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Abstract. This study is motivated by current issues in transportation acoustics, where the goal is to
predict and reduce the noise radiated by vibrating structures. Potential applications include passive and
active vibroacoustic control of extended sources. In this work, the vibration of structures is described
by numerical techniques. Structures like beams and plates can be modeled by finite element techniques.
Nonlinearities effects originated by large displacements formulation are use to describe the mechanical
system. In this implementation, the dynamic model of the Von-Karman equations is used and the solu-
tions are projected over the linear modes of the structure. The structural system is coupled to the infinity
fluid action. It was used one temporal formulation calculated by a convolution integral of the fluid ra-
diation impedance and the champ of velocities of the mechanical system. The fluid-structure effects are
extent to heavy fluid coupling. The goal of this work is put numerical simulation of sound radiated by
vibrating structures including sound-structure coupling. The formulation is developed in the extended
case including resonance modes and geometrical nonlinearities of the structure. Two geometrical config-
urations of the plate were used. The results obtained by the numerical method using the present models
are achieved and the influence of geometrical nonlinearities on sound radiation is explored. Firstly, the
linear model was used to study the acoustic radiation influence on the dynamical responses. One second
analysis was performed, using a nonlinear formulation. This way, the heavy fluid radiation effects on the
nonlinearities were investigated.
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1 INTRODUCTION

In the last years, the acoustic propagation radiated by vibrating structures has been studied
for the noise reduction application. Several authors showed special interest on perturbations
in a linear acoustic field generated by structural non-linearitgaaqbergy 1975 Nayfeh and
Kelly,1978. One application is the electrodynamic loudspeakers de§gadgebue2007).

It is expected a linear transduction. However, for high levels of vibrations, nonlinear phenom-
ena appear and are responsible for audible distortQus¢gebeur and Chaigriz00§). The

goal of this paper is to present one formulation for structural-acoustic problems composed by
a non-linear elastic plate coupled to the infinity fluid loading. In order to test the methodology,

it was proposed several numerical solutions for an elementary model loudspeaker. For this,
it is necessary to understand the validity of the proposed models. In this work, the large dis-
placements nonlinear effects are coupled to an impedance fluid model. Two deferents values of
impedance was tested. In this work, it was considered light and heavy fluids. It was determi-
nated the radiation effect of structures in high levels of amplitudes on acoustic domains. The
model is based in a process of radiation of small amplitude sound waves by an oscillating struc-
ture. In this model, fluctuations of physical properties, like as air density and sound speed, are
neglected. The mechanical system is composed by a elastic circular plate in baffled conditions.
The non-linear geometry results in cubic non-linearity of Von-Karman equations dynamic ana-
log. It is considered that the sound wave radiation and velocities are governed by the linear
wave Helmholtz equation. In fact, sufficiently far from the structural surface, the fluid motion

Is acoustical,Kinsler et al,[1995. In order to instigate the coupling among the structural me-
chanical behavior and the acoustic impedance effect, one temporal formulation calculated by
a convolution integral of the fluid radiation impedance and the champ of velocities of the me-
chanical system was performed. The fluid-structure effects are extent to heavy fluid coupling.
Analytical solutions for circular plates was projected on a linear mode base in order to expand
the temporal solution of the coupled system. The aims of this paper is to present a formulation
of a problem of structural acoustics in heavy fluid loading conditions of a non-linear elastic
structure and clarify the nonlinear structural effects on acoustical fluid radiation done by a tem-
poral numerical approach. The outline of the rest of the paper is as follows. In S8ctiun
acoustic-structure coupling for a baffled plate modeling a loudspeaker is described. Moreover,
the basic assumptions of the model are presented. In the next section, we state the bending plate
problem with large displacements. The Von-Karman dynamic analog model is presented by the
governing equations description. In this context, analytical and numerical approaches are ap-
plied to describe the system and a modal superposition technique is used to model the coupled
dynamic system. In addition, the procedure to decompose the heavy acoustic radiation effect in
a time formulation is presented in this section. In Secfipthe numerical results are presented

and the performance of the method is illustrated. The conclusions are outlined in &2ction

2 PROBLEM DESCRIPTION

In this work, the dynamical response of a loudspeaker model is performed by numerical
methods. The problem consists of a mechanical system under acoustic impedance effects. The
structure is placed in baffled conditions. In order to model the dynamical behavior of the system,
an acoustic-structure coupling problem among one circular elastic plate and the exterior fluid
Is evaluated. Therefore, the reaction of the surrounding fluid on the structure is considered
as dissipative and it acts against the motion sense. In general, the excitation forces of the
loudspeaker system are electromagnetic nature. In this work, the eletro-mechanical coupling
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analysis is beyond the scope of this paper. The coupling is performed by a convolution integral
of the acoustic impedance function and the normal spatial velocity distribution of the plate. The
analog equations of Von-Karman are used to describe the mechanical system. The boundary
conditions and the forces of the mechanical system are presented id)ig. (

£ Co

clamped

Figure 1:Model for the Acoustic-Plate Coupling.

