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In this paper, ••••e develope a general procedwe to stabilize the usua1 Newwn method

in such a way that algorithms obtained always converge to the unique solution of Lheproblem.

The alg~iLhms have two fields ol auccaaul appIX.alioll: Lhe c:ase whue the oper&l.or

T E C1 nH2,oo and the case where T • polybedric.. la the first c:ase, quadratic COIIvergeau •

proved; in the second one convergence in a finite Dumber ol &tepais obc.&iaecl.Numerical reauU.

are shown for an example issued nom the field of differential gam ••

Se praenLa aqui 11IIproceclimknto general para la eatabiliaacion de los a1gorilmw de

tipo Newton, Ia modific:aciOlIde 10&mismos se rwiza de manua que los algorilmos obteDidOi

convergen a partir de cualquier punto inicial. Loll a1goritmos obleniclos preseDtan dOl cIomiaios

de aplicacion con performance aobrmaliente: eI caao doade el operador T E C1n82,00 y el C&lIO

donde T es policdrico. En eI primer caso la convergence ea cuadr.uea y en el -evndo se logra

convergencia en un numero fiaito de itel'aciooea. Se ..-atan 101 reaultados numuM:.

obtenidos aI aplicar 101alcoritmo. deaarrollaclos a un problema de juegos difuencialca.



FrequenLly, optimal coobal problems aud di1Jerential camel problema Olipnate

nriational inequalitiel (_ (7) aDd (13). AI-, prob1eml iIIued fIom-ot!er fields are reduced to

u-e type oC inequalitieL Ia order to obUia lIumericai lOIutiou, it is necessary to di8cmiH

the oricinaJ probiem (the caeWauoua dut.ioa ia COD~ in an infinite dimeDllional SpKe); in

tIaa1 _y, the final problem. which mD8l be IOIved computal.iOD&11y,is reduced to find the fixed

point of a cootr.ct.ive operalcK. WbeD the aduaiiAtioll rate oC the oripnal problem is amalI

(_ [8D, the numerical raolut.ioD (fOUlld by relax&t.ion type iterative alcorithma, see [1]) may

lead to 1100Iy coo~ent proceduns. 1D [8), [9), (10), we have introduced acceleration

proceduna to improft the speed oC CODYq_ oC tile una! aIcorithm oC Pic:anI type; it

_tiaJ)y COIJlIiatain t.be COIDbiIlllLiolloC Picard'i aDd Newton'l methoda. In this paper, we

exleIId the procedures JIftIlIIlted t.IIere. in order to make them applicable to Jeneral nonlinear

CODtract.iveopendon (wheN tbq no Ioae« are the c-..enee of the diseretiAtioo of diller-

.tial e- or opQmaI conbal problema).

'I'M set of reaults obtained is tbe followiq. In a Iirat pIKe _ have developed. eeneral

pI'OCfldureto ltabiIUe the unal Newton metlaocl in suc:h a way that alcorithma obtained always

coo .•••• to t.be unique IOlut.ioDoC tile diacret.e probkm (in particular, this teehnique enabIeI us

to t.ranarorm Boward's methock, wbkh are DOt e«mvqent in the e- of eeneral di1letent.ial

pmeI problema, and to make them ltoppIicab&eto others problema outside tile oricinal fields of

applicaiiaa). 1D e-ral, a11Jaou&1athe modified Newton'l a1coriLhm is CODverpt, DO

improvement of tbe onicr of speed oCeaavercence can be upeded; in fact _ pve lID example

wbae inclependenLly oCt.be c:h_ atanin& point, the CODverC_ is geometric of order l/S.
In spite oCU- aept.ive -Ita, two fie1da of IU<Xel&Eulapplicatioll are Ihown: the ease where

the operator T eC1nB2,oo lIIIei the ease where T is poIy1ledrie. In the first ease, quadratic

eonverpnce in pmvecl; in the IOCObd one convergence ill • finite Dumber oE st"pll is obtained.

