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Abstract. In a previous work carried out by the research group, the dynamics of slack extensible
cables subjected to end prescribed motion was tackled through a reduced order model with a Karhu-
nen-Loeve (KL) basis (also known as POMs, Proper Orthogonal modes). The latter was found from data
of the dynamic response of an inextensible chain under similar conditions. The use of the chain prob-
lem was a natural selection due to the similarity between the slack cable and the chain. Now, the same
approach is applied to a taut cable which exhibits small sag. Here, the pretension level is higher, the
extensibility is more noticeable and the range of validity of the chain basis should be verified. In the
present work, both the chain and the cable will be exposed to horizontal forces and prescribed dynam-
ic motion at the ends. This situation resembles the case of the guys in a guyed structure as in the case
of communications towers. The chain dynamics are solved with two DAE approaches and then, the KL
basis extracted from the obtained data. It should be mentioned that this basis is optimal for the prob-
lem under study, in the sense of the least squares criterion. Once the basis is found along with the ei-
genvalues (POVs, Proper Orthogonal values, sometimes named "energy"), the POMs are introduced in a
Galerkin approach to represent the dynamics of the extensible cables. Given its hierarchical grouping,
the KL decomposition allows to choose only a few modes to be used in a Galerkin approximation, keep-
ing the most important component of the dynamic response information. An illustrative example is
worked out using the data from a real communication tower guy. The availability of a reduced dimen-
sional model is very useful for structures that have large or infinite degrees of freedom. The advantages
are apparent: considerable saving of computing times makes simulations more economical and para-
metric and bifurcation studies feasible.
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1 INTRODUCTION

Structural cables constitute an important part of modern structural engineering
applications involving large spans. Pretensioned guy cables are implemented in radio
and communication guyed towers to provide stability and support to flexible masts
reaching high elevations as they are subjected to the effect of wind-induced forces.

Centuries ago, researchers studied the subject of a vibrating taut string and used
experimental techniques to find the laws describing its behavior. Over the years, ma-
thematical models describing string vibrations were established. Cable dynamics in-
clude free vibration, response to forcing excitation and experimental measurements
of cable vibrations. In recent years, attention has been focused the methods of ana-
lyzing guyed towers. Ordinary structural analysis does not yield reasonable solutions.
The highly nonlinear tension-chord elongation relationship of guy cable introduces
geometrical nonlinearities when the mast experiences lateral displacements.

In the dynamic analysis of cable systems, superposition of loads and displacements
is not strictly valid due to the effects of loading nonlinearities and large amplitude
vibrations. In general, the governing equations for pre-tensioned cable dynamics are
coupled and highly nonlinear. General analytical solutions for these systems are not
available, and therefore, numerical techniques have to be used, e.g., the finite ele-
ment method (FEM), and the finite difference method (FDM).

A historical review of cable dynamics, along with a summary of recent contribu-
tions specific to suspended cables can be found in Irvine (1981) and Triantafyllou,
(1984, 1987). The prominent linear theory developed by Irvine and Caughey (1974)
describes the free vibration of a suspended cable about a planar equilibrium with
small sag and horizontal supports. Hagedorn and Shafer (1980) were the first to ex-
tend the (in-plane) linear theory to account for geometric nonlinearities. Free planar,
nonlinear cable oscillations were further studied in by Rega and Luongo (1980), Rega
et al. (1980), Luongo et al. (1984) and Takahashi and Konishi (1987). Recently nonli-
near modelling, analysis and phenomena are comprehensively addressed in the re-
view papers by Rega (2004) and Ibrahim (2004) concerned with deterministic and sto-
chastic dynamics, respectively.

The authors have been working in dynamics of cables using a quasi-static model
for the cables with different complexities (Rosales et al, 2003; Escalante et al., 2005).
In a previous work of the research group, the dynamics of slack extensible cables sub-
jected to end prescribed motion (Escalante et al, ENIEF 2008) was approached
through a reduced order model with a Karhunen-Loeve (KL) basis by means of the
proper orthogonal decomposition (POD). The latter was found from the data of the
dynamic response of an inextensible chain under similar conditions. The use of the
chain problem was a natural selection due to the similarity between the slack cable
and the chain.

