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Abstract. This work presents a methodology for minimum weight design of laminated composite 
tubes. The design variables are the number of plies and the thickness and fiber orientation of each ply. 
The formulation includes stress and stability constraints. Multiple loading cases can be considered. A 
highly efficient axi-symmetric finite element formulation was developed and implemented for 
structural analysis. The stresses in the material system are used to compute the safety factor of the 
laminate using an appropriate failure criterion. The design optimization is performed using a 
sequential quadratic programming (SQP) algorithm. The proposed methodology is successfully 
applied to the design optimization of laminated composite tubes subjected to internal and external 
pressure, axial load and torsion. Several application examples are presented. 
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1 INTRODUCTION 
Fiber Reinforced Composites (FRC) research and use have been rising in the recent years, 

due to its high specific stiffness and specific strength. Also, it features good corrosion 
resistance, thermal insulation, good damping performance and long fatigue life. Such features 
have led many industries to fund researches on the area, particularly the oil drilling and 
aerospace industries. Particularly, development of lighter composite tubes for fluid 
transportation and pressure vessels for fluid storage are on the rise. Comparative studies 
between steel and composite tubes for oil drilling (risers) are showed in Beyle et al. (1997). 

Among many types of FRC, the use of laminated composite structures is growing widely 
in the last few years. This is due to the possibility of a more optimized structural design, 
utilizing the great tailorability it offers, since the number, orientation and sequence of plies (or 
laminas) can be optimized to give the exact desired structural behavior (Azarafza et al., 2009). 

Laminated composites consist of a series of laminae, each one consisting of unidirectional 
fibers embedded in a polymeric matrix, the latter transmitting the stresses between the former. 
(Jones, 1999; Mendonça, 2005). Design of such structures shows many complexities, as many 
design choices have to be made, such as the number of lamina and the thickness and 
orientation angle of each laminae. 

A traditional design methodology can be used through the trial-and-error process, which 
can be an arduous process if applied to fiber reinforced composites, due its many design 
variables. Therefore, design of such structures is better fit to the use of optimization 
techniques (Vanderplaats, 2001). 

The design variables can be continuous, as in Park et al. (2005), or discrete, as in Topal 
(2009). No unique optimum solution is usually obtained when minimum thickness is searched 
and the ply thicknesses are discrete variables, e.g. multiple of a basic layer thickness (Gurdal 
et al., 1999). In this case, it is often better to use a multi-objective optimization formulation 
(Marler and Arora, 2004; Silva et al., 2009; Walker and Smith, 2003). Usually, the weight of 
the laminate and another performance parameter is considered (Almeida and Awruch, 2009; 
Topal, 2009; Deka et al., 2005). When continuous nature is used to design variables a single 
weight function can be used. Although the discrete nature for design variables is in general a 
practice requirement the use of continuous treatment is important to investigate the behavior 
of the solutions in a free condition with respect this constraint.  

In any design optimization process, the structural security of each trial laminate has to be 
measured. To this end, stresses and strains in each laminae are needed, and a structural 
analysis procedure have to be undertaken. The combination of fiber and matrix can be 
modeled as an orthotropic material, with each layer being stronger in the direction of its fibers 
and weaker in the transversal directions. Due to the high complexity in modeling laminated 
composite tubes, computer programs based on numerical methods, such as the Finite Element 
Method (FEM), are often used. 

In this work, a highly efficient axi-symmetric finite element is formulated. In such element, 
only the tube's wall is modeled, allowing the analysis of tubes subjected to internal and 
external pressures, axial force and torsional moment. To reduce the number of degrees of 
freedom, thus decreasing computational effort, a Generalized Plain Strain (GPS) state is 
considered, where the axial strain and torsional rate is considered constant. As a result, a one-
dimensional element with one radial degree of freedom per node and two global degrees of 
freedom is developed. Also, the custom implemented element allows the consideration of 
multiple load cases, thus allowing further laminate tailorability. Such element is validated 
using numerical examples presented in Xia et al. (2001), comparing the results with the 
analytical solution presented by Herakovich (1998) and an axi-symmetric finite element with 
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24 degrees of freedom previously implemented in the open-code finite element program 
FEMOOP (Rocha et al., 2009). Also, some examples are presented comparing results with a 
Classical Lamination Theory solution (Silva et al., 2009) and the commercial finite element 
software ABAQUS (Simulia, 2007). 

With stresses and strains in each laminae, various failure criteria for composite materials 
can be used. In turn, such criteria can yield the safety factor for the whole laminate, in a First 
Ply Failure fashion. In the present work, two criteria, the maximum stress and Tsai-Wu, were 
used. 