In this work, two geometrical configurations of the circular plate with acoustic radiation
coupling were tested. The first one, it is considered flat and circular. The second configuration
iIs more realistic. Therefore, the loudspeaker is viewed as the combination of an spherical
central structure with a conical suspension. More details of the geometries are described in
next sections. The assumptions of the model are: the plate is considered thin in according with
the Kirchhoff-Love bending theory and the rotatory inertia effect in plane is not considered.
In addition, the nonlinear terms are cubic nonlinearities. In the next section, the Governing
Equations for the acoustic-structure coupling are presented.

3 GOVERNING EQUATIONS

In this approach, the wave propagation theory done by Von-Karméan equations dynamic ana-
log is valid for low frequency range and linear acoustic propagation conditions. For the fre-
guency analysis, all dependent displacements represent small fluctuations around a static ref-
erence value and the material behavior is linear and the mechanical properties, like as Young’s
moduli £, densityp and Poisson’s ratio, etc, are continues in the elastic domain.We supposed
a forced symmetric circular plate model. Therefore, a axisymmetric formulation is developed
and depending of the radial position The transverse displacement is time depending and
denoted forw(r,t). Likewise, we have the longitudinal displacement describe(oyt). For
large displacements, the geometrical nonlinearities are not neglected, taking into account the
stretching of the mid-plane of the plate.
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3.1 The Mechanical Equations

The dynamic equations for the bending circular plate in polar coordinates are written as
(Nayfeh and Mook199%):
. 4 10 : f
phi + DV w = - (Frw,) —2uw + T (r,t) =T (r,t) Q)
ror
whereh is the thickness of the platg,is the damping coefficient anf is the flexural rigidity
done by:
Eh3
D=— 2
12(1 —v2) @
The termsl” andT/ are external pressures on the domain: excitation of system and acoustic
fluid coupling, respectively. More details about these terms are presented in next sections. One
relation among the nonlinear for¢eand the displacements is done by:

Eh 0
4 _ 2
V= 2r Or (w’r) ®)
For the axisymmetric case, the differential operafdris done by:
2 19\
4 — — —_——
V= (87“2 + 7’87’) ()

The longitudinal and transverse displacements and the nonlinear forcé’teambe related
by Eg. 5) and 6).

1 1
Eh (uﬂ“ + Ew%) = _ET - VETT (5)
’ r

Ehg = Err - ZET (6)
r T

In this point, one analysis with dimensionless variables is more convenient. The new vari-
ables are defined as follows:

h2
r=Rr*, t=R% /2t w:Ew*

ht 24(1-1? .
U= psut, p= —(R4 )\/ph5Du

T - FT 5 F - R2
whereR is the radius of the circular plate.
By substituting the dimensional relations into Ed), (3), (5) and B), it results in a dimen-

sionless problem for with variation [0,1] done by:
10

W+ Vi =¢ - (Fow,) —2ui| + T (r,t) — TY (r,t) (7)
ror

F*
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10
4F____ 2 8
v QTaT(w’) (8)
1 1
U, + -w QT:—FT—VFTT 9)
2 r ’
E_FT"I‘_KET (10)
T r

where the dimensionless terms done by Eq. 11). All dimensionless variables are O(1) as
e — 1.

12 (1 — v?) h?
oA o
The edges of the plate are considered clamped. Therefore, the boundary conditions for the
mechanical system are done by:

w(l) =0, u(l)=0, w,(1)=0 (12)

3.2 Modal Expansion of the transverse displacement

In order to solve, the transverse displacement is describe by uncoupled form. Therefore,
the spatial and temporal problems can be solved. By using, the mathematical properties of the
eigenmodes Hwins, 11995, an expansion is reached in terms of structural modes, as follows:

Z S (1) Vm (13)

wherey,, is the generalized temporal varlable amglis the linear mode vector in free-oscilla-
tions condition, associated to the natural frequengy Thus, the modal vector and the natural
frequency are obtained by eigenvalue problem solution. In general, the mgde® normal-
ized to unit, as follows:

1

/ TG Ondr = Opmn 14
0

By analytical solution of the circular plate eigenvalue probleifeifovitch, 2000, the de-
scription of the mode,,, is done by:

¢m = Cm [JO (ﬁmr) [0 (ﬁm) - JO (ﬂm) [0 (57717")] (15)

wheref,, is relationship with the natural frequencyas = 32.. The functions/, and I, are
the Bessel functions and modified Bessel function of first kind, respectively.

