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Abstract. It is well known that the yield-surface shape greatly affects the prediction of strain-limit 
values, especially for biaxial-stretching paths. The sharpness of the material yield surface (PCYS) is 
related to the slip systems selected to accommodate the imposed deformation. Polycrystal models track 
the slip activity of each individual grain, allowing the evolution of anisotropy to be taken into account 
naturally. Consequently, we can correlate the change in the yield surface to the number and relative 
activity of the active slip systems.  

In this study, we focus on how different plastic crystal-anisotropy assumptions influence the 
predicted formability strains. The forming-limit diagrams (FLDs) are calculated based on a rate-
dependent polycrystal model together with the Marciniak-Kuczynski (M-K) approach, which develops 
localized necking from an initial imperfection in the form of a narrow zone across the sheet. 

Typically, numerical simulations of the FLDs performed for BCC sheets assume either 24 slip 
systems, of the type {110}<111> and {112}<111>, or 48 slip systems, also including {123} slip 
planes. Because the essential characteristics of multiple glide can be captured using 24 or 48 slip 
systems, researchers have been free to select either of the deformation modes for crystal plasticity 
simulations. However, when predicting FLD behavior with the full-constrain (FC) homogenization 
scheme, the selection of the active deformation modes strongly affects the calculated limit strains. For 
example, if two deformation modes are selected, the MK-FC model predicts unrealistically high limit 
strains in balanced-biaxial tension. These different behaviors can be avoided if a self-consistent (SC) 
homogenization scheme is used instead of the classical FC approach. The discrepancy between the 
MK-FC and MK-SC assumptions can be understood in terms of the differences in the slip systems 
selected by each case and, consequently, in the predicted lattice rotation and local curvature of the 
yield locus. 
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1 INTRODUCTION 

Since the concept of the forming-limit diagram (FLD) was introduced by Keeler in 1961, 
this realistic and general method for analyzing plastic instability has been widely used for 
studying the formability of sheet metals. Through recent advances, the theoretical analysis of 
plastic instability has the potential to predict the near failure conditions measured by Keeler´s 
technique. Most theoretical studies to predict FLD behavior are based on a model where the 
strain instability appears in the deformation process due to an imperfection already present in 
the material (Marciniak and Kuczynski, 1967). Numerous authors have adopted the Marciniak 
and Kuczynski model (M-K from now on) to describe strain localization. For the FLD 
simulations, crystallographic effects are taken into account by combining the M-K approach 
and a viscoplastic crystal-plasticity model (MK-VPSC) (Signorelli, 2006; Signorelli et. al., 
2009). Based on this approach, we have examined several factors that influence limit strains, 
such as hardening behavior and plastic anisotropy (Wu et al., 2004; Inal et al., 2005; 
Signorelli et. al., 2009). It is widely recognized that the crystallographic texture strongly 
affects forming-limit diagrams and the macroscopic anisotropy of polycrystalline sheet 
metals. Recent work has emphasized characterizing and quantifying the effect of an initial 
cube texture and its evolution on the predictions of forming limit diagrams (Signorelli and 
Bertinetti, 2009).  

It has long been recognized that large-strain deformations lead to changes in the radius and 
shape of the stress potentials away from any given initial state. With a crystal-plasticity based 
description of mechanical deformation that accounts for the development of preferred 
crystallographic orientations via the rotation of individual grains and the natural evolution of 
slip resistance, we can follow the evolution of the yield surface in polycrystal materials. If the 
multiple glide available in BCC materials, two or three deformation modes, is included in the 
calculation, we can also investigate how this ambiguity affects FLD predictions. In what 
follows, two types of slip modes are considered: (i) a BCC crystal with 24 slip systems of the 
types {110}<111> and {112}<111> (referred to as BCC24); and (ii) a BCC crystal with 48 
slip systems of the types {110}<111>, {112}<111>  and {123}<111> (called BCC48). In the 
BCC metal literature, many different choices of slip systems have been used. Often, the 
{123}<111>  slip systems have not been accounted for (Inal et al., 2005; Van Houtte et al., 
2006; Li et al., 2007; Radhakrishnan and Sarma, 2008; Delannay et al., 2009; Franz et al., 
2009). On the other hand, many authors employed BCC48 in their simulations (Raabe, 1995; 
Tóth et al., 1997; Choi, 2002; Nemat-Nasser et al., 1998).  

The purpose of this work is to determine how the different slip plastic assumptions, 
BCC24 and BCC48, affect the yield-surface shape within the context of crystal visco-
plasticity theory. Specifically, we are concerned with comparing the predictions of stress 
potentials obtained from the FC and SC models and seeing how these potentials influence the 
predicted limit strains. 