In the present work, the same approach is applied to a taut cable which exhibits
small sag, where both the chain and the cable are now assumed to be elastic and will
be exposed to arbitrary loads that may arise from several sources, including self-
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weight and wind pressures.

The proper orthogonal decomposition (POD) is a powerful and elegant method for
data analysis aimed at obtaining low-dimensional approximate descriptions of a
high-dimensional process. The POD provides a basis for the modal decomposition of
an ensemble functions, such as data obtained in the course of experiments or numer-
ical simulations. Its properties suggest that it is the preferred basis to use in various
applications. The basis functions are commonly called empirical eigenfunctions, em-
pirical basis functions, empirical orthogonal functions, proper orthogonal modes
(POMs), or basis vectors. The most striking feature of the POD is its optimality: it pro-
vides the most efficient way of capturing the dominant components of an infinite-
dimensional process with only a finite number of “modes”, and often surprisingly few
“modes” (Chatterjee, 2000; Holmes et al., 1996).

In general there are two interpretations for the POD. The first interpretation re-
gards the POD as the Karhunen-Loeve decomposition (KLD) and the second one con-
siders that the POD consists of three methods: the KLD, the principal component
analysis (PCA), and the singular value decomposition (SVD). The first interpretation
appears in many engineering literatures related to the POD. An interesting analysis
about the equivalence among the three methods can be found in Liang et al. (2002).

The POD was independently developed by several researchers including Karhunen
(1946), Kosambi (1943), Loeve (1948), Obukhov (1954) and Pougachev (1953), and
was originally conceived in the framework of continuous second-order processes.
When restricted to a finite dimensional case and truncated after a few terms, the POD
is equivalent to principal component analysis (PCA). This latter methodology origi-
nated with the work of Pearson (1901), as a means of fitting planes by orthogonal
least squares but was also proposed by Hotelling (1933)

It is emphasized that the KLD has become a well-established method in various
fields of scientific research ranging from biological, meteorological and seismological
to engineering applications (Kerschen et al, 2005; Glésmann and Kreuzer, 2005). The
method appears in various fields in the literature and is known by other names de-
pending on the area of application, namely PCA in the statistical literature, empirical
orthogonal function in oceanography and meteorology, and factor analysis in psy-
chology and economics.

In the present work, both the chain and the cable are assumed to be elastic and
will be exposed to horizontal forces and prescribed dynamic motion at the ends. This
situation resembles the case of the guys in a guyed structure as in the case of com-
munications towers.

The nonlinear static analysis of the cable subjected to static loading is performed
by solving the classical catenary equation (Leonard, 1988) and also for comparison,
like an elastic chain involving several point masses connected by elastic springs which
can only support tension (Wilson et al.,, 2003).

The chain dynamics are solved by modeling an elastic chain involving several point
masses connected by elastic springs which can only support tension, then the KL ba-
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sis are extracted from the obtained data. Once the basis is found along with the ei-
genvalues (POVs, Proper Orthogonal values, sometimes named "energy"), the POMs
are introduced in a Galerkin approach to represent the dynamics of the extensible
cables. Given its hierarchical grouping, the KL decomposition allows to select only a
few modes to be used in a Galerkin approximation, keeping the most of the dynamic
response information. An illustrative example is worked out using the data of a real
communication tower guy. The availability of a reduced dimensional model is very
useful for structures that have large or infinite degrees of freedom. The advantages
are apparent: considerable saving of computing times makes on one hand, simula-
tions more economical and on the other hand parametric and bifurcation studies
feasible.

2 DYNAMICS OF ELASTIC CHAINS

In order to construct a low-order dynamical model to simulate the dynamical be-
havior of taut cables we analyze a simpler problem with similar characteristics, like an
elastic chain. A Karhunen-Loeve decomposition (KLD) is performed to obtain a basis
which, is later introduced in a Galerkin approximation to solve the cable dynamics
problem. This approach has advantages and limitations. As for the former, we could
mention the simplicity of the reference problem and with respect to the latter, the
dynamics of the cables should resemble that of the chain.

