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Em varlOS modelos do meta do dos elementos finitos e
necessaria partir de um campo de tensoes em equilfbrio. Em
certos problemas sabe-se de antemao quais as componentes do
tensor das tensaes import antes e quais as sem importancia.
Anulando-se as sem importancia, os calculos sao simplificados.

Mostram-se neste trabalho doze fun~oes de tens.o em
coordenadas cilfndricas e dez em coordenadas esferica.. com
varias componentes do tensor das tensoes nulas.

In several models of the finite element method it i.
necessary to start with a stress field in equilibrium. In
some problems it is known, beforehand, important and non
important components of the stress tensor. Considerinc zero
the non important components calculations are simplified.

In this paper twelve stress functions in cylindrical
coordinates and ten in spherical coordinates are shown. with
several eomponents of the stress tensor considered zero.



In several problems the finite element method using a
polynomial as an interpolation function for displacements is
not the best possible solution. More refined stress fields
can be necessary to use in zones of high-stress gradients.
Then other formulations of the method, based on hybrid or
complementary energy principles are more advantageous.
Using those principles it is necessary to start with a stress
field in equilibrium with body forces, and satisfying
boundary conditions.

To solve an elasticity problem it is necessary to
satisfy equilibrium, compatibility and boundary conditions.
Usually equilibrium is considered the most important
condition, in the sense that if it is infringed, the solution
is not accepted even as an approximation. However the
solutions given in any text-book in strength of materials
don't satisfy compatibility.

In several problems it is possible to know what are the
most important components of the stress field and components
of secondary interest. If those small components can be
considered zero, it is possible to choose a stress function
with the important components. Other stress functions can
be added, if necessary, to satisfy boundary conditions.

An equation can be satisfied in two ways: if all terms
appearing in that equation are zero or if at least two terms
are different from zero.

Equilibrium can always be satisfied with one stress
component equal to zero.

with two stress components equal to zero, however
equilibrium cannot always be satisfied.

The existence of a stress function, however. is
guaranteed only if the number of stresses different from
zero is greater than the number of equilibrium equations
Dot identically satisfied.

STRESS FUNCTIONS
Equilibrium is satisfied if

where 0 is the stress tensor, P is sny second order
tensor, and
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When some stresses are considered zero. several equations
are of tbe type.
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All possible co.binations of zero stress coaponents able
of satisfying equilibrium are studied. The stress functions
are supposed to depend on three variables. Of these cases.
those that don't permit a stress function are discarded. The
remaining cases are then studiSd with eq. (4) or (7). Tbe
arbitrary second order tensor Q is considered symmetric with
one or two components different from zero.
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In these equations I,T and Z are the componentsof body force per
volume.

Equilibrium can be satisfied in nine cases with two stress
components zero four cases with three stresses and one with four stresses.
If



there are two stresses to aatisfy two equations. Clearly it
ia not possible to write relations among 0ee' are and an
arbitrary stress function.

All cases with two stress components zero can be used to
get a stress function; really, then four stresses must
satisfy three equilibrium equations.

If body forces are not zero, a particular solution of
eqs. (8) to.(IO} can be obtained considering that all shear
stresses are zero. Then it is easy to verify that the normal
stresses are given by:
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The plane stress systea can be solved with Qu . f ••all others Qij • O.
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The results below were fouu4 with. system.tic use of
eq. (6).
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Consider the spherical coordinates ,. e. R; • is the
angle between the position vector and the z axis; R is the
distance fro. the point to the origin and e the angle between
the x axis and the projection of the position vector in the
K y plane. Body force per unit volume have componentes Fe'
F" FI, Equilibrium equations are:
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To get a particular solution easily, consider aee • o. 0eR • 0,
0•• • o. Then equilibrium equations simplify; the remaining stresses can
b~~found without any difficulty:

When some stresses are considered zero the system simplifies
and in eleven of thirteen cases there is an equation with two
unknowns. like eq_ (6)
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Those three cases can be considered together. One
equilibriua equation is satisfied with a function U and another
with a function V. The third equation relates U and V, and is
of the fo~
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where L is a differential operator. With the change of
variables
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This equation, studied by several authors (I), (2), is
the heat conduction equation. A relation of the for.

is possible to get, but it is so complicated that certainly
will be impracticable.

Dete~ine a stress field satisfying equilibrium in a
cantilever beam with circular axis with a radius of curvature
R subjected to a torsion moment at the free end.

Shear stress a and a are the most important. Normal
stresses are of secol5ary imJ5rtance and then eqs. (43) to
(48) she selected.

The desired solution must give the well known results for
a straight beam when R tends to infinity; therefore the torsion
stress function must be present in the expression of the stresses.

The torsioa stress function ,satisfies
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The torsion aoment of inertia is given by
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If the atreaa field adopted i. proportioDal to ae. 8 or
coa 8.
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If can be verified that boundar, conditions are
satisfied.
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