

L(U 0,h; Ũ) = F − L(U0,h; Uh) + V h,ort in Ωe, (28)

Ũ = Ũ ske on ∂Ωe, (29)

for e = 1, ..., nel, where V h,ort is obtained from the condition that Ũ must belong to W̃ (and
not to the whole spaceW) and Ũ ske is a function defined on the element boundaries and such
that

qn := ni

(
K ij

∂

∂xj
(Uh + Ũ)−Af

i(U h + Ũ)

)
(30)

is continuous across interelement boundaries, that is to say, the normal component of the fluxes
of U is continuous across these boundaries. Observe that due to this fact the first term in the
LHS of (27) vanishes. We call Ũ ske the skeleton of Ũ .

Problem (23)-(24) is exactly equivalent to (26)-(28)-(29). The approximate problem is de-
fined by the way in which problem (28)-(29) is solved as well as by the way in which the
functions V h,ort and Ũ ske are taken. A particularly simple case is described next. However,
this point can be further exploited, as suggested in a previous work21 where, in particular, the
subscales are taken orthogonal to the finite element space.
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3.2.2 Algebraic approximation to the subscales

The simplest way to approximate problem (28)-(29) is to take

Ũ ≈ τ [F − L(U 0,h; Uh)] , (31)

as the solution of this problem, where τ is a nunk×nunk matrix defined within each element do-
main that has to be determined. We shall refer to it as the matrix of stabilization parameters. The
approximation given by (31) has an implicit assumption on the function Ũ ske and the space W̃ ,
and therefore on the function V h,ort. In general, Ũ will be discontinuous across interelement
boundaries, so that the fluxes given by (30) will not even be well defined. However, from (26) it
is observed that, except for the boundary integral, only the component of Ũ in L(U 0,h;Wh) is
needed, where L(U 0,h;Wh) is the space of functions of the form L(U 0,h; V h), with V h ∈ Wh.
We may think of (31) as the approximation to this component.

To close the approximation, we neglect the interelement boundary terms in (26), so that the
problem that has to be solved is finally

B(U 0,h; Uh, V h) +

∫
Ω′

Ũ
tL∗(U 0,h; V h) dΩ = L(V h), (32)

with Ũ given by (31). With all these assumptions we have arrived to a method proposed pre-
viously20 using different arguments. In particular, (31) was derived from an approximation to
the Green’s function of the problem. This method was also considered in the literature22 and
derived for the scalar diffusion-reaction equation by using bubble functions.23

The way to compute matrix τ is general situations is still not clear. Traditionally, the way
to proceed has been to obtain particular expressions for simplified problems and then to extend
it to more complex situations. Very often, the appropriateness of the expressions thus obtained
have been confirmed by convergence analyses.

In the numerical example presented in Section 4, we have employed a simple approximation
for τ 21 (in the two dimensional case):

τ = diag(τ1, τ1, τ2, τ3), (33)

where

τ1 =

[
c1

µ

h2
+ c2

ρ|u0,h|
h

]−1

, τ2 =
h2

c1τ1
, τ3 =

[
c1

k

h2
+ c2

ρ|u0,h|
h

]
,

where c1 and c2 are algorithmic constants that we take c1 = 4 and c2 = 2 for linear elements
and u0,h is the velocity component of U 0,h.

This concludes the description of the stabilized finite element method we use and that is very
similar to the formulation used by other authors in the same context.24, 25 Nevertheless, several
points could be further analyzed, such as the subscale approximation in nonlinear problems,21

the possibility of taking the space for the subscales orthogonal to the finite element space21 or
the use of a nondiagonal expression for τ , which in particular could account for the instabilities
arising in strongly coupled problems.
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3.3 Linearization

In the presentation of the stabilized finite element method we have considered that U 0,h was
given. Since our problem is nonlinear, it is in fact a given guess for the unknown U h, from
which we want to compute the next iterate. Therefore, in the development of the stabilization
terms we have considered a sort of fixed point iteration. However, for the operator L(U ; U) we
consider several possibilities of linearization, all of which can be written in a compact form by
making use of the linearized matrices of the system viewed as a nonlinear convection-diffusion-
reaction equation.