The mathematical model of interest is a two dimensional motion of a cable (or
chain)  having mass particles connected by springs. A chain having specified end
motions illustrates the behavior of a system governed by nonlinear equations of mo-
tion.

The equations of motion are easy to formulate in terms of the horizontal and ver-
tical coordinates of each mass. The dimensionality needed to handle the elastic chain
is twice as much that needed for a similar rigid link model. Even if it is natural to util-
ize a three dimensional model|, it is easy to simplify it for two dimensional motions.

Consider a chain having n mass particles m,, 1< j <n, connected by nsprings hav-

ing unstretched lengths [;, 1< j <n. The geometry is depicted in Figure 1
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Figure 1: Chain geometry
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The position of particle m; is denoted by vector r; () =[x;(t), y; ()] with r,(t) and
r,.,(t) denoting the outer end positions of the first and last mass particles, which are
assumed to be known time functions We assume that concentrated forces P.(t) are

applied to the particles. The tensile force in spring number j at the time t is given by

T,(t) =k, (1-1,/L;(1))¢; OR (1) (1)
where £ (t)is equal to 1 if L (t)—(, >0 elseis 0,
R, (®) =r.(0)-r,@), L,(®) =R, (1) )
and k; denotes a spring constant. Then, the equations of motion are given by
iy o , T,-T.))/m, 1<j<n (3)

where dots denote differentiation with respect to t.

The equations are easy to state form using array operations. Furthermore, the two
dimensional case can be simplified further by using complex numbers to represent
the particle positions.

An algorithm to compute the response of a chain released from rest is reported in
(Wilson et al.,, 2003).

Initial conditions (IC) must be imposed to the coordinates involved in the govern-
ing equation (3), in our case r;(0), r _ ,...h). These conditions are obtained

from the geometry of the static solution of a catenary cable under self-weight.

3 STATIC ANALYSIS OF AN ELASTIC CABLE (CATENARY EQUATION)

The solution for the displacement of a nonsymmetrical sagged elastic cable has
been known since at least the 1930s (Irvine,1981), it is not much necessary to derive it
again from scratching here. However, as several components of the cable profile deri-
vation are relevant to the work presented in this paper, we will briefly do it using our
coordinate system and variables.

Nonlinear static model for cables can be developed by solving the classical cate-
nary equation (Leonard, 1988). The profile of an inclined cable suspended under the
influence of a uniform self-weight g is illustrated in Figure 2, where p,is the cable
density material, L, is the unstrained length of the cable, £, Q and AL represent the
elastic modulus, the unstrained cross-sectional area, and the strain of the cable, re-
spectively.

As shown in Figure 2, a point along the length of the strained cable can be de-
noted by the Cartesian coordinates x and y, and the path variables s. The variable s
represents the strained length of the cable segment as measured from the attach-
ment point of the cable to the point (x, y). The variable S will be used to denote the
unstrained length of that cable segment.
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Figure 2: Diagram of sagged cable

From this starting point, the equations for the shape of the cable can be derived.
The equilibrium of forces on a differential length, gives,

d—H =0, H=H,, 4)
dx
dav ds
== —_g=. 5
dx qu ©)
Also, since the tension direction is along the tangent to the arc,
dy
V=H,—=. 6
% dx ©)
Using the derivatives of equations (5) y (6) and the fact that ds* = dx* + dy?,
2 2
iy, 9 1+(d—y) -0. 7)
dx° H, dx

The tension at any point (x, y)is given by,

T=H, |1+ (d_y)z ) (8)
0 dx

Integrating equation (7) twice and applying the boundary conditions, y=0at x=0
and y=atan@ at x=a, leads to

y:%{cosh(g+ﬂ) —cosh{g+ﬂ(1—2§ﬂ}. 9)

The above equation is the classic catenary equation for the deflected profile y of
the arc, where

__9q9
’B_ZHO' (10)
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il B
¢ =sinh (tanesinhﬂ) (11)

Substituting equation (9) into equations (6) and (8), vertical force and tension can be
obtained as,