2.1 Elements of tM Problem.

Lei T be •• operator det'lDelI in wn, auda that

T e COn Sl,oo(RIl)

We •• me that operator T is CODtract.ive, i.e. there exial P, 1< P < 1 such that T ftrifiea



The algorithms propo&ed in thill paPft. are aimed to COJIIPU&eia a !ad way the .wutiaa 01 the

£ollo""inl problem:

Note: No proof of any tIaaHem. propoAuoa. lemma etc:. will be liVeD ia thia paper. To lied

them _ (18].

2.3 Iterative Computation oCthe F'JZedPoiat.

The Fixed Point Theorem gives •• the foIIooriol algorithm for the eomputatioa oCI:

AO algorithm:

Step 1: set XO e'!LD, and ••=0.

Step 2: compute x"+I =Tx"

Step 3: if x" = x"+1 then, stop; else, _ ,,=,,+1 and COto Step 2.

Theorem 2.1: AO .1,,,rill,,,.,r"mu eitler • /i.ile .•ef'leace x" ••4...., Iul cJe••etd i.oUleu.d

.••1.li" •• x of Ule proltlem, or 'CJlU'&te••• i••fiade .le,.cace ? c"•••n-,i., ,,, x. AIM, Ule

Jollowi ••, 60••••4 Jar lilt .,pr,,1I:i••• liMJ CrTtIr i.o ••• 1iC

Ix" -x I~ (1-,)"Ixo -I L



3.0 PJeIimiJIar1 DiKuaioL

Althougb algorithm ADCODverge8from auy arbitrary initial point XU' the conespoDCfmgs~

of CODvergenceia very slow when factor, &elidato zero. To accelerate this procedure, Newton's

type methoda should be used. But in general, th_ methoda are no& convergent from

everywhere and ia couequeace, it is neceaaary to deeigD a techDic to stabilize them and to

achieve globall,. coavergence. (see for instance the appeadix. where a particular cue of

Newtoa's methoda, Howard's method; originally iatroduced to solve optimal control prohlems,

may be Dot CODveqentwhea it is applied to solve differential g&me8problema).

To atabUiR the method we use a merit Naction which meaaure8 the distance from the

current poiat x to the solution Y. The special algorithm preKJIt.ed here generate8 a sequence oc.
poiata x" such that the associated sequence V( x") is a monotonically decreasing sequence

coDverging to zero. This procedure is obviously rela&edto LyapuDov'. methodology to stabiliR

dynamical aysI.ema, (see for illustrative remarks about this fact, the ~ver introduction -of tbe

book of Polak 116])

3.1 LyapuDOV'SFunction. Equivalent Problem.

We define, ia a Datural way. tbe following LyapuDOv's function

V(x)=Ix-Tx F~,' lx_xl'
We are BOW in conditioDSto introduce the auxiliary

Problem P':



It is obvious, by (6) and (7) tJaa& problems P aDd r are equivalmt ill the _ tJaa& both 01

them have the AllIe duU- X.

3.2 Ab8tract Algorithm.

We define here a ,--.I alpritbm aDd we plOve the amveraaee ill termI 01 the ~t 01

LyapulIDv'. function.

Let M be a map .uch that:

Jot: Itn _ 1'(1t8)

We .hall auppose that Mis. clecreuiDg tranaformatioa • V ill IoUowias _

V(y) :S 7 Vex) V y E Jot x

Algorithm A.

Step 1: aet XO E '!R.8, and .,=D.

Step 2: chooae x,,+ 1E Jot x"

Step 3: if x'" = x"'+1 , thaa atop; _!let ,,=,,+1 aDd,o &0Stoep2.

The convergence of algorithm Aa is ••• ured by condition (II), •• it ill establiahed ill the

lollowin,

Theorem 3.1: I/V(y):s -yV(x) V y E Mx ••itA1< 1, tAn tie .i.t,..d eJpritA. Aa fi-u tic

.ol ••tion i. in • /iaite .amie,. 0/ .tcp. tJr ,eae,..ta •• epcace coseergi_, to t.