2 THEORETICAL FRAMEWORK 

2.1 VPSC formulation 

This work adopts several assumptions for modeling material behavior. According to earlier 
contributions, a viscoplastic (VP) behavior is considered for the single crystal, and a self-
consistent (SC) homogenization scheme is used for the transition to a polycrystal (VPSC) 
response. We assume that plastic deformation is a result of crystallographic slip due to 
dislocation motion on the active slip systems. The dislocation slip rates, , are derived from 
the resolved shear stresses, , using a viscoplastic exponential law: 

sγ&
sτ
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The label s refers to the set of potential slip systems available in the material. Here, m is the 
slip-rate sensitivity index, assumed to be constant during deformation and equal for all slip 
systems, oγ&  is the reference shear rate and  is the critical resolved shear stress, applied to 
each system. An isotropic hardening law is adopted, and the evolution of the critical shear 
stress is given by: 

s
cτ
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sshτ γ&&c  (2) 

where,  are the hardening moduli behaviors, which depend on sh γ  (accumulated sum of the 
single-slip contributions to ). These moduli can be written using the initial hardening rate 
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The strain rate d and the shear rates  are related as follows: sγ&

 s

s

s γ&∑= md  (4) 

where, is the Schmid tensor, which describes the geometry of the s slip system in the 
single crystal. The macroscopic deviatoric stress 

sm
s and deviatoric strain rate d of the material 

are obtained by averaging the local values s  and , respectively, weighted by the volume 
fraction of crystal orientations.  The relation between d  and 

d
d  ( s  and s ) depends on the 

model assumptions. In our case, this model is based on the assumption that each grain is 
surrounded by a homogeneous effective medium that has the average properties of the 
polycrystal. Such a formulation leads to an interaction equation that linearly relates the stress 
and strain rate in the grain with the overall stress and strain rate of the effective medium. 
Basic discussions of this approach can be found in the literature (Molinari et al., 1987; 
Lebensohn and Tomé, 1993). 

2.2 The stress-potential function 

In the case of viscoplastic models, there is no yield surface in the classical sense but a yield 
potential can be defined, with a very similar role to the yield surface in rate-independent 
models. The shape of the yield potential gives direct information about the plastic anisotropy 
of the crystal and its size depends on the selected plastic work rate. The stress potential 
function ( )sf  is defined by a constant plastic work rate  along the potential. The plastic 
work corresponding to an arbitrary strain rate 

0W&

0d  is defined as: 

 ( )sf  = const. = d:s  = 00 d:s  =     (5)   0W&

where, 0s  is the stress state corresponding to 0d . In the viscoplastic scheme used in this work 
d  is prescribed and s  is determined. As s  is not known a priori, the obtained plastic 
potential rate can be different from , i.e. the stress point does not necessarily lie on the 0W&
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selected equipotential. When both the imposed strain rate and the obtained stress state are 
deviatoric, the plastic work rate lies on another equipotential contour. The desired stress and 
strain rate on the selected equipotential can be obtained by following Hutchinson´s method 
(Hutchinson, 1976). He showed that when the magnitude of the strain rate is changed by a 
factor λ, the stress response of the polycrystal gives: 

 ( ) ( )dsds mλλ = . (6) 

As a consequence, the magnitude can be scaled as follows: 
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The description of the complete yield locus requires probing all possible test directions. 
However, in this study, we will focus on the 2211 σσ −  projection of this locus, due to the 
assumption of plane stress, 033 =σ . For computing the 2211 σσ −  Cauchy states, different 
strain-rate boundary conditions, in the global reference frame, are imposed appropriately to 
obtain different points on the yield potentials. Then, all possible directions in the strain-rate 
sub-space are scanned in steps of one degree. 

3 RESULTS 

In persuing our analysis of how the BCC24 and BCC48 deformation modes affect yield 
surfaces and FLDS, we assume the same initial random texture, as described by 1000 
equiaxed grains. All numerical simulations are performed using both, FC and SC, 
homogenization schemes. Following Inal´s procedure (Inal et al., 2005), we take the same 
uniaxial stress-strain curve fit for all cases. Accordingly, the hardening parameters are chosen 
to give identical uniaxial-stress responses. We take the BCC48-FC´s stress-strain curve as a 
reference (see Table 1). For the calculations, the slip resistances, , of all slip systems are 
taken equal to one another; the rate sensitivity is m = 0.02, and the reference slip rate is = 
0.001s-1.  

sτ c
s
oγ&

Material BCC48 BCC24 

Scheme FC VPSC FC VPSC 

ho (GPa) 0.808 0.808 0.795 0.980 

n 0.23 0.26 0.23 0.26 

τc (GPa) 0.0305 0.0400 0.0300 0.0370 

Table 1: Material parameters used in the simulations 

The influence of the selection of the active deformation modes on the shape of yield 
potentials will be addressed first. 