Several algorithms have been used to the laminated optimization problem such as classical 
mathematic programming techniques (Walker and Hamilton, 2006) and evolutionary 
altorithms (Spallino et al., 2002) with special attention to genetic algorithms (Azarafza et al., 
2009; Walker and Smith, 2003; Lemanski et al., 2001; Silva et al., 2009). The first class of 
methods has been successfully applied to problems with continuous variables and the last 
ones with discrete variables and discontinuous and nondifferentiable functions. 

This work presents a simple methodology for minimum weight design of laminated tubes. 
Only symmetric laminates are considered. The design variables are the number of plies and 
the thickness and fiber orientation of each ply on the half of the laminate. All of them are 
treated as continuous variables. The formulation includes stress and stability constraints. 
Multiple load cases can be considered combining internal and external pressure, axial force 
and torsional moment. A highly efficient axi-symmetric finite element formulation was 
developed and implemented for structural analysis. The stresses in the material system are 
used to compute the safety factor of the laminate using an appropriate failure criterion. A 
sequential quadratic programming (SQP) method is used to solve the nonlinear problem. 

2 STRESS ANALYSIS 
An efficient finite element formulation was developed in order to compute the stresses in 

thick-walled laminated tubes of fiber reinforced composites. Only axisymmetric loading 
(internal and external pressure, axial force and torsional moment) are considered, thus 
bending is not allowed. The tubes are subjected to constant loads and have a large length, as a 
consequence the strains do not vary along the axial direction and the tube is in a Generalized 
Plane Strain (GPS) state. 

2.1 Constitutive relations 
In a macroscopic scale, each lamina (or ply) can be modeled as an orthotropic material, 

with greater strength and stiffness in the fiber direction. Thus, the mechanical properties and 
stress-strain relations are described in a local (material or ply) coordinate system (1, 2, 3), 
where the 1-axis is parallel to the fibers, the 2-axis is perpendicular to the fibers and the 3-axis 
is perpendicular to the lamina. Thus, the material system is different for each ply. 

On the other hand, the equilibrium equations and kinematic relations should be written in 
the same coordinate system for the whole structure. A global cylindrical coordinate system (r, 
θ, z) was adopted due to the geometry of the tubes. The global and local systems are depicted 
in Figure 1, where α is the helical angle.  
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Figure 1 – Global and local coordinate systems. 

 
Fiber reinforced composites can be modeled as elastic-linear until very close to failure 

(Jones, 1999). This, the relation between stresses (σ) and strains (ε) in the local coordinate 
system (1, 2, 3) can be written as 
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(1)

where S is the compliance matrix and the subscript 1 indicates the local system. Since this 
matrix is symmetric there are only 9 independent constraints. Thus: 

Ejν ij = Eiν ji  (2)

The inversion of Eq. (1) leads to: 
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(3)

where C is the elastic constitutive matrix of the material, whose coefficients are given by 
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Strains can be transformed from the local to the global system using (Cook et al., 2002): 
εTε =1  (5)

where the transformation matrix T is given by 



























+++
+++
+++

=

233223322332323232

311331133113131313

122112211221212121

333333
2
3

2
3

2
3

222222
2
2

2
2

2
2

111111
2
1

2
1

2
1

222
222
222

nmnmlnlnmlmlnnmmll
nmnmlnlnmlmlnnmmll
nmnmlnlnmlmlnnmmll

nmlnmlnml
nmlnmlnml
nmlnmlnml

T

 

(6)

In this equation mi, ni and li are the director cosines of the local axes in respect to the global 
axes, which are presented in Table 1.  
 

  l m n 
1 0 sin α cos α 
2 0 -cos α sin α 
3 1 0 0 

Table 1 – Director cosines. 

 
Using the Virtual Work Principle it can be shown that stresses are transformed by 

σ = TT σ1  (7)

Using Eqs. (3), (5), and (7) the stress-strain relation in the global system can be written as 

σ = Cε ⇒ C = TT CT  (8)

where C  is the constitutive matrix in the global system. Substituting the data from Table 1 in 
Eq. (8) leads to 
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According to this expression, normal and shear stresses and strains are coupled. Thus, normal 
stresses cause out-of-plane (torsional) shear strains when the laminate is angle-ply. On the 
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other hand, the normal and shear stresses are uncoupled for cross-ply laminations (α = 0o or 
90o). 