3.3 Necessity of Coadition V( M(x» :S ,. Vex).

In algorithm Aa, condition

V(y)<V(x)

without losing the property of conveJ'llence.

In effect, let us consider the followill, function T : It _ It

_ (3X:l)1 + x

o
(1-.3x)i + x

if x> 1

if -1 :S x :S 1

if II < -1



Y(x) =.
Y(x) = x - (I-T'(KW'(T(x) - x)-..

if x E (-1.1)

if x ~ (-1.1)

eifx'>ldIaa
1I(x'}=x'+(I-T,..,r (T(x'}-x')=-(X't1)<-1

• if .x'<-1 die.
x'-+,=x' +(I-rex'lr (T(x"')-x')=<¥> 1

ID •• -. die WIowiDc pnperiy _ lie •••••• widlc* cIitIiaIIt7

V(K(x'»<V(x');
~ if Ilfol >1. aJcoritlim A& ••••••• & ...- {x"}~ -m t.bat.. a1tbaush ......-

1x' I .• cIea•••••• ii •• not _0.'" ••_ (ill fact, Ix" = 1 + (lx"- I) rll'). Tl1a&

-.-ce hu t_ c-. poiJllB,1_ -1. wIlDe-.,- Vex'}--as moootoIaicaIly to L

UP-=Wal~
We have ~ted abow tile a-aI aIpritJua A&&hill _-.. &om everywhere. Now_

ebaI1 defiDe t_ practical ilJlP&e-tatioe ol a. alpitbJM Al aDd A2, tryiac that the-

a1sarith- apply ••• ~ ~b&e cw_yaUeDt, NewtoD" mdbod to 801.- the DOll liDear

equiioD Tx-x=t.
Thie -.-ua. •. deIeded tlstiac tile c-... .c Ly.......-.• functioD V. Wha New\oI1"

method eo. not pnIdw:e a decaemeDtfll V. Newtoa', directioD _ directioa Tx - x (Civen by

aIpritIuD All) ••• , 1UIUItile _ computed point xll'+1 II&tisfiesconditioa

V(x'-+l) ~ ,.V(?).

111Al aJcoritIun, un. ClODdiDoD •• defiaed ill St.ep 3. aDd it illY01.. t1Ie c.nputation or

T(T(x». AJaorithm .u avoids t.be ~~ ol T(T(x». IIIinc •• adapLative estimation of

r.dor 7.

Deliaiticlllol t.be••••.• difle_tWI" e(x).

As opem&.or T •• Li,.claib COIItm-, it •• CIII1y aJmo.& eftI7Wheft cli&rentiable. In order to

defiDe ill a correct _y alpitbJM AI aDd A2 (iIItNducal ill t.be foDowinC8eCtioIl). it is

.-ry at "ef7 poW ol •• to detme paenliMd Im.r or-a&- rm fact, ••t •• here a

nstrictecI ••••••••• ol Clarke', •••bdifJenDtial •• peridiffaaltial ol T at X, r•• details and a

cn.:-ioa aboIIt tJaia maten _ Pl. {I2}) such lJaat ~ caiDcide witJa T'(x) at ~nb •• here T



is continuou.ly differentiable. With t.his aim, we inuoduce the roJJowin& c:oeceptc

Definition 1

8{x ) = {T( x }) if T iulifIeftat.iahle ia x

8(x) = • if T i••ot difJaeDt.iahIe ill x

By (I) and (2) we baw tba& T ia diIferaltiab1e am-t everywbele and tba&in any poiot wbele

T is differen tiable it is ut.Wied thai

11"100 s I-p.

in consequence it is easy to prove (_ [12]) the following propertiea:

e( x) = 1"( x) if T ia con&iDUoua!ydifT_tiab1e at x

9(x)~' V x

't'Te9(x),ITlSI-p (12)