3.1 Calculated polycrystal viscoplastic potentials 

As mentioned above, the yield potentials of the materials are calculated by imposing 
different plastic strain-rate tensors under a state of plane stress. The stress potentials are 
calculated in the 2211 σσ −  section. The selected reference strain mode, before the yield-locus 
simulation, is that of equi-biaxial stretching up to a plastic strain = 0.32. 11ε Figure 1a shows 
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the theoretical yield loci predicted for BCC24 and BCC48 materials. The equi work-rate 
surfaces are normalized to the work-rate for uniaxial stretching, as calculated for BCC48-FC. 
Since the direction of the plastic-strain rate plays an important role in simulating the 
deformation process, the directions at different points along the predicted yield surfaces are 
analyzed. To characterize these vector directions two angles, θ and ϕ, as shown in Figure 1b, 
are defined in the Cauchy stress reference frame. Because all simulations begin with the same 
initially random texture, the computed yield potentials before stretching are the same. During 
plastic deformation, as a consequence of the texture development, the crystal orientation 
distributions change, and the yield loci also change. The {110} pole figures after the equi-
biaxial loading are shown on the bottom in Figure 1a (BCC48-FC, BCC24-FC, BCC48-SC 
and BCC24-SC from left to right). The stress potentials predicted for the BCC24 and BCC48 
materials exhibit a large difference between the FC and VPSC assumptions. In both materials, 
VPSC predicts larger yield stresses and sharper curvatures in the vicinity of equi-biaxial 
tension than the FC model. No differences can be seen when the calculations are carried out 
with the VPSC scheme, regardless of the material. But, for the FC calculations, although the 
predictions have similar shapes and tendencies, small differences occur in the vicinity of equi-
biaxial tension, where the local curvature of the BCC24 potential slightly decreases. These 
small changes in the shape of the yield locus, which can influence the stress response 
corresponding to an imposed strain-rate mode, can be seen in the detail of Figure 1b. These 
subtle variations are clearly depicted in the vicinity of ϕ=45º. Upon close inspection, slopes 
generated by the BCC24 and BCC48 calculations differ in detail (open and close symbols 
respectively in the detail of Figure 1b) reflecting a decrease in the sharpness of the yield 
locus. For the VPSC simulations, the strain-rate directions increase dramatically when 
compared with the FC calculations. Again, this behavior is directly associated with the 
sharper curvature of the VPSC stress potentials. In essence, Figure 1 shows the effects of 
texture evolution on the yield loci, as calculated by FC and VPSC homogenization schemes.  
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a)  b) 

Figure 1: a) Stress potentials of BCC24 and BCC48 deformation as computed with FC and VPSC 
homogenization schemes; b) Directions of the plastic strain rate vectors d . 

According to Lian et al. (1989), the yield surface shape has a tremendous effect on the 
FLDs, and Neale and Chater (1998) demonstrated that a decrease in the sharpness of the 
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stress potentials in equi-biaxial stretching is a factor promoting larger limit strains. A sharp 
curvature allows the material to quickly approach plane strain, and therefore, results in the 
prediction of a relatively low limit strain. Next, we analyze the effects of active slip-system 
selection on strain localization in biaxial stretching. 

3.2 Predicted forming limits 

We applied the MK-VPSC and MK-FC approaches for predicting limit strains in the 
present materials. For details of the implementation of the MK approach we refer the reader 
to Signorelli et al., 2009. The material is assumed to have an imperfection in the form of a 
groove or band that is initially inclined at an angle ψ with respect to the transverse direction. 
The initial-thickness ratio inside and outside the band defines a parameter f, which must first 
be fixed. Its value is taken to be 0.99 for all FLD calculations in this work. To analyze the 
development of deformation localization during proportional straining, the calculations are 
performed over different strain paths in the biaxial zone. These strain paths are defined in 
terms of the strain ratio 1122 d/dρ =  over the range 0 ≤ ρ ≤ 1.  

The predicted limit strains are presented in Figure 2. Results clearly illustrate large 
differences between the FC and VPSC homogenization schemes, particularly near equi-
biaxial stretching, regardless of the material. For each homogenization scheme, both materials 
reach the same values in plane strain. Within MK-VPSC, the profiles of the BCC48 and 
BCC24 simulations are similar over the range of strain ratios 0.2 ≤ ρ ≤ 0.6, and slight 
differences can be seen near equi-biaxial stretching. On the other hand, within MK-FC, the 
strain values are similar as ρ increases from 0.2 to 0.8, but, for ρ ≥ 0.9, critical values 
calculated with the BCC24 deformation model increase to a nonrealistic high value at ρ = 1. 
The same response was found by Inal et al. (2005). In their work, they compared numerical 
simulations of FLDs based on a rate-dependent Taylor-type polycrystal-plasticity model for 
FCC and BCC sheets using 12 and 24 systems, respectively. For BCC24-FC deformation, 
they also predicted extremely high limit strains without texture evolution. 
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Figure 2: Influence of the active-selected modes on the FLD. 

Figure 2 includes a plot of the textures of each material at the end of the equi-biaxial 
loading path. Clearly, BCC24 and BCC48 textures evolve to different states, producing the 
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strong effects observed in the FLD behavior. 
In order to assess the effect of the yield-surface shape on the forming-limit behavior close 

to the balanced-biaxial stretching zone, we calculated the yield loci corresponding to each of 
the necking limit strains (Figure 3). The shapes and curvatures produced by the FC and VPSC 
models are quite different. Within the VPSC framework, the yield loci are sharper, and only 
small differences can be found between BCC24 and BCC48 based simulations. This is 
consistent with the similar limit-strain values predicted by the VPSC model, as shown in 
Figure 2.  