For the circular plates case with the boundary conditions described idB)gthe necessary
conditions for the modes functions in= 1 are: ¢,, (1) = 0 and¢,, (1) = 0. In addition to
exigency that mode function in = 0 is a finite value. It results in a nonlinear roots problem
done by Eq.16).

Io (Bm) Jo (Bm) = Jo (Bm) Iy (Bm) = 0 (16)
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3.3 Modal Expansion of the Nonlinear Force Term

The nonlinear force can be expanded in terms of orthogonal modes. In this point, it is more
convenient to expand the spatial derivative= F, (Nayfeh and Mook1995. Thus, the
combinations of the Eq8] through (L0) and Eg. [L.3) results in the Eq./1(7) and (L9).

G,—vG=0 17)

2y 41G, =] (z o () <t>) )

Therefore, one possible expansion €ors done by:

G(r,t) = Z Ji (Gn) 1 (1) (19)

where(,, is the argument of the Bessel functidp andn,, is the generalized temporal force
function.

The Eqg. IL7) is a boundary conditions equation for= 1 and substituting the expansion
described in Eq./19), it results in a nonlinear root problem f¢y, as follows:

Cmo (Gm) = (L +v) 1 (Gn) =0 (20)

It is noted that problem is material dependent. In general, the employed materials for loud-
speaker plates has= 1/3.

3.4 The Fluid Force Term

For several authors, a problem of non-linear vibrations of a heavy fluid-loaded structure can-
not be approached as a standard structural acoustics proSkemok(n 2000). In this work,
the structural non-linearity is combined with the acoustic radiation effect in a coupled formu-
lation and the structural responses are compared. Actually, several tests to determine the limit
of light fluid loading theory in wave propagation analysis of acoustic medium in contact with a
structure which presents large displacements can be found in refer&ucekiq and Kadyroy
1999 'Sorokir} 2000).

The first hypothesis for the radiation acoustic coupling is the plate edge effects neglecting.
It is assumed one fluid pressure fofEé(r, t) acting on a baffled planar piston radiating in free
space. The pressure force is done by a convolution among the radiation impedance fdnction
and the plate velocity), as follows:

t

ZT*MZ/ZT(T)w(t—T)dT (21)

Following the Rayleigh theory, the radiation impedance of a baffled circular piston of radius
R is then given byEahy, 2000):

wherepycy Is the acoustic impedance of the propagating medium/aisdthe wave number,
done by:k = w/cq. The termsR; and X, are the reactance and inertance of acoustic medium,
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respectively. These functions are dependent on the frequency and can be expreiksedeas (
et al,1995:

Ry (2kR) = 1—2%];3) (23)
X, (2kR) = 2%}@ (24)

whereJ; and H; represent the Bessel and Struve functions of first kind, respectively.
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(a) Reactance and Inertance functions (b) Mean Square Approximation
Figure 2:Radiation Impedance functiaf,.

The values of reactance and inertance are normalizéfy te pycy. The functions in the
frequency domain are presented in Fi@a) For temporal analysis, the Eq22f must be
written in a time formulation. In this work, the radiation impedance function is approximate
to an infinity polynomial seriesDoutaut et al.199§. The mathematical description for the
temporal transformation is presented in the Ex§) @nd 26):

g X8 (B/a)

% 5~ a ()’ (/o)

wherei is the polynomial orderj; anda; are numerical coefficients obtained by mean square
method.

In Fig. (2b), itis presented a mean square approximation for the real and imaginary radiation
impedance. In general, a few terms are necessary to reach a good agreement among the curves.
In Tablell, it is compared the coefficients values obtained by the Rayleigh second order and
Mean Square approximations.

(25)

’ Coefficients ‘ ﬁo ‘ 61 ‘ 62 ‘ (%)) ‘ (041 ‘ 9 ‘
Rayleigh (second order)0.0000| 0.8488| 0.4000| 1.0000| 1.0186| 0.4000
Mean Square 0.0000| 0.8488| 0.4887| 1.0000| 1.0754| 0.4887

Table 1:Values ofa; andg;.
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For the convergence of the transformation series by polynomial approximation, is is neces-
sary to satisfy the stability criteria &reiss(1968. By Fourier transformation, the Eq2%)
can be rewritten in terms of temporal derivatives, by using the differential operdtasd B,
as follows:

(26)

B, (£4,) > 5 (Rer) d e
A, (L N

r <5dt> S i (R/co) di/dti
=0
Therefore, the radiation fluid effect introduces differential operators with bigger order in the
Mechanical Equationsly.