3.4.2 Algoritlam AI. Defini/ioa •••l,roperliu.

Algorithm Al

Step 0: Give a sequence Ap • lip III = I, 'It = O.lp - O. Ifp - 1 •• p - 00

eef.v=O ,xlll=Xo

then, atop
.•••..• eet ••-1 fl" _ V(T(XV».••••.•r-'" - ""V(?).

cbooIe an arbitrary 1"e 9(x")

and aet v"= (1-1"r1 (T(x~ - XIII),

.•"= T(x") - XIII

Sl.ep 3: If V(ylll,P) < I +/V V(x"}; then XV+l =y"tP, ,,=,,+1 go to atep 1

ebe p=p+ 1 and go to .tep 2

Remark.: We denol.e M(x) the ad or point. givea by algorithm AI. A. e(x) ia lIot ~

valued, in general, also the ad or point. generated by algorithm Al is DOta aing1eto1l.



x" • ae. ,oi'" M(x") = xll+l• T1e o,erdor M Krifiu ,roperl, (II) ••• tlea x" coaKr,u

'/II.

Step 0: Give a IeqUeIlCelp, 'Ip III = I, 'll = 0, lp - 0, lip - 1 when p - 00

aet " = ° ,70"= XO' 0= 00 E {O, 1), p=1

Step 1: If T(x"} = XIIi then, atop

else, choose an arbitrary 1" E 9(xll), p=l. 011+1= 0Il

and set

VII = (I- 1"fl (T(xll) - x")

1011= T(xll) - XII

Step 2: let yll,p= lp v" + lip "II; yll'P = x" + vll,p

ifp~p

ifp> P

Step 4: If V( y""p)< 0;+1 V(xll); then, XIl+1= ylloP, jlll=p, 11=11+1 go to step 1

else, p=p+l,

• • 1+011+1
p=p+l, 01l+1=~
and go to step 2

else, go to step 2

Theorem 3.3: Tle '0/1' 2·3-4-2 ahH,. Jinisles ill • fini'e num6er /If .te,., 4</ini"f for eada

,oiat XII • ae10 ,oiat M(xll) = XIl+1• Tle .,erat",. M verifiu ,roperl, (9), (wiLl ')'=

1- 1nO) •• 4 tle. XII coatlnges to Y.
2 0



Algorithms Al and A2 ale b-r ill the commou _ cl dizectioos bl aDd b,.
bl=Tx-x
b:t=(I-TT1(Tx-x)

This combination _ the alDW _verse- of aIprUhma tJuouP the 11-& cl

Lyapunov'. function V. Altboup ill the cue wt-e T is differentiablc, Newto&'. directicll b:t is

alway, a descent dired.ion and the -.cch could be restricted \0 that line, we ahaIl &bowthai

in the case where T is DOt difrerentiable we caauot _ ODlyNewtoD'. clirectioD.b2, bee&- i&

may be not a deeceut directioL

Newton', method. propoeed ill this paper are b-' in cboOOnga matrix T'E 9(x); irT is_

differentiable, Sex) haa more than a unique e\emeat. U we ch~ T'E Sex) it may 0CC1Il thai

the new direction ia not a et-t clirectioe for fUKtion V, •• it is ahow1l ill the

Counterexample liven below. In GnIer \0 avoid this ~ and \0 get a .tabI& and

globally covergent algorithm. Algorithma Al and A2 take a .uit.able combination of Newtoa'.

direction and direction bl• that a1.,ay. brings a descent directioa.

Counterexample where •• j;, not a ct-t dindioD

Let T: Rl _ III be luch that

• [ 0.9
M=

-0.9 :] M_[: . :]
= [ D.I 1

P D.9

Dy definition of T, we bave that in the aet {xER2/xl = O} (COlDJDODboundary of the

individual domaina where T is defined •• an affme function) operator T is weIl defined aDd it

is continuouL

It is dear that at x=D, Sex) = {M ,M}. When _ apply aIgorithma Al •• A2, if the eJemerlt

chOlleDby tbem is M, we can _ that direction b, = (I - Mrt ( Tll - x) geDeralea a halJ:.1iDe

contaiaed in the Ie&where T is au am- functm with kenael M, ill ef[ea:



[_10, 0 ] [00..,1] __ [ 01]b, = (1-'- )l)-l T(e) = (1- Kr1 p =

~ =(VV ,b2) = -p'(M -I)(K _I)-lp = - b,'(M -I)'(M -I) b, (14)

[

-0.8

(M-I)'(M-I)=

-0.'