The differences are more pronounced for the FC calculations. The curvature of BCC24 
yield locus is blunter than that of the BCC48, again in agreement with the predicted limit 
strains. As mentioned in the previous subsection, when calculations are carried out up to a 
plastic strain of 0.32, before necking, only subtle variations are observed, as pointed out by 
Kuroda and Tvergaard (1999). Nevertheless, in their work, the authors claim that a quite 
reasonable representation can be obtained for BCC48 and BCC24 materials in the FC elasto-
plasticity framework (i.e. only yield-surface analysis was performed). Here, we found that 
this assessment does not strictly apply in the case of critical-strain calculations, especially 
close to equi-biaxial stretching paths.  
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Figure 3: Stress potential at equi-biaxial failure for all tested materials. 

Two other qualitatively similar ways of analyzing the stress potential are depicted in 
Figure 4. The directions of the plastic-strain rate at different points along the predicted yield 
surfaces and a yield-surface shape hardening diagram (Yoshida et al., 2007) are shown in 
Figure 4a-b, respectively. The latter represents a relationship between 1122 d/d and 

 for different strain paths, where is defined as the biax
1111 /σσ biax

11σ 11σ stress corresponding to 
1d/d 1122 = .  

Differences in the sharpness of the stress potentials in equi-biaxial stretching are clearly 
illustrated in these figures. For the BCC24-SC and BCC48-SC deformation modes, the slight 
changes observed in the predicted critical-strain values are correlated to the similar profiles 
shown in Figure 4a-b. In the vicinity of ϕ=45º, the sharpness of both yield loci are 
characterized by an abrupt change of θ. Over the range 42º ≤ ϕ ≤ 47º, θ varies linearly from 
23º to 63º, and that allows the material to quickly approach a plane-strain state with small 
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variations of stress state. We attribute the reasonable description of the BCC material 
behavior using either 24 or 48 slip systems, to the capability of the VPSC model to assign 
different strain values to each grain. On the other hand, the curves calculated with the FC 
theory, in accordance with the observed yield loci, are not as steep and clearly different for 
the two materials. For the BCC24-FC approach the direction of the plastic strain-rate d , or θ, 
seems nearly invariant in the vicinity of ϕ=45º, which is consistent with the similarity of the 
yield surface curvatures. But, for BCC48-FC, the values of θ increase steadily with ϕ over 
this range. These effects are shown in Figure 4b Fig.4b, together with the p-parameter (Barlat 
et al., 1989). This parameter is calculated as the ratio between the yield stress in plane-
strain, , to that in equi-biaxial tension, . It should be noted that the trends in p and the 
predicted limit-strain values are consistent with our analysis of the variation between FC and 
VPSC results. For VPSC simulations, the p-parameter has the same values. However, this is 
not the case when we compare BCC24-FC and BCC48-FC materials (i.e. note that the dashed 
and dotted line is below the solid line).  

11σ biax
11σ

 
a)  b) 

Figure 4: a) Directions of the plastic strain rate vectors d ; b) Diagram representing the relationship between 

1122 d/d  and  for different paths (p-parameter). biax
1111 σσ /

4 DISCUSION AND CONCLUSIONS 

As mentioned above, the differences in the relative active slip systems are one of the most 
relevant features for comparing FC and VPSC simulations. As a part of this study, we 
analyzed the predicted plastic activity in the equi-biaxial (44º ≤ θ ≤ 46 º) strain-rate states that 
characterize the curvature of the yield locus. We found that in all the cases the critical strains 
are achieved when slip on the {110}<111> systems decreases to a minimum. We found that 
for the BCC24-SC, BCC48-SC and BCC48-FC deformation modes the plastic activity and the 
average number and type of slip systems remain constant (i.e. independently of the theta 
value). However, interestingly, for the BCC24-FC slip model, the way in which deformation 
is accommodated depends on the theta value. The minimum value of activity on the 
{110}<111> systems is found in the equi-biaxial state (ϕ=45º). While, moving away from the 
equi-biaxial state results in an increase in slip on these systems. We believe that, although the 
strain-rate path changes, due to the fact that different slip systems accommodate the 
deformation, the ratio σ11/σ22 remains constant, retarding the initialization of strain 
localization.  
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With increasing deformations, the relative activity of the {110}<111> slip systems 
diminishes while the {112}<111> slip activity increases. If we include {123}<111> slip as a 
potentially deformation mode, we find that its relative activity remains constant (at 
approximately 50 percent) to the flow instability, while, as previous observed, the 
{110}<111> slip mode activity decreases to near zero at failure. We attribute this behavior to 
the fact that all slip resistances are equal to one another, and that for the same critically 
resolved shear strength, {123}<111> slip tends to more easily accommodate the deformation 
(Tóth. et al., 1997, Signorelli et al. 2006). 

In order to understand how the texture evolution affects the critical strains near the equi-
biaxial zone (ρ ≥ 0.7) and shapes the yield locus, we repeated the FC calculations freezing the 
texture in a particular state. Figure 5 shows results for BCC24 and BCC48 deformation 
assuming an initial texture corresponding to the predicted texture at failure from the previous 
simulations (e.g., we ran BCC24-FC with the final texture predicted by the BCC24-FC or 
BCC48-FC simulations). Over the range 0.7 ≤ ρ ≤ 1.0 the critical strain values are practically 
identical for simulations assuming 48 active slip systems, independent of the initial texture. 
However, for BCC24-FC, the tendency is quite different, and the limit-strain values reflect 
the influence of texture and a relationship to the polycrystal yield surface. This last effect is 
pronounced as we approach the equi-biaxial state, because the sharpness of the yield locus 
controls the limit-strain behavior. 