3.5 Summary of the Governing Equations

In order to resume the formulation, one presents the nonlinearly coupled differential equa-
tions system in time domain, as follows:

oo o 0

lzn + wi% =& [Z Z Z I rmpq¥mWptq — 2Nn¢n

m=1 p=1 ¢=1

LT -THE @)

The Eq. 27) represents a global balance of the mechanical effects. Thus, the quantities and
properties are determined by integration over the domain. TheZBytHrough B0) represent
the external forces and the structural damping of the system, respectively.

1 1

T, (t)= [ ré¢,T (r,t)dr = [ r$,T(t)d (r — o) dr (28)
[roren=]
TV ) = [ roTT (r,t)dr = | r¢pZ. % (r,t) dr (29)
/ /
o = [ wrdr (30)

0

One expression for the nonlinear coefficiént,,, is obtained using the orthogonality prop-
erties of the modal expansion proposed to the nonlinear force, described in S&cijori{-
nally, the nonlinear coefficient is presented in the 2]) @s:

1 1
so [ Gy 1 (o) dr [ ¢,y (Ger) dr
2.7 p W (31)
P (G = 1+ v2) J7 (G)

In order to solve the system described in EQ7)( it was used analytical and numerical
methods to determine the modal parameters. In this work, the time solution was obtained by
use of mathematical commercial codes, like as Matlab. The analysis of convergence is not
presented here. In the next section, several numerical tests are presented.

anpq =
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4 NUMERICAL RESULTS

In this section, one presents the numerical results obtained for the dynamical response of cou-
pled plate model with nonlinearity geometrical. In this paper, the numeric tests were performed
for two geometrical configurations of the plate. In Fi), (it is presented two configurations
for the loudspeaker plate.

(a) Flat Plate (b) Conical Shell
Figure 3:Geometries for the Loudspeaker Plate.

In this analysis, two values for the radius dimension were used in order to observe the in-
fluence of the area value on the acoustic radiation damping. The dimensional parameters and
mechanical properties of a typical material used to build loudspeakers are listed ii2Table

| thickness (mm) Young's moduli (GPa) Poisson’s ratig density(kg/m?) |
| 9 | 1.30 033 | 1420 |

Table 2:Geometrical and Material Parameters.

4.1 Modal Results

Several parameters described in Governing Equation Se@)oaré determined by series
solutions and numerical approximations. In this work, a number of five modes were used for
the expansion modal. Moreover, the formulation is dimensionless. Thus, the modal results
presented are normalized. For the flat plate case, the modal parameters for the three first natural
frequencies and nonlinear coefficient are presented in Radtel compared with results found
in literature.

| Mode |  w, |w, (Nayfehand Mook1995 | 3laua | 3laaas (Nayfeh and Mook1999 |

1 10.2158 10.2158 1.6222e+002 162.22
2 39.7711 39.7710 5.5521e+003 5552.1
3 89.1041 89.1040 3.4270e+004 34401

Table 3:Validation of the numerical results obtained by the code implemented.

For the first plate configuration, the structural modes obtained are presented ird)ig. (
For the second plate analysis, the modal parameters were determined by a finite element ap-
proach Zienkiewicz and Taylar1997; Reddy 1984). The first natural frequencies and struc-
tural modes are presented in Fig).(It can be noted that frequency values are lower than ones
obtained in the first analysis.
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(a) Mode 1 (b) Mode 2 (c) Mode 3
wy = 10.2158 wy = 39.7711 w3 = 89.1041
Figure 4:Axisymmetric structural modes of the flat plate configuration.

(a) Mode 1 (b) Mode 2 (c) Mode 3
wr = 4.1994 wy = 8.9767 wsg = 11.3405
Figure 5:Axisymmetric structural modes of the conical shell configuration.

In general, the first frequency of loudspeaker structure must be as low as possible, otherwise,
the others natural frequencies must be as high as possible, in order to extend the bandwidth
where the transducer works as a rigid pisiQuéegebeur and Chaigr08).

4.2 Time Results

In this section, the numerical results on the time domain for the two plates configurations
are presented. The accuracy of the implementation approach was investigated and validated by
frequency results convergence.

