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Se presenta aqui un algoritmo Tipido para 1&8OluciODnameria del problema del obet8cuJo

unidimensional. Se demuatra III CODvuSeDciaell UII •.•••mero fillik> de pe.- y • pr_taa

algunos ejempl06 de aplicacion donde puecle ob&erv_ 1&buena perbmance del aJ&oriimo

desalTollado.

The purpo.e DC thiJ paper ill k> pcaalt a rut algorithm Cor the numerical eolutioll el tM _

dimensional obst.ade problem. It ill proven tba& it CODveqa ill a fiIIi&eDumb. of •• aDd

some applica&ion examp1eBthat show it. clIic:iuc:y are p_



Let be the interval 1= (O,L)aDd a fuuctioll ~: (O,L) -+ R, ~ e W = B2(O,L).

The problem oC tiDdinc the upper eDvelope oC function. (the minimum concave function that

aatWiel 7(a) ~ ~a) V a e (O,L) ) CaD be reduced to findinc the aolution to the variational

inequality.

",here (u,v) denotea the acalar in L2(O,L) of t_ elementa u,v.

Tbia aoIution ia ebaracteriaed by the condition&:

y~~

y" S 0 eD L2(O,L)

y(x)> ~x) ~ 3 I > DI y"(t) = 0 V t e (x-I, x+l).

For the numerical aolulion or problem (1), thia variational inequality ia diac:retiaed by using the

fmite diffet'encea method.

h=/d



* Condition y"S 0 • diKretized in the ronowiDc way:

Yi-l ..: 2 Yi + "i+l SO, j =: 2, ••••• , N

P~ : Find the minimum element of Wit that verifIeS(5) and (6).

P~ : Find the only elemeut that verifla (5), (6) and (7), ••.here:

P~ : Find the unique fixed point of the operator.

The above preeented problem are equivalent in the sense tbt they bve a unique.8OIution but

each of them bas a particlliar advantage. ph il; the natural way to obtain the discrete problem
It 1

from the continuous one; P2 il; very _ful to ..- the convergeace of discrete solutioD to the

original IOlutioll and P~ is the most convenient set-up to _ the discrete problem from the

algorithmical point or view.



'l1Mlonm L PtoItJems p~. p~. .ttd P: .,e equiv•••••t ad "W • "";que solution (tlte
___ tind pn>hIem .,ill be ailed ph .nd its.olution Yb).

with /1<1, IYI= .IDaX IYi I, p=(~l
1= 1.N+l

BMed CJII the praentatioll P~ 0( t.be di8cretizecl problem and on tbe properties slated above

for t.be operator Ab• the followinc re<:urrellCefor the compulatioa o(Yb is defined:

Step 0: 11M yO = j Vj = 1,1'1+1 • j E Wh and lid m=G
j j

Step 1: 11M ym+l = Ah ym

'I1Jeorcm 3. n.e sequeece 1m <»It""," to tlte unique solution y of ph from IInyiniti.1 vll/ue .j

E Wb ; ifj is II supersolutiolJ (subsoIutiolJ). sequence ym is ~ (increasin,). Tlte followm,

error IIouttd is .tao v.lHI:



Iy - yn Is /']1 y - yO I

Remark 2.1: Althoulb iteration (13) is an admissible computaUoD allorithm, ita CODYergeDCe

can be extremely .low if N is very luge.

Remark 2.2: The proofs at Theorems I, 2 and 3 are outside the main stream of thia paper &Del

are left as an exercise to the reader (the general lines 01 the JlIOOl CAllbe _n in (3]).

We _ill propose a fast alcoritlam Lbal is inspired on the properiy at the func:Uoa _bida is

8Olut.ioa to tbe original problem at beiDC lioear in the lODe••heR y(x) > ~x) •

• F(y,S,i) = ( (i+ - i) Yi- + (i - i-)y.+ ) I (i+ - i-)
1

Remark 3.1: lnetad of usiaa the expram_ (5) to campate the dilcrew: version of \he Il:COIId

derivative 01 y, we UR (due $0 the fact Lbal )"b is linear betll"eea i+ aad i-) the equivaleDi

N1atioa:



Step 0: •• )'~ = .-.<xy Vj = I,N+l
J

i,,+l = i (20)

8"+1= 7(,.") / jv+l (21)

)'~+1= ~Xy Vj E sv+1 (22)
J

y"+I= F(y". 5·'+1. j) =

j = F(y"+I. 5"+1. j) Vj ~ 5"+1 (23)

and CO to step 3

jfi+(5") = N+l

\hen V =" and Mop (yv = Yh).

if i+(5") < N+l,

then i = j+ (5") and go '" step 2.

if j-(S") = 1 and j+(5") = N+l ,

set 17 = " and atop (y17 = Yh)



Y: ~ ~l[y Vj = I, N+I V" = 0,1, ••••
J

Proor : Obvious for II = O. For each II ~ I, vec~ yll. defined when the tat or atq> 2 •

po8itively verified. coDaequently:

a) j = i". which implies (My,,-I, 5"-1)." = I => 7~,,-1< F(y,,-I, S,,-I, i")
I I

but ~x.,,) = y,,-I • then
I i"

:r~ = F(:r,,-l, S", j) = F<:r",5", j)
J

it is clear that y~, being
J

between j_{S") and j+ (5") the liMar intupolation of the values:

y" ,y"
j+ (5") j-(5")

is also the liJJear inwpolation or the valuea:

y" •y"
j+(5"'l) j_~l)

j_(5"'I) ~ j-{S")

j+(S"'l) S j+(S")

y~ = F(y", S"..I,j)
J



by Yinue G (2lI).