 
Figure 5: Influence of the plastic material representation on the MK-FC predictions close to equi-biaxial 

stretching. 
In summary, although it is normally accepted that a BCC material can be represented using 

24 or 48 slip systems, we demonstrated that the MK-FC FLD calculations are sensitive to the 
material plasticity assumption in the vicinity of equi-biaxial stretching. This, however, was 
not the case when we used a self-consistent transition scale for the homogenization procedure. 
For these calculations, we found that either 24 or 48 slip systems predicted similar FLD 
curves over the whole range of deformations. In order to understand this apparent ambiguity, 
we are now incorporating models of dislocation-based hardening in the constitutive law. This 
should provide a better description of the effects of microscopic-scale substructure on yield 
loci (Fourty et al., 2009).  
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	Abstract. It is well known that the yield-surface shape greatly affects the prediction of strain-limit values, especially for biaxial-stretching paths. The sharpness of the material yield surface (PCYS) is related to the slip systems selected to accommodate the imposed deformation. Polycrystal models track the slip activity of each individual grain, allowing the evolution of anisotropy to be taken into account naturally. Consequently, we can correlate the change in the yield surface to the number and relative activity of the active slip systems. 
	In this study, we focus on how different plastic crystal-anisotropy assumptions influence the predicted formability strains. The forming-limit diagrams (FLDs) are calculated based on a rate-dependent polycrystal model together with the Marciniak-Kuczynski (M-K) approach, which develops localized necking from an initial imperfection in the form of a narrow zone across the sheet.
	Typically, numerical simulations of the FLDs performed for BCC sheets assume either 24 slip systems, of the type {110}<111> and {112}<111>, or 48 slip systems, also including {123} slip planes. Because the essential characteristics of multiple glide can be captured using 24 or 48 slip systems, researchers have been free to select either of the deformation modes for crystal plasticity simulations. However, when predicting FLD behavior with the full-constrain (FC) homogenization scheme, the selection of the active deformation modes strongly affects the calculated limit strains. For example, if two deformation modes are selected, the MK-FC model predicts unrealistically high limit strains in balanced-biaxial tension. These different behaviors can be avoided if a self-consistent (SC) homogenization scheme is used instead of the classical FC approach. The discrepancy between the MK-FC and MK-SC assumptions can be understood in terms of the differences in the slip systems selected by each case and, consequently, in the predicted lattice rotation and local curvature of the yield locus.
	1 INTRODUCTION
	Since the concept of the forming-limit diagram (FLD) was introduced by Keeler in 1961, this realistic and general method for analyzing plastic instability has been widely used for studying the formability of sheet metals. Through recent advances, the theoretical analysis of plastic instability has the potential to predict the near failure conditions measured by Keeler´s technique. Most theoretical studies to predict FLD behavior are based on a model where the strain instability appears in the deformation process due to an imperfection already present in the material (Marciniak and Kuczynski, 1967). Numerous authors have adopted the Marciniak and Kuczynski model (M-K from now on) to describe strain localization. For the FLD simulations, crystallographic effects are taken into account by combining the M-K approach and a viscoplastic crystal-plasticity model (MK-VPSC) (Signorelli, 2006; Signorelli et. al., 2009). Based on this approach, we have examined several factors that influence limit strains, such as hardening behavior and plastic anisotropy (Wu et al., 2004; Inal et al., 2005; Signorelli et. al., 2009). It is widely recognized that the crystallographic texture strongly affects forming-limit diagrams and the macroscopic anisotropy of polycrystalline sheet metals. Recent work has emphasized characterizing and quantifying the effect of an initial cube texture and its evolution on the predictions of forming limit diagrams (Signorelli and Bertinetti, 2009). 
	It has long been recognized that large-strain deformations lead to changes in the radius and shape of the stress potentials away from any given initial state. With a crystal-plasticity based description of mechanical deformation that accounts for the development of preferred crystallographic orientations via the rotation of individual grains and the natural evolution of slip resistance, we can follow the evolution of the yield surface in polycrystal materials. If the multiple glide available in BCC materials, two or three deformation modes, is included in the calculation, we can also investigate how this ambiguity affects FLD predictions. In what follows, two types of slip modes are considered: (i) a BCC crystal with 24 slip systems of the types {110}<111> and {112}<111> (referred to as BCC24); and (ii) a BCC crystal with 48 slip systems of the types {110}<111>, {112}<111>  and {123}<111> (called BCC48). In the BCC metal literature, many different choices of slip systems have been used. Often, the {123}<111>  slip systems have not been accounted for (Inal et al., 2005; Van Houtte et al., 2006; Li et al., 2007; Radhakrishnan and Sarma, 2008; Delannay et al., 2009; Franz et al., 2009). On the other hand, many authors employed BCC48 in their simulations (Raabe, 1995; Tóth et al., 1997; Choi, 2002; Nemat-Nasser et al., 1998). 
	The purpose of this work is to determine how the different slip plastic assumptions, BCC24 and BCC48, affect the yield-surface shape within the context of crystal visco-plasticity theory. Specifically, we are concerned with comparing the predictions of stress potentials obtained from the FC and SC models and seeing how these potentials influence the predicted limit strains.