Let λi,j a collection of numbers that can take only the values 0 and 1. For i = 1 we will
use them to write the linearized momentum equation, for i = 2 the continuity equation and for
i = 3 the energy equation. If U k−1 is the iterate k − 1 of the unknown U (from which we wish
to compute U k) the matrices of the linearized operator we consider are:

Low Mach number model:

Alin
i (U k−1) =




ρk−1uk−1
i 0 δi1 0

0 ρk−1uk−1
i δi2 0

δi1 δi2 0 − λ21

θk−1 u
k−1
i

0 0 0 ρk−1uk−1
i


 ,

Slin(U k−1) =




λ11ρ
k−1∂1u

k−1
1 λ11ρ

k−1∂2u
k−1
1 0 ρk−1

θk−1

(−λ12u
k−1 · ∇uk−1

1 + λ13g1

)
λ11ρ

k−1∂1u
k−1
2 λ11ρ

k−1∂2u
k−1
2 0 ρk−1

θk−1

(−λ12u
k−1 · ∇uk−1

2 + λ13g2

)
− λ22

θk−1 ∂1θ
k−1 − λ22

θk−1 ∂2θ
k−1 0 λ23

(θk−1)2
uk−1 · ∇θk−1

λ31ρ
k−1∂1θ

k−1 λ31ρ
k−1∂2θ

k−1 0 −ρk−1

θk−1 λ32u
k−1 · ∇θk−1


 ,

F lin(U k−1) =




(−λ11 + λ12)ρ
k−1uk−1 · ∇uk−1

1 + (1 + λ13)ρ
k−1g1

(−λ11 + λ12)ρ
k−1uk−1 · ∇uk−1

2 + (1 + λ13)ρ
k−1g2

(1− λ21 − λ22 + λ23)
1

θk−1 u
k−1 · ∇θk−1

(−λ31 + λ32)ρ
k−1uk−1 · ∇θk−1 + Q


 .

The parameters λ11 and λ12 correspond to the linearization of the convective term in the mo-
mentum equation (λ11 = λ12 = 1 would be Newton’s method, whereas other options would be
fixed point methods), whereas λ13 is used to decide whether the buoyancy term is treated in a
coupled or in a block iterative way. Likewise, λ2j , j = 1, 2, 3, determine both the linearization
of the term (1/θ)u · ∇θ (λ2j = 1 would be full Newton’s method) and the possibility to treat
this term in a staggered way (λ2j = 0). Finally, λ3j , j = 1, 2, play the same role for the energy
equation as λ1j , j = 1, 2, for the momentum equation.
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Boussinesq model:

Alin
i (U k−1) =




ρuk−1
i 0 δi1 0
0 ρuk−1

i δi2 0
δi1 δi2 0 0
0 0 0 ρuk−1

i


 ,

Slin(U k−1) =




λ11ρ∂1u
k−1
1 λ11ρ∂2u

k−1
1 0 λ12ρβg1

λ11ρ∂1u
k−1
2 λ11ρ∂2u

k−1
2 0 λ12ρβg2

0 0 0 0
λ31ρ∂1θ

k−1 λ31ρ∂2θ
k−1 0 0


 ,

F lin(U k−1) =




λ11ρuk−1 · ∇uk−1
1 − (1− λ12)ρβg1θ

k−1 + ρβθ0g1

λ11ρuk−1 · ∇uk−1
2 − (1− λ12)ρβg1θ

k−1 + ρβθ0g2

0
λ31ρuk−1 · ∇θk−1 + Q


 .

The meaning of the parameters λij is similar to the previous case.
With these matrices we can define the linearized operator

Llin(U k−1; U k) := Alin
i (U k−1)

∂U k

∂xi
− ∂

∂xi

(
Kij

∂U k

∂xj

)
+ Slin(U k−1)U k,

as well as the linear forms associated to the linearization

Blin(U k−1; U k, V ) := 〈V t,Llin(U k−1; U k)〉,
Llin(U k−1; V ) :=

∫
Ω

V tF lin dΩ +

∫
ΓN

V tT dΓ,

which allow us to write the fully discrete and linearized problem as

Blin(U k−1
h ; U k

h, V h)−
∫

Ω′
L∗(U k−1

h ; V h)τ
k−1Llin(U k−1

h ; U k
h) dΩ

= Llin(U k−1
h ; V h) +

∫
Ω′
L∗(U k−1

h ; V h)τ
k−1F lin dΩ.