n-. _ 1" • the interpolalioll of the vaI_ y" .r"
j j+(S"'·) r(S"'·)

y~~ y~. Vj. v" = ••....
J J

v" ~ •. if 1(,,) ~ 2 tlNn V q I 2:S q :S 1(")

y:~ F(y",S",q)

Proof: We will do it by induC:Uon :

.} lor " = •• vedor y" verities:

y" = yO = "'(x.) Vj '" i"• • J
sinc:e i" is the index where the t.esl in nip 2 is aatisrJed; it also aalisfies:

=> y~ ~ F(yO. sO. j)
J



b) by induction, we will USlIJIIethat (28) is valid ror •••
Let be ,,+1 with 1(,,+1) ~ 2.
The index i"+ 1 is defined wheD the test in step 2 ill poUtive!y verilied; we divide the anaJyg

in eonaidering the pClIiSiblecases for j,,+I:
jv+l < i"

From the special structwe of the algorithm, where in loop 2-3-4 the Ula1y8cd index i is

increasing and oaly takes a lower value thaa i" ••.hen the loop is s&art.ed,it must be:

i"+ 1= (iv)-(S")

By tile definition of yV+l, we have that

y~+1 = F(y"+I, SV+1, j) V j t Sv+l
J

so in order to verify the validity ol (28) it Iiaould be eaoup the aaalysis ol the ases ••beft' j E
Sv+l

F(yv+l, sv+l,n = F(y", S",n
and in eonsequence, by virtue of (29) and the inductioa bypath'" it holds :



j:i:(sJ'+l) = j:i:(S")

at the __ time, it .Jways hClIck tbat

y~ ~ F(y". S". j) ia utisfied by induction, ••• tbat
J

y~+1 = y. ~ F(y", S",j) = F(yv+l. S.,+l.j) by virtue of (30) and (31).
J J

y~ ~ F(y". SV. j) becau.e Lbe &est in 8tep 2 •.• acK -Usfied, ••• tbat by virtue
J

n-an 4. AlpritJun Al conwrl_ in • finite IHImb. of steps to the «>IutiOfl YIl of prohlem
ph.

ProoC; SilKC ucla Qmc • aew inda " ia lcuerated, the ~ S., ia reduced by &II element, i&._

obvious tbat the aJcorithm mua& eDd in a finite .umber of IItepL

Let 'Ii be the value ol the index conapGDdiOC to the IaA t.iJM a poiD&ol set 5" ia relDOYed.



By enterioc the algorithm agaio in step 2, the pain'" p E 5Tl sueb tha& p ~ (iTlr-1

are anal)"sed; 50, as Tl is the last iJldex, this implia that for those poiDta it is always verified

that:

as a consequence yTl verifies (5) aIlcI o.e.. it coincida ,.·ith the Wlique •••Iution of pia. In this

way we have proved that the a1Corithm finishes in a finite number of steps.



The clacriptioa or algorithm Al •• a detailed theoretical versioa that allows us to prove its

CClGYerJeDCC-By ~ UIa& Ktual1)' tM alpithm operates 011 values y~ I j E S", it iI

obvK.a thai it •• oaly ~ &0 pwaeIW u-e values (which CODStitute!!let of clecreaaing

canfinality), hecauae betweea them, vector y" w a linear behaviour. I. this way, the

alpritbm call take the fuIIowiDc pnctical implemeatatioD:

NT= N+I

~=O-I)., Vj=I, NT

Yj= ~Xj)' Vj=I, NT
i=2

Step I: 1f i+1 > NT, atop

tbe points ~, j= I, NT)

We preaut Iterc lIOIIIC examples correapoodiD& to different functions '" and various sizes of N•.

Eumple J:

The f1IIlctioll '" w the ronowilll form



Enmp/.2:

The fundion '" has a linear behaviot between values seneratecl in a random faahioa. TIle

rcault.aare 5hown in Figure 2 for the value N=200.

In the follo"'ing tables are 5bown the times of computatioa employed by Algorithm Al aDd

AO. Algorithm AO is stopped wbaa the relative error with respect to duU- Y11 is smal1«

than (. The values correspondl to differeut parameters N and (.

It can be observed tbat times for Algoritbm Al are independeat of (, and are uympLotic:ally a

linear fundion of N. Also, it is evident that Al«orithm Al improves dramatially the

performance of the computational procedUft to soh'e the obstade problem. For ( = 10- 6 and

1'= .coo the impro\'cment is of 99.95 "-

TABLE 1

Times

ur2 10-3 10" ur«
N Al AO Al AO Al AO Al AO

20 5" 5.6" 5" 6.29" 5" 7.03" 5" 8.51"

40 5.2" 8.07" 5.2" 9.8S" 5.2" 11.7" 6.2" 15•.c3"

100 5.71" 49.81" 5.71" 73.40" 5.n" 1'37" 6.7" 2'

200 6. fiG" 4133" 6.86" 7'55" 6.86" 11'17· 7" 18'

400 8.51" 90'17" 8.51" 2h15' 8.51" 3b1' 8.5· .ch30'



TABLE 2

N Tim. (AI)

100 '.71-

200 6.W

400 8.51-

1000 13.73-

4000 311.76-

8000 74.4~

ooסס1 111.78-

Remark 5.1: Th_ rault.a were obU.inecl ill a computer PC-IBM/AT, and the programa

were written in Fortran77.

We han presented here a fast algorithm for th" nulDftical IOlution of the ooe-4imensional

obstacle problem. We have proved that it converges in a finite number of steps. Exampla

or c:ompazilOnabow ita efficiency and usefuiDeM.

The metbodoJocy above preser>ted ean he extended to dea1 with a problem issued from a

field or image proeeaiDg, that is the problem of fidiD&the Ieut convex envolope or a c~

curve. This .ilI be the subject of a paper in preparation.
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