	2 THEORETICAL FRAMEWORK
	2.1 VPSC formulation
	This work adopts several assumptions for modeling material behavior. According to earlier contributions, a viscoplastic (VP) behavior is considered for the single crystal, and a self-consistent (SC) homogenization scheme is used for the transition to a polycrystal (VPSC) response. We assume that plastic deformation is a result of crystallographic slip due to dislocation motion on the active slip systems. The dislocation slip rates,, are derived from the resolved shear stresses, , using a viscoplastic exponential law:
	  ()
	The label s refers to the set of potential slip systems available in the material. Here, m is the slip-rate sensitivity index, assumed to be constant during deformation and equal for all slip systems,  is the reference shear rate and  is the critical resolved shear stress, applied to each system. An isotropic hardening law is adopted, and the evolution of the critical shear stress is given by:
	  (2)
	where,  are the hardening moduli behaviors, which depend on  (accumulated sum of the single-slip contributions to ). These moduli can be written using the initial hardening rate  and the hardening exponent n: 
	  (3)
	The strain rate d and the shear rates  are related as follows:
	  (4)
	where, is the Schmid tensor, which describes the geometry of the s slip system in the single crystal. The macroscopic deviatoric stress and deviatoric strain rate of the material are obtained by averaging the local values  and , respectively, weighted by the volume fraction of crystal orientations.  The relation between  and  ( and ) depends on the model assumptions. In our case, this model is based on the assumption that each grain is surrounded by a homogeneous effective medium that has the average properties of the polycrystal. Such a formulation leads to an interaction equation that linearly relates the stress and strain rate in the grain with the overall stress and strain rate of the effective medium. Basic discussions of this approach can be found in the literature (Molinari et al., 1987; Lebensohn and Tomé, 1993).
	2.2 The stress-potential function
	In the case of viscoplastic models, there is no yield surface in the classical sense but a yield potential can be defined, with a very similar role to the yield surface in rate-independent models. The shape of the yield potential gives direct information about the plastic anisotropy of the crystal and its size depends on the selected plastic work rate. The stress potential function  is defined by a constant plastic work rate  along the potential. The plastic work corresponding to an arbitrary strain rate  is defined as:
	  = const. =  =  =     (5)  
	where,  is the stress state corresponding to . In the viscoplastic scheme used in this work  is prescribed and  is determined. As  is not known a priori, the obtained plastic potential rate can be different from , i.e. the stress point does not necessarily lie on the selected equipotential. When both the imposed strain rate and the obtained stress state are deviatoric, the plastic work rate lies on another equipotential contour. The desired stress and strain rate on the selected equipotential can be obtained by following Hutchinson´s method (Hutchinson, 1976). He showed that when the magnitude of the strain rate is changed by a factor , the stress response of the polycrystal gives:
	 . (6)
	As a consequence, the magnitude can be scaled as follows:
	 ;         . (7)
	The description of the complete yield locus requires probing all possible test directions. However, in this study, we will focus on the  projection of this locus, due to the assumption of plane stress, . For computing the  Cauchy states, different strain-rate boundary conditions, in the global reference frame, are imposed appropriately to obtain different points on the yield potentials. Then, all possible directions in the strain-rate sub-space are scanned in steps of one degree.
	3 RESULTS
	In persuing our analysis of how the BCC24 and BCC48 deformation modes affect yield surfaces and FLDS, we assume the same initial random texture, as described by 1000 equiaxed grains. All numerical simulations are performed using both, FC and SC, homogenization schemes. Following Inal´s procedure (Inal et al., 2005), we take the same uniaxial stress-strain curve fit for all cases. Accordingly, the hardening parameters are chosen to give identical uniaxial-stress responses. We take the BCC48-FC´s stress-strain curve as a reference (see Table 1). For the calculations, the slip resistances, , of all slip systems are taken equal to one another; the rate sensitivity is m = 0.02, and the reference slip rate is = 0.001s-1. 
	Material
	BCC48
	BCC24
	Scheme
	FC
	VPSC
	FC
	VPSC
	ho (GPa)
	0.808
	0.808
	0.795
	0.980
	n
	0.23
	0.26
	0.23
	0.26
	c (GPa)
	0.0305
	0.0400
	0.0300
	0.0370
	Table 1: Material parameters used in the simulations
	The influence of the selection of the active deformation modes on the shape of yield potentials will be addressed first.
	3.1 Calculated polycrystal viscoplastic potentials
	As mentioned above, the yield potentials of the materials are calculated by imposing different plastic strain-rate tensors under a state of plane stress. The stress potentials are calculated in the  section. The selected reference strain mode, before the yield-locus simulation, is that of equi-biaxial stretching up to a plastic strain = 0.32. Figure 1a shows the theoretical yield loci predicted for BCC24 and BCC48 materials. The equi work-rate surfaces are normalized to the work-rate for uniaxial stretching, as calculated for BCC48-FC. Since the direction of the plastic-strain rate plays an important role in simulating the deformation process, the directions at different points along the predicted yield surfaces are analyzed. To characterize these vector directions two angles, and  as shown in Figure 1b, are defined in the Cauchy stress reference frame. Because all simulations begin with the same initially random