V =H,si nh{g+ ﬂ(l— zfﬂ, (12)
a

T =H, cosh{g+ ,B(l— 2%)} . (13)

The stretched length to a point x on the horizontal span is obtained from
ds=[1+(dy/dx)2]1/2dx (s=0at x=0) as,

2 VN, (14)
L qa
where, V, is the vertical force at x=0, and V is the vertical force at x.
The total unstretched length is determined from the differential equation
@ __T/Hy [T | H T ]| (15)
dx 1+T/QE | H, EQH,

Applying the boundary conditions S=0 at x=0and S =L, at x=aand integrating
equation (15), the equation obtained is,
ﬁzu_ﬂ{ﬂﬁn—\g} 16)
L ga 2EQ| qa (ga)
Equations (9) to (16) describe the behavior of a catenary segment in terms of un-
known horizontal force H, and self-weight g.

If the horizontal component of the force is calculated, the unstretched length of the
cable can be calculated using equation(16). This is important because the only refer-
ence parameter that remains constant as the cable deforms is its unstretched length
L,. Cable position is based on initial tension at the right end T, which is a specified

input value. First an approximate value H, =T, cosé is calculated. From equation (13)
at x=a, we obtain T, =H,cos(c—f). This equation, used iteratively with equations
(10) and (11), can be used to determine the initial value of horizontal force. L, can
then be calculated from equation (16).

4 DYNAMICS OF EXTENSIBLE CABLES

Now, the dynamics of an extensible cable will be stated. Recall that the KLD will be
performed by using the chain dynamics and after that, the KL basis will be introduced
in a Galerkin approximation to find the cable response.

Figure 3 shows a free body diagram of a portion of a cable, in which the acting
forces are the self weight and constant uniform forces g, (horizontal) and g, (vertical).

Assuming that the cable is extensible, the equilibrium equations of a discrete portion
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are:
AH -Amr™ X =0, (a)
AV —An” g+qg,AX =0, (b)
where dots indicate derivative with respect to the time variable,
Amg = p,QAX = pQAs, x and y are intermediate points, and if & =As/AX (stret-
ching) then p,=p&. p is the cable density material, Q is the cross section and g is

17)

the gravity acceleration.
Dividing each member by AX

AH . —

& e @

AV (18)
= _ 50 =0, (b

o - - - Pgre,=00)

and assuming AX — 0, the local equations for the motion of the extensible cable un-
der self-weight, are obtained :
H' = pQ¢ i (a) (19)
Vi=pQS&(" _  q. (b)
primes indicate derivative with respect to X, £=ds/dX and H and V are the hori-
zontal and vertical components of the static cable tension T, respectively:

H =Tcos€=T%=I:—;,
ds ng (20)
V=Tseng=TY - Y
ds &dX
Let us now propose the following constitutive law for the cable material
2
Z: K@, 21)
& 2

Figure 3: Free body diagram of a portion of cable
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which was discussed in Filipich and Rosales (2000). Then Egs. (19) can be written as

follows:
LA .
RS
, (22)
T .
(?y,j = pOQ(- - qv‘
If K is a constant with axial stiffness unit, after rearranging, we obtain
/ 2 ' 2 .
(¥ (&7-1)] =m0
(23)
2 ro2 .
Y(E-)] = . 3-q)

Equations (23) represent a nonlinear system of partial differential equations and its
solution is tackled by means of the Galerkin Method using KL basis of the chain prob-
lem.