The superscript k − 1 in τ k−1 has been used to indicate that the matrix is computed with the
unknown of iteration k − 1.

Finally, in some cases we have found convenient to use a relaxation scheme of the form

U k
h ← αU k

h + (1− α)Uk−1
h , (34)

with the relaxation parameter 0 < α ≤ 1. We have not implemented any particular algorithm
to seek an optimal value of α. A case with α = 0.5 will be shown in the following Section.
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Figure 1: Geometry and boundary conditions of the problem

4 NUMERICAL EXAMPLE

The natural convection in a cavity is a standard benchmark for numerical methods on thermally
coupled flows. It was initially devised for Boussinesq flows26 and later for low Mach number
flows.27 The problem is sketched in Figure 1.

First of all, let us mention the conditions for the validity of the approximations in this ex-
ample. As this is a natural convection problem, a velocity scale must be chosen. Taking for
example the viscous scale and using the benchmark specifications27 gives a Mach number of
2.2 × 10−5, allowing the use of the zero Mach number equations. The conditions of applica-
bility of the Boussinesq approximation need some care. As shown in the derivation, the zeroth
order temperature and density must be functions of the vertical coordinate only or must be con-
stants. In order to have this reference state, the (dimensionless) temperature difference between
vertical walls must vanish. Finally, the Boussinesq number must tend to zero as fast as the
Mach number (what is a restriction of the vertical scale of the problem). In the conditions of the
benchmark, the Boussinesq number is 5.7× 10−5 and is of the same order as the Mach number.
Thus, the dimensionless parameters that define the problem are

ε =
Th − Tc

Th + Tc
, A =

H

L
, Pr =

cpµ

k
, Ra = PrGr = Pr

gL3

ν2
ε,

where Pr is the Prandtl number, Ra the Rayleigh number and Gr the Grashof number.
Let us start by trying to get some physical insight on the effect of the temperature difference

between the walls of the cavity, and therefore on the validity of the Boussinesq approximation.
In Figure 2 we plot the streamlines and temperature contours for different values of ε at Ra =
106. It is observed that whereas the temperature contours do not change significantly, there is a
noticeable change in the flow pattern.

For Ra = 103 there is a single central vortex instead of the three appearing in Figure 2. This
central vortex moves to the right as ε is increased. This effect is quantified in Table 1 . It is
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observed that the error that would be made in the vortex position using the Boussinesq model
would be of the order of the 27%.

Figure 2: Streamlines (top) and temperature contours (bottom) at Ra = 10 6 for the low Mach number model.
From the left to the right: ε = 0.005, 0.2 and 0.6

The change in the Nusselt number distribution with ε along the hot wall at Ra = 103 and 105

is shown in Figure 3. The average Nusselt number does not change much, but some changes
can be observed in its distribution.

Let us move now to numerical aspects. First, we have studied the convergence in h of the
average Nusselt number. We have used structured meshes of bilinear elements refined near the
walls, with a number of elements per direction ranging from N = 10 to N = 80. Results are
shown in Table 2, where h := 1/N . The reference values, taken from the literature,25, 26, 28 have
been obtained with very fine discretizations. The classical convergence plot is shown in Figure
4 in two particular cases. From these results it is seen that h convergence is increasingly difficult
with ε, although in all the cases presented the behavior is as expected.

An aspect that is particularly relevant in our problem is the convergence of the iterative
scheme. From the convergence plots shown in Figures 5 to 7 several conclusions can be drawn.
First (Figures 5 and 7) it is clear that it is convenient to treat in a fully coupled way the buoyancy
forces and to use a Newton linearization at least for the convective term of the energy equation,
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ε x coordinate
0.0 0.500

0.005 0.500
0.01 0.500
0.13 0.525
0.2 0.549
0.4 0.573
0.6 0.638

Table 1: Evolution of the x-coordinate of the central vortex for Ra = 10 3 in terms of ε
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Figure 3: Nusselt number distribution along the hot wall. From the left to the right: Ra = 10 3 and 105.
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Figure 4: h convergence of the Nusselt number for ε = 0.6 compared to reference results. 28 From the left to the
right: Ra = 104 and 106.
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h Ra = 103 Ra = 104 Ra = 105 Ra = 106