texture, the computed yield potentials before stretching are the same. During plastic deformation, as a consequence of the texture development, the crystal orientation distributions change, and the yield loci also change. The {110} pole figures after the equi-biaxial loading are shown on the bottom in Figure 1a (BCC48-FC, BCC24-FC, BCC48-SC and BCC24-SC from left to right). The stress potentials predicted for the BCC24 and BCC48 materials exhibit a large difference between the FC and VPSC assumptions. In both materials, VPSC predicts larger yield stresses and sharper curvatures in the vicinity of equi-biaxial tension than the FC model. No differences can be seen when the calculations are carried out with the VPSC scheme, regardless of the material. But, for the FC calculations, although the predictions have similar shapes and tendencies, small differences occur in the vicinity of equi-biaxial tension, where the local curvature of the BCC24 potential slightly decreases. These small changes in the shape of the yield locus, which can influence the stress response corresponding to an imposed strain-rate mode, can be seen in the detail of Figure 1b. These subtle variations are clearly depicted in the vicinity of =45º. Upon close inspection, slopes generated by the BCC24 and BCC48 calculations differ in detail (open and close symbols respectively in the detail of Figure 1b) reflecting a decrease in the sharpness of the yield locus. For the VPSC simulations, the strain-rate directions increase dramatically when compared with the FC calculations. Again, this behavior is directly associated with the sharper curvature of the VPSC stress potentials. In essence, Figure 1 shows the effects of texture evolution on the yield loci, as calculated by FC and VPSC homogenization schemes. 
	a)  b)
	Figure 1: a) Stress potentials of BCC24 and BCC48 deformation as computed with FC and VPSC homogenization schemes; b) Directions of the plastic strain rate vectors.
	According to Lian et al. (1989), the yield surface shape has a tremendous effect on the FLDs, and Neale and Chater (1998) demonstrated that a decrease in the sharpness of the stress potentials in equi-biaxial stretching is a factor promoting larger limit strains. A sharp curvature allows the material to quickly approach plane strain, and therefore, results in the prediction of a relatively low limit strain. Next, we analyze the effects of active slip-system selection on strain localization in biaxial stretching.
	3.2 Predicted forming limits
	We applied the MK-VPSC and MK-FC approaches for predicting limit strains in the present materials. For details of the implementation of the MK approach we refer the reader to Signorelli et al., 2009. The material is assumed to have an imperfection in the form of a groove or band that is initially inclined at an angle  with respect to the transverse direction. The initial-thickness ratio inside and outside the band defines a parameter f, which must first be fixed. Its value is taken to be 0.99 for all FLD calculations in this work. To analyze the development of deformation localization during proportional straining, the calculations are performed over different strain paths in the biaxial zone. These strain paths are defined in terms of the strain ratio  over the range 0 ≤  ≤ 1. 
	The predicted limit strains are presented in Figure 2. Results clearly illustrate large differences between the FC and VPSC homogenization schemes, particularly near equi-biaxial stretching, regardless of the material. For each homogenization scheme, both materials reach the same values in plane strain. Within MK-VPSC, the profiles of the BCC48 and BCC24 simulations are similar over the range of strain ratios 0.2 ≤  ≤ 0.6, and slight differences can be seen near equi-biaxial stretching. On the other hand, within MK-FC, the strain values are similar as  increases from 0.2 to 0.8, but, for  ≥ 0.9, critical values calculated with the BCC24 deformation model increase to a nonrealistic high value at  = 1. The same response was found by Inal et al. (2005). In their work, they compared numerical simulations of FLDs based on a rate-dependent Taylor-type polycrystal-plasticity model for FCC and BCC sheets using 12 and 24 systems, respectively. For BCC24-FC deformation, they also predicted extremely high limit strains without texture evolution.
	Figure 2: Influence of the active-selected modes on the FLD.
	Figure 2 includes a plot of the textures of each material at the end of the equi-biaxial loading path. Clearly, BCC24 and BCC48 textures evolve to different states, producing the strong effects observed in the FLD behavior.
	In order to assess the effect of the yield-surface shape on the forming-limit behavior close to the balanced-biaxial stretching zone, we calculated the yield loci corresponding to each of the necking limit strains (Figure 3). The shapes and curvatures produced by the FC and VPSC models are quite different. Within the VPSC framework, the yield loci are sharper, and only small differences can be found between BCC24 and BCC48 based simulations. This is consistent with the similar limit-strain values predicted by the VPSC model, as shown in Figure 2. 
	The differences are more pronounced for the FC calculations. The curvature of BCC24 yield locus is blunter than that of the BCC48, again in agreement with the predicted limit strains. As mentioned in the previous subsection, when calculations are carried out up to a plastic strain of 0.32, before necking, only subtle variations are observed, as pointed out by Kuroda and Tvergaard (1999). Nevertheless, in their work, the authors claim that a quite reasonable representation can be obtained for BCC48 and BCC24 materials in the FC elasto-plasticity framework (i.e. only yield-surface analysis was performed). Here, we found that this assessment does not strictly apply in the case of critical-strain calculations, especially close to equi-biaxial stretching paths. 
	Figure 3: Stress potential at equi-biaxial failure for all tested materials.