5 PROPER ORTHOGONAL DECOMPOSITION

Let 6(x,t) be a random field on a domain Q. This field is first decomposed into
mean u(x)and time varying parts 9(x,t):
a(x, t) = u(x) + 9(x, t) 24)
At time t,, the system displays a snapshot 9“(x) = 9(x,t,). The POD aims at obtain-
ing the most characteristic structure ¢(x) of an ensemble of snapshots of the field
9(x, t) that maximizes the ensemble average of the inner products between 9*(x)and

o(x)

Maximize (|9 of ) with o] =1 (25)

where (f, g)J.Q f(X)g(x)dQ is the inner product in Q; (-) denotes averaging;

|| = )**is the norm; |- |is the modulus. Holmes et al. (1996) show that the maximi-

zation reduces to the following integral eigenvalue problem
jQ<9k(x)9k(x')>¢(x') ax'= Ap(x) (26)

G (x) 9 (x')>

Where < is the averaged auto-correlation function. The solution of the

optimization problem (25) is thus given by the orthogonal functions 2% of the
integral equation (26), called the proper orthogonal modes (POMs). The correspond-

ing eigenvalues A (& 20)are the proper orthogonal values (POVs). The POM asso-

ciated with the greatest POV is the optimal vector to characterize the ensemble of
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snapshots. The POM associated with the second greatest POV is the optimal vector to
characterize the ensemble of snapshots but restricted to the space orthogonal to the
first POM, and so forth. The energy ¢ contained in the data is defined as the sum of

the POVs, i.e. ¢ Zf 7, and the energy percentage captured by the ith POM is given

by A2 :
The POMs may thus be used as a basis for the decomposition of the field dx.1).
I(xt) = a e (x) (27)
i=1

where the coefficients a,(t) are uncorrelated, i.e,, <a[(t)aj(t)> = ;4 and are determined
by a,(t) =(Hx. 1), ¢.(x)).

5.1 Practical computation of the POD

In practice, the data are discretized in space and time. Accordingly, m observations
of an n-dimensional vector xare collected, and an (nxm)response matrix is formed:

|7X11 -

X=[x, i (28)

|
EARCE

Since the data are now discretized and do not necessarily have a zero mean, the
averaged auto-correlation function is replaced by the covariance matrix
C, = E[(x—p)(x—p)T], where E[-]is the expectation and p=E[x] is the mean of the

vector x. The POMs and POVs are thus characterized by the eigensolutions of matrix
S. If data have a zero mean, an estimate of the covariance matrix is merely given by

the following expression:
C, =1XXT (29)
m
It is emphasized that the POD can also be computed through the singular value
decomposition of matrix X:

X=UzVv’ (30)
where U is an (mxm) orthonormal matrix containing the left singular vectors; Z is
an (mxn)pseudo-diagonal and semi-positive definite matrix with diagonal entries
containing the singular values o, and Vis an (nxn) orthonormal matrix containing

the right singular vectors.

The POMs, defined as the eigenvectors of the covariance matrix C, are thus equal

v

to the left singular vectors of X. The POVs are the square of the singular vales di-
vided by the number of samples m. The main advantage in considering the SDV to
compute de POD is that additional information is obtained through the matrix V.
The column v, of matrix V contains the amplitude modulation of the corresponding
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POM, normalized by the singular value o..This information may also provide impor-
tant insight into the system dynamics.

6 NUMERICAL EXAMPLES
6.1 Example 1

A cable of length L, with both ends fixed at (0,0)and (a,b)respectively, is consi-
dered. The following data are adopted: a=2040m, b=57.70m,
Q=1.25x10"*m?, @, =0.1rad/s, y,=p,g=78500N/m’, f,(t)=20.40+0.07(1-cos(w,t)),
f,(t)=0, E=16x10"N/m’. The algorithm derived in Section 3 was implemented to

obtain the geometric configuration of the static solution of a cable under self-weight
and a pretension T,. Results can be seen in Table 1, where the unstretched and

stretched length, and strain are shown.

Tension [kg/cm] T,[N] Lo[m] L[m] AL[m] To[N]
150 1875 61.2367 61.2416 0.005 1308
300 3750 60.1479 61.2086 1.061 3183
600 7500 58.9937 61.2020 2.208 6933
1200 15000 56.6972 61.2005 4.503 14433

Table 1: Stretched and unstretched length, and strain of a suspended cable supported at the
ends and subjected to self-weight and tension T, at the top right end.

The geometric configuration of the static solution for the case of T, =1875N is shown
in Figure 4.