~ =(VV ,b2)= -~'(M -1)(14 -lr1p= -b,'(K-I)'(M -I)b, =0.8> 0

4. SPECIAL CASES

4.1 Quadraiic C-wrc-

When opera&« T is smoother than in the geaeral cue; i.e, strictly

T E C1n U2,oo

we have that algorithms Al and A2 converge globally from aDYstarting point with quadralk

rate of convergence, i.eo

4.2 C-vcqence in a F"miteNumber of StepL

10 1DaII)'problems, for exami»e thc.e originated in discretizatioa of differential sames 01' of

~ or nODlinear inequalities, oper.tor T results locally affine, i.e. continuous and .mne

is its restriction to _ determined sets. In this cue we call T a polyhedricaJ operator;

Il.ridly, we defiDe T • poIybelirjca1 if there mat & fmite Ilt\ (with wdint.lity X) of iodicea
wqwand for each q there is a vector &q E RD, a DX1I matrix Mq and a set Sq C Rn such that



xU Sq=RD

41=1

Mqx+aca = Mq.x+&q' V X I xE Sq nSq.

So, it lono ••• thai. T is a weD cIdiBed &ad CiODUa_ operator suda &ha&:

Tx = Mq x + &q V xE Sq

9(x) C {Kq/qE Q(x)}
Q(x) = {q/Tx=Mqx+aq}

Remark: In the eaR T pol)'bedric cOllditilO'X?)c:.n~1acecI by the ample condit.

The property of convqeau remains valid.

ro. NEGATIVE COUNTEREXAMPLE

1>.1Example with at lDOlII. • Geometric Rate of Convercencc of 0.._ 1/S.

• Definition of operator T:

Let be 1< i < .,.< I, such that 2

1(1 _)«1-7) 1
3 -7 - -,- 1-7+4(.,.-i)

We define function T in die interval

(
t 1-.,.\ = ....,--1-.,.+4(,-t) • 1)

For a general point x>o, - tiefiae q(x)=l1;tJ &ad



• Effed oCalgorithm Al ORfuDdioa T:
We abaIJ allo. tha& for the apeci8I ahoYe defined fwactioD T, algorithm Al Dever get a

nperlineac r. of COIIVersau but merely a geometric CODvergeDceof rate 1/3.

In fact, iD a fint place we 8haII prooC that aJcorithm Al leava loop 2-3-4-2 always with

p=1

• Ih" E [I,ll. pql. theta:

T'- 1+37
- " '

",I -L.. ( ") ,,)
v = 3(1-7) T(x - x

y",1 =x" + V",I = x" + _4_( 1+31x" + .,.-1 {Jq -x") = _ 1{Jq
3(1-1) 4" 3

;x$Tx$1X

(1-1)X s x-Tx S (1-;)x V x;::: 0

(1_7)2X2 SIx-TxI2 $ (1-7)'x2

In the same way it caD be proven that (23) is valid for x<0

V(x") ;:::(1_7)'1."1' ~ (1_..,)2 {J~p'f

TheIl y",I satisfies tbe test

I ",II pq > 1x" IY :::T - -3--



• Irx" E (pCf+l,p,p'il] , aha '1"=8,

yl",l = T(K") - K"

and thee obviously it • ftriIied

VU'I",l) < 1+/., V(K")

The operator M of 1he abetract a1loriOl. Aa (thal COII&J>t- alsorithma Al aDd A2)

verifaa, by virtue of (24) aDd (25):

IK(x'" I~i Ixl (26)
aod ia ~ t1aeCOD~ rMe • _ •••pe:rn- iadepeedeAtly el1he a-a
sl.arting point So.