_ 1><1o’7 ‘ ‘ ‘ ‘ _ 5><10’5 ‘ ‘ ‘ ‘
§_, —— without acoustic radiation 1 é —— without acoustic radiation
g op—-miAIIVAIT | g0
" 50 100 150 200 250 © 5 1 2 3 4 5
time (ms) time (s)
x107 x107°
g ' —with acé)ustic radiatior% ‘ | g ® ‘ ‘ ‘ ;with acodstic radiation‘
5 ot : g op~nnrnms A WAV
° 50 100 150 200 250 © 5 1 2 3 4 5
time (ms) time (s)
5 T T T T 5 T T T T
z z
g 0 g o
s S
o 50 100 150 200 250 0 1 2 3 4 5
time (ms) time (s)
(& R =101.5mm (b) R = 564.2mm

Figure 6:Analysis of the flat plate with random excitation.
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The results are resumed as linear and nonlinear approach. The flat plate was tested for
low displacements conditions and for the conical shell, the tests were based in a nonlinear
formulation with geometric nonlinearities.

For the flat plate, two excitations forces types were used: random and harmonic natures.
In this study case, the influence of the heavy fluid radiation was investigated. Moreover, the
dynamical performance of the system was analyzed by spectrum techniques and Frequency
Response Functions (FRF). The chosen point for excitation and displacement response was the
middle of the domain.

The time results of the flat plate with random excitation can be found in Ba).and [6b).

For the random excitation, the results in frequency domain were obtained and compared for the
two radius values. The frequency responses are presented iiY&ig@nd b). It can be noted
that in both cases, the natural frequencies changed due to the acoustic radiation damping.
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—— without acoustic radiation
- - —with acoustic radiation

T T
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80 |

|
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\
40+ [
.

]
20+ IR (ERN
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Figure 7:Frequency Response Functions of the flat plate.
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Figure 8:Analysis of the flat plate with periodic excitation.
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In order to clarify the acoustic radiation effect, the next example aims to provide the temporal
response of the system with periodic excitation, as it is described in Bjg.The excitation
frequency is closer to the first natural frequency. For this reason, the superposition of waves
provide a beat vibration. The acoustic radiation modified the beat frequency value.

The proposed nonlinear model was adjusted for the conical shell case and it was admitted
only cubic nonlinearities. In fact, the nonlinear effect for conical shell is smaller than flat plate
case. The application of this method consists in a first approximation to determine the coupled
response of an acoustic-structure system with nonlinearities. This way, the influence of heavy
acoustic radiation on the time and spectral results was investigated.

First of all, the conical shell system was excited by the periodic force with increasing am-
plitude presented in Fig.9¢). The external radius of the conical shell was 101.5 mm. The
displacements and spectral results are described in Baj. (Three time ranges can be ob-
served: the first one presents a weak excitation where linear and periodic results are observed,
a intermediary range with almost periodic response and the third one where the chaotic phe-
nomenons are evidenced.

o
(=]
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[=]
o
=

©
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S
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0.1 0.2 . .
time (s) time (s)
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TN . X A 02 025 03 035
0.05 0.1 0.15 0.2 025 03 . time (s)
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(a) Response to excitation with increasing (b) Response to excitation with increasing
amplitude. amplitude and acoustic radiation included.

20

10p

Force (N)
o

|
0.1

" time (s) -

(c) Excitation with increasing amplitude.
Figure 9:Uncoupled and Coupled Solutions on the Conical Shell Spectrogram.

The fluid coupling effect was introduced in the differential equations. In [Rig), {t can be
noted that the time solutions of the conical shell excited by periodic force were not modified
considerably. The displacement values were slightly affected. Therefore, the damping intro-
duced by heavy fluid radiation did not modify the time response to proposed excitation force.
For the spectral diagram obtained, the bifurcations remained the same.
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5 CONCLUSIONS

In this work, several numerical tests have been performance. Two geometrical configurations
for the plate found in typical loudspeakers has been tested. Temporal solutions based in the
analog dynamical equations of Von-Karman for plate bending with large displacements were
obtained by using superposition of the linear structural modes. Coupling the system, acoustic
radiation effects were introduced. In order to amplify the radiation effects, it was chosen a heavy
fluid with large values of impedance. For the flat plate case, the tests provide the influence of the
heavy fluid damping effects in the time solutions and the natural frequencies values changing.
As expected, increasing the fluid-structure interface, the acoustic radiation effect was amplified
and the dynamical responses were modified considerably. It was created a first methodology to
detect the heavy fluid radiation effects on the nonlinear vibrations of plates type loudspeaker.
Finite elements techniques were used to determine the structural modes of conical shells and
adapted for the coupled formulation. Finally, by time results analysis, the heavy fluid radiation
effects did not change so evident the nonlinearities of the conical plate proposed.
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