Boussinesq
0.1000 0.1102501E+01 0.2185881E+01 0.4441898E+01 0.8363745E+01
0.0500 0.1114341E+01 0.2226975E+01 0.4483480E+01 0.8719423E+01
0.0250 0.1117034E+01 0.2240036E+01 0.4510844E+01 Not converged
0.0125 0.1117617E+01 0.2243569E+01 0.4518729E+01 0.8820067E+01

Reference26 0.118E+01 0.2243E+01 0.4519E+01 0.88E+01

ε = 0.005
0.1000 0.1101139E+01 0.2222317E+01 0.4637871E+01 0.9212141E+01
0.0500 0.1113684E+01 0.2229419E+01 0.4503834E+01 0.8872408E+01
0.0250 0.1116842E+01 0.2239957E+01 0.4512237E+01 0.8816794E+01
0.0125 0.1117568E+01 0.2243493E+01 0.4518754E+01 0.8820836E+01

Reference26 0.118E+01 0.2243E+01 0.4519E+01 0.88E+01

ε = 0.2
0.1000 0.1098962E+01 0.2202645E+01 0.4713655E+01 0.9458602E+01
0.0500 0.1112939E+01 0.2218412E+01 0.4495775E+01 0.8924234E+01
0.0250 0.1117119E+01 0.2236924E+01 0.4507990E+01 0.8805386E+01
0.0125 0.1118204E+01 0.2243379E+01 0.4520072E+01 0.8817329E+01

ε = 0.4
0.1000 0.1096073E+01 0.2173146E+01 0.4823505E+01 0.1015805E+02
0.0500 0.1112693E+01 0.2200920E+01 0.4486731E+01 0.9011334E+01
0.0250 0.1118633E+01 0.2232650E+01 0.4505211E+01 0.8795187E+01
0.0125 0.1120302E+01 0.2244016E+01 0.4526855E+01 0.8817175E+01

ε = 0.6
0.1000 0.1090356E+01 0.2120140E+01 0.5030137E+01 0.1057136E+02
0.0500 0.1111590E+01 0.2166190E+01 0.4465701E+01 0.9215231E+01
0.0250 0.1120820E+01 0.2221468E+01 0.4492835E+01 0.8774527E+01
0.0125 0.1123541E+01 0.2241822E+01 0.4532746E+01 0.8808319E+01

Reference28 - 0.2270E+01 - 0.8825E+01
Reference25 - - - 0.885978E+01

Table 2: h convergence of the Nusselt number

both for the Boussinesq and the low Mach number models. Likewise (Figure 6), some problems
do not converge unless a relaxation scheme is employed (see (34)).

5 CONCLUSIONS

In this paper we have tried to introduce both the physical grounds of thermally coupled low
speed flows and its numerical approximation. Concerning the physical model, we have pre-
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Figure 5: Non linear convergence of the Boussinesq model. From the left to the right: Ra = 10 3 and 104.
lin1: λ11 = 0, λ12 = 0, λ31 = 0, lin2: λ11 = 0, λ12 = 1, λ31 = 0, lin3: λ11 = 0, λ12 = 1, λ31 = 1, lin4:
λ11 = 1, λ12 = 1, λ31 = 1
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Figure 6: Non linear convergence of the Boussinesq model at Ra = 10 6. From the left to the right: meshes of
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Figure 7: Non linear convergence of the Low Mach number model. From the left to the right: Ra = 10 3 and 104.
lin1: all λij = 0, lin2: λ21 = 1, rest of λij = 0, lin3: λ21 = 1, λ31 = 1, rest of λij = 0, lin4: λ21 = 1, λ31 = 1,
λ22 = 1, rest of λij = 0, lin5: all λij = 1
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sented an asymptotic analysis that allows to derive the classical zero Mach number limit equa-
tions from the general compressible flow equations, as well as to understand the assumptions
on which the Boussinesq model relies.

From the numerical viewpoint, the stabilized finite element formulation we have presented
has proved to be free of numerical instabilities and accurate, yielding quite acceptable errors
on rather coarse meshes. In what concerns the linearization of the equations, we have found
that it is important to treat bouyancy forces fully coupled with the momentum equation (not in
a staggered way) and linearize to second order (Newton’s method) at least the convective term
in the energy equation. Relaxation has also proven to be effective in some cases, athough no
attempt has been made to choose the optimal relaxation parameter.
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