6. A COMPUTATIONAL EXAMPLE

We deal here with a diecrete version of a clifJaatial ~ pIObIem, where 10 fiDeIthe value

fUDdion u it is DeCessMY10 .oIve the fixed poial problem:

• = T.

O~7~1
a E..t, card(..t) = ml

t1Ef,c:ud(f) = m,

.o,t1 E r'
It can he euily pI'OYeIl that: 1" = '7 Aii,6

where ii. 11 are the PKameiaS whidl realize 1he mia-_ ia (27)

In the examplea 50Ived data A"'''', b"',er aave '-e a-ated ramdomly. la 1he follo••.iog

l.ables are mown the __ rica! .-aka aDd the """DpOItatioaalu-.



ExampAe 1; a= 20, ml = 5, m2 = 5, ., = 8.9lIllttIlltt

i\a'&u- V

1 I.IUt 1028

2 o.n48 184

3 D.1987

4 D.25 ur2

5 0.7632 18-1•

~ Ume: 11" (PC IBM/AT)

Example 2: a= 10, Ml = 5, m2 = 5, ., = 0.ll99lHlHt9

i\a'atioM V

O.ll727 101•

D.5ln 103

0.1512

O,:!631 10.2

0.1363 10··

0.1110 lOon

2

3

4

5

6

ComputatioBal Ume: 3" (PC IBM/ AT)

• For a smeral nonlinear fixed point problem the obt.ailled alCorithms are of !'1e••·ton's type

and the)"converce from every startiDfl poiat.

• In the case ••here the operator T Ecl n H2,oo quadzal.ic cOIIvergenu is proved.

• Examples are civen, sh01,-inCthat it i&not posibk to define • conv8lleDt algorithm of pure

Newton'. type, and that it is not paaible ill e-al to obtaia an algorithm with

auperlinear CODvercence.



APPENDIX
The meLhods here propclMd -.b&e_ to -ufJ •• Bow-r ••••.••••• (ericiMD7 er-w to

Dve optimal COIltroi ~). ill order to __ K appIic.eb!e to ~ pm- ,...w.-.
becau8e for o.e.e ~ it ill ill ,....enI •• _ •.••• L

To ahow thia limitaiioD of BowaN'. method, _ COBIider•• aampIe wbeIe •• Wlluec-eu-
of Lhe game ia giveD b7 LheDUtioD of LhefoIJowillgfiucl poiat .-we-.

x=Tx

where TX=~A ~B ('abx+cah)

being x E R. A = {o, 1 }, B = ( •• 1)

'ab = S/$, cab =- 6/$ if ah = 11

,.=O,c.=-I/5 ifah=M

, alt = 3/5 ,calt = 6/$ if alt = It

(Jab = 3/5, cab =. if. = II

It ia obvioua thai I Tx - Ti I ::s S/51 x - i L aad 10 T ill a coUrac:tive operat«.

Then, Lhe problem is to rand a aoIatiaII of

x=min max (fab(x»)
aeA bED

fOO(x)=1
fOI(x) = S(x+2}/5

fl0(x) = fU(x) = 3(x-2)/$
It we try \.0 apply a naive version of BowaN'. method , _ would obl.ain:

tor Xo > 2, xl = Xo + (1 - T'(se) ) ( TxO - Xo ) = -3

tor Xo < - 2, Xl = ••• + (l - T'(xO) ) ( Tse - SO ) =3

Then, thia procedure would geDeraie a nOll-COllversenl~

Algorithms Al aDd A2 avoid LIliaphatomeDoa; ill fact the poiDt givell ~ Newtoa'. method

(Hov•.••rd's methods in this cue) £orIxl >2 is Dol eboRa ~ Lhetea&:

V(7",l) < 0"·1 V(x")

is not verified, and algorithms A1 aDd A2 ehoc.e o&heraaulLable poiDts aad fiaiIIh ill a IiDitoe

number ot stepll because T is poJylaedr~ ( see theorem 5.2).
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