	Two other qualitatively similar ways of analyzing the stress potential are depicted in Figure 4. The directions of the plastic-strain rate at different points along the predicted yield surfaces and a yield-surface shape hardening diagram (Yoshida et al., 2007) are shown in Figure 4a-b, respectively. The latter represents a relationship between and  for different strain paths, where is defined as the stress corresponding to . 
	Differences in the sharpness of the stress potentials in equi-biaxial stretching are clearly illustrated in these figures. For the BCC24-SC and BCC48-SC deformation modes, the slight changes observed in the predicted critical-strain values are correlated to the similar profiles shown in Figure 4a-b. In the vicinity of =45º, the sharpness of both yield loci are characterized by an abrupt change of . Over the range 42º ≤  ≤ 47º,  varies linearly from 23º to 63º, and that allows the material to quickly approach a plane-strain state with small variations of stress state. We attribute the reasonable description of the BCC material behavior using either 24 or 48 slip systems, to the capability of the VPSC model to assign different strain values to each grain. On the other hand, the curves calculated with the FC theory, in accordance with the observed yield loci, are not as steep and clearly different for the two materials. For the BCC24-FC approach the direction of the plastic strain-rate  or seems nearly invariant in the vicinity of =45º, which is consistent with the similarity of the yield surface curvatures. But, for BCC48-FC, the values of  increase steadily with  over this range. These effects are shown in Figure 4b Fig.4b, together with the p-parameter (Barlat et al., 1989). This parameter is calculated as the ratio between the yield stress in plane-strain,, to that in equi-biaxial tension, . It should be noted that the trends in p and the predicted limit-strain values are consistent with our analysis of the variation between FC and VPSC results. For VPSC simulations, the p-parameter has the same values. However, this is not the case when we compare BCC24-FC and BCC48-FC materials (i.e. note that the dashed and dotted line is below the solid line). 
	a)  b)
	Figure 4: a) Directions of the plastic strain rate vectors ; b) Diagram representing the relationship between  and  for different paths (p-parameter).
	4 DISCUSION AND CONCLUSIONS
	As mentioned above, the differences in the relative active slip systems are one of the most relevant features for comparing FC and VPSC simulations. As a part of this study, we analyzed the predicted plastic activity in the equi-biaxial (44º ≤  ≤ 46 º) strain-rate states that characterize the curvature of the yield locus. We found that in all the cases the critical strains are achieved when slip on the {110}<111> systems decreases to a minimum. We found that for the BCC24-SC, BCC48-SC and BCC48-FC deformation modes the plastic activity and the average number and type of slip systems remain constant (i.e. independently of the theta value). However, interestingly, for the BCC24-FC slip model, the way in which deformation is accommodated depends on the theta value. The minimum value of activity on the {110}<111> systems is found in the equi-biaxial state (=45º). While, moving away from the equi-biaxial state results in an increase in slip on these systems. We believe that, although the strain-rate path changes, due to the fact that different slip systems accommodate the deformation, the ratio 11/22 remains constant, retarding the initialization of strain localization. 
	With increasing deformations, the relative activity of the {110}<111> slip systems diminishes while the {112}<111> slip activity increases. If we include {123}<111> slip as a potentially deformation mode, we find that its relative activity remains constant (at approximately 50 percent) to the flow instability, while, as previous observed, the {110}<111> slip mode activity decreases to near zero at failure. We attribute this behavior to the fact that all slip resistances are equal to one another, and that for the same critically resolved shear strength, {123}<111> slip tends to more easily accommodate the deformation (Tóth. et al., 1997, Signorelli et al. 2006).
	In order to understand how the texture evolution affects the critical strains near the equi-biaxial zone ( ≥ 0.7) and shapes the yield locus, we repeated the FC calculations freezing the texture in a particular state. Figure 5 shows results for BCC24 and BCC48 deformation assuming an initial texture corresponding to the predicted texture at failure from the previous simulations (e.g., we ran BCC24-FC with the final texture predicted by the BCC24-FC or BCC48-FC simulations). Over the range 0.7 ≤  ≤ 1.0 the critical strain values are practically identical for simulations assuming 48 active slip systems, independent of the initial texture. However, for BCC24-FC, the tendency is quite different, and the limit-strain values reflect the influence of texture and a relationship to the polycrystal yield surface. This last effect is pronounced as we approach the equi-biaxial state, because the sharpness of the yield locus controls the limit-strain behavior.
	Figure 5: Influence of the plastic material representation on the MK-FC predictions close to equi-biaxial stretching.
	In summary, although it is normally accepted that a BCC material can be represented using 24 or 48 slip systems, we demonstrated that the MK-FC FLD calculations are sensitive to the material plasticity assumption in the vicinity of equi-biaxial stretching. This, however, was not the case when we used a self-consistent transition scale for the homogenization procedure. For these calculations, we found that either 24 or 48 slip systems predicted similar FLD curves over the whole range of deformations. In order to understand this apparent ambiguity, we are now incorporating models of dislocation-based hardening in the constitutive law. This should provide a better description of the effects of microscopic-scale substructure on yield loci (Fourty et al., 2009). 
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