504
40 1
304
¥

204

10

D_T"""'T"'""T""'"T"'""'I'

o > 101520
x

Figure 4: Geometric configuration of the static solution of a suspended cable subjected to an initial

tension 7, =1875N
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For comparison, the differential equations governing of this problem (catenary equa-
tion) derived by Pallares and Rodriguez (2008) were solved by a standard routine im-
plemented in Maple and results, were coincident not shown here.

6.2 Example 2

Next the dynamic behavior of a taut cable is analyzed. The following data are
adopted: a=20.40m, b=>57.70m Q=1.25x10"*m’, L, =56.6972 w, =0.1rad/s
f,(t) =a-0.07(1-cos(w,t)), f,(t)=0, E =L6x10"N/m’, K =EQ,

Yo = Pog = 78500N/m’, g, =g, =0, T, =15000N .

To find the Karhunen-Loeve basis, a similar problem of a chain with 39 interme-
diate concentrated mass particles joined by springs (40 elastic links) is analyzed. The
data matrices I. and ¥ correspond to the geometric configuration of the chain (in-
stantaneous horizontal and vertical coordinates at each mass particle) at 125 instants
spaced 1 seconds.

In order to obtain eigenmodes with higher energy contribution (i.e. ¢ defined in

Section 5) we need to construct the covariance matrix of the velocity field correlating
all points in the domain. Assuming that the total number of points in space is n, then,
the covariance matrix is (nxm). In this work, we employ the snapshot method of Si-

rovich (1987b). Then,

X=| oo o ..'fl RO ..'."l (31)

an e o oo .
Being n the number of mass particles and m the number of observations, x;and
y;the spatial coordinates of the mass particle i at the time ;. In this case, n=41 and

m=125. The average of these data is given by

/u‘x,l—| 1 [Zijlxli—‘ lrlu:v,l—’ 1 [Zijlyli] )
Tl M) L] M
Hn Zizlxln Hyn Zi:lyln
In order to use Egs. (29) the following matrices are introduced:
X1~ Ha e - - e
X = S N . S (33)
an_:uxn

e Lo - R s

Thus, data are now centered.
Recall that the governing equations for the problem of the extensible cable are
given by
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] -2

2 .
(&) =2t . 5-q)
With x(0,t) =0, y(0,t) =0, x(L,, t) = f,(t), ¥(L,, t) = f,(t). The following change of va-
riables is introduced

(34)

%=x(X, ) —Lﬁ £

)j (35)
)7=y(X,t)—L— f,(t)

0
System (35) governs the problem along with the boundary conditions (BC) which
are x(0,t) =x(L,, t)=0 and y(0,t) = y(L,,t) =0. With this change of variables the basis

functions hold the BC at every instant. From the matrices X and Y (X and Y matric-
8,00}
are already expressed in the new variables. The differential system is solved by means

of a Galerkin approach where the unknown functions are approximated by the ex-
pressions:

es expressed in the new variables), the Karhunen-Loéve basis {@:—(X)}

i=l.m i=i..n

X=X(X)+2,a,(04,(X)
l:rl (36)
y=y(X)+2 b, (X)
=1
Where x(X)and y(X) are the average values of x(X,t)and y(X,t). ¢3X[(X)and
¢3ﬂ.(x> are the KL basis (POMs), a.and b, are unknown.

The first five singular values that characterize the dynamics of the chain are given
in Table 2.

From the sum of all proper orthogonal values Zizlaxi:7.1486 and

Zi:laﬁ = 2.516 respectively, with (r =20), it can be seen that only one POV is enough

to capture more than 95% of the “energy” contained in the data.

O z;l & (%) Ty zlr=1 £, (%)
6.8343 95.60 240026 95.49
0.1963 98.35 0.0711 98.32
0.0842 99.52 0.0296 99.50
0.0133 99.71 0.0047 99.69
0.0058 99.80 0.0024 99.79

Table 2: Proper orthogonal values for the horizontal and vertical motion. Percent
of total energy captured by each POV
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In Figure 5 the empirical eigenfunctions (POMs) corresponding to the first three
POVs of X are shown.

0.2+

.-"'H_H-\\"-
@,(X) ! )

0.1 / \

10 20 [ 30

014

-0z | /

Figure 5: First three Proper orthogonal modes. Example 2

In Figure 6 a snapshot of the geometric configuration of the cable is shown for in-

stant t=45s. As it can be seen, it is enough only one POMs from the KL Basis to cap-
ture a good characterization of the cable dynamic. Again as it was expected and as it

was verified in a previous work (Escalante, 2008), the dynamic behavior of a cable and
a chain with large number of links are similar.

6.3 Example 3

Next example, a cable dynamic whose right top end describes a higher frequency
motion is analyzed. The following data are adopted: a=20.40m,

b=57.70m Q=1.25x10"m’, L, =589937 (Pre-tension T, =3750N), e, =0.5rad/s,

£.(t) =a—0.07(1-cos(,t), f,(t)=0, K = EA, y, = pog = 78500N/n?’,
E =1.6x10"N/m’, g, =g, =0

In this case the percents of the energies contained in the data captured by the first
five POVs are 85.66% and 85.70% for the horizontal and vertical motions respectively.

Copyright © 2010 Asociacion Argentina de Mecanica Computacional http://www.amcaonline.org.ar



Mecéanica Computacional Vol XXIX, pags. 707-725 (2010) 721

504

404

304

204

104

|:| T T T T
1] 5 10 15 20

X

Figure 6: Snapshot of the geometric configuration at t =155 for the cable and a chain of 40 elastic
linktion aproximante, using one POM for the approximating solution.

In Figure 7 the trajectory described by the cable is shown through six snapshots at
the instants t=0,15,30,45 60 and 90 seconds. Finally, in Figure 8 a snapshot of the

geometric configuration of the cable for instatnt t=45sis shown.
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Figure 7: Trajectory described by a cable with a prescribed motion at the ends. Example 3.
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Figure 8: Geometric configuration for instant t=45s , for the dynamic of an elastic chain (points line)
and of a cable (continued line) using two approximating functions (POMs) for the solution. Example 3.

6.4 Example 4:

Now, in this example the behavior of a suspended cable with prescribed motions
at ends and uniform horizontal and vertical loads is shown. The following data are
adopted: a=20.40m, b=57.70m Q=125x10"nm", L,=60.1479,T, =7500N,

w,=03rads f,(t)=a-0.07(1-cos(at)), f,(t)=0, E =1.6x10"N/n7,
p, =78500N/n? g, =1.50,09 .

Again, for comparison, results obtained from the dynamic analysis of an elastic
chain and of a extensibe cable using KL Basis are shown in Figure 9.

7 CONCLUSIONS

In the present work an interesting and advantageous technique to solve dynamic
of extensible taut cables was shown. Starting from the knowledge of a problem with
similar characteristics, though simpler (the dynamics of an extensible chain), the be-
havior of an extensible cable could be analyzed. For a cable with a standard stiffness
and a chain with a large number of links (particle masses joined by springs), it was
proved that the dynamic behavior in both cases is similar as depicted.

Proper orthogonal decomposition is a methodology that firstly identifies the mod-
es with larger “energy” in an evolving system, and secondly provides a means of ob-
taining a low-dimensional description of the system dynamics.
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Figure 9: Snapshot of the geometric configuration at t=45s, of the chain (dot line) 40 elastic links)
and of the cable (continued line) using three approximating functions (POMs) for the solution.

The proper orthogonal decomposition method was used to find the set of ortho-
gonal functions to use then as trial functions with the Galerkin Method. The basis,
obtained in this way (Karhunen-Loeve Basis) are, as known, optimal since they pro-
vide the best approximation to the real solution in the sense of the minimum square.
It could be seen, as well, that the first proper orthogonal values (POVs) accumulate a
great percent of the energy contained in the dynamic and because of that, few func-
tions are enough to get a good approximation to represent the real solution.

It is important to remark the fact that solving an ordinary differential problem
(chains), a more complex problem governed by partial differential equations could
afterwards be analyzed.
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