2.2 Strains and stresses 
The three-dimensional strain-displacement relations in cylindrical coordinates are given by 

(Timoshenko and Goodier, 1970): 
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where u is the radial displacement, v is the out-of-plane (i.e. tangential) displacement and w is 
the vertical displacement. Considering only tubes subjected to axisymmetric loads (pressure, 
axial force and torsional moment), the strains do not depend on θ and Eq. (10) simplifies to 
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Considering a Generalized Plain Strain (GPS) state, the strains are constant along the 
length of the tube (Herakovich, 1998). Thus, the displacement fields can be written as: 

zzrw
zrzrv

ruzru

aε
β

=
=
=

),(
),(

)(),(
 (12)

where β is the rate of twist and εa is the axial strain, which are both constants. According to 
Eqs. (11) and (12), γzr and γθr vanish and the strain-displacement relations can be written as 

εrr =
∂u

∂r
εθθ =

u

r
ε zz = εa γ θz = βr  (13)

Eq. (9) shows that stresses τzr and τrθ vanish because γzr =γrθ = 0. Therefore, the stress-strain 
relation involving only non-zero terms is given by 
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where the coefficients of the constitutive matrix are given by 
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C11 = C33

C12 = sin2 α C13 + cos2 α C23

C 22 = sin4 α C11 + cos4 α C22 + 2 sin2 α cos2 α C12 + 2C44( )
C13 = cos2 α C13 + sin2 α C23

C 23 = sin2 α cos2 α C11 +C22 − 4C44( ) + sin4 α + cos4 α( ) C12

C 33 = cos4 α C11 +  sin4 α C22  + 2 sin2 α cos2 α C12 + 2C44( )
C14 = sinα cosα C13 - C23( )
C 24 = sin3 α cosα C11 - C12 − 2C44( )+ cos3 α sinα C12  - C22 + 2C44( )
C 34 = sin3 α cosα C12 - C22 + 2C44( )+ cos3 α sinα C11 - C12 − 2C44( )
C 44 = sin2 α cos2 α C11 - 2C12 + C22 − 2C44( )+  sin4 α + cos4 α( )C44

 (15)

2.3 Finite Element Formulation 
The displacement field, Eq. (12), and the kinematic relations, Eq. (13), show that the stress 

analysis of long thick-walled laminated tubes subjected to axisymmetric loads is a one-
dimensional problem in the radial coordinate r, since the other unknowns, β and εa, are both 
constants. 

Therefore, the finite element formulation proposed here has only one degree of freedom 
per node (the radial displacement u) in addition to two global (nodeless) degrees of freedom 
(β and εa). In fact, the global displacement vector is given by 
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where nn is the number of mesh nodes. Thus, the finite element model has a total of 2nn+2 
degrees of freedom. 

The radial displacement within each finite element is interpolated from the nodal 
displacements ui using 

u = Niui
i=1

n

∑  (17)

where functions Ni are the shape functions and n is the number of element nodes. The shape 
functions are Lagrange polynomials defined in parametric coordinate  ξ, since only C0 
continuity is required (Cook et al., 2002). Therefore, low and high order elements can be 
easily implemented. A sub-parametric formulation was adopted, where the radial coordinate is 
linearly interpolated within the element: 

r =
1− ξ( )

2
r1 +

1+ ξ( )
2

r2  (18)
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where r1 and r2 are the radial coordinates of the first and last element nodes, respectively, as 
depicted in Figure 2. 
 

 
Figure 2 – One-dimensional element with quadratic interpolation.  

Using Eqs. (12), (13), and (17) the strains within a quadratic element can be computed 
from the nodal and global (nodeless) degrees of freedom: 
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where B is the strain-displacement matrix and ue is the vector of element displacements, 
including both nodal and global degrees of freedom. 

According to the Virtual Work Principle, at an equilibrium state the internal and external 
virtual works due to a virtual displacement field δu are equal: 

∫∫ =⇒=
r

T
V

T
ext drdVWW fuint δδδδ σε  (20)

In the Finite Element Method the total internal work is computed by the summation of the 
internal work of each element: 

∑∫
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=
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T dVW
1
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where ne is the number of finite elements of the model. Considering strain field ε given by 
Eq. (19) and the stresses in the global system given by Eq. (8), the internal virtual work can 
be rewritten as: 

ξπδδ dJrW T
e
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e
ee

T
e 2

1

1
1

int BCBKuKu ∫∑ −
=

=⇒=  (22)

where Ke is the element stiffness matrix and J is the Jacobian of the transformation between 
the radial (r) and parametric coordinates (ξ): 

2
12 rrJ

d
drJ −

=⇒=
ξ

 (23)

Eq. (22) can be rewritten in terms of the global stiffness matrix K as 
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The global stiffness matrix is assembled summing up the element matrices by the standard 
finite element procedure (Bathe, 1996; Cook et al., 2002), but considering both nodal and 
global degrees of freedom of each element, according to Eqs. (16) and (19). 

The external work for a tube subjected only to internal pressure (pi), external pressure (pe), 
axial force (N) and torsional moment (T) is given by: 

fuT
anneeiiext TNupruprW δδβδεδπδπδ =++−= 22 1  (25)

where ri and re are the inner and outer radius respectively. Therefore, the external force vector 
is simply: 
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Finally, the global equilibrium equation is obtained from Eq. (20), (24), and (25): 
fKu =  (27)

In design optimization it is important the consideration of multiple load cases. As the 
structural analysis is linear, the global stiffness matrix is the same for all load cases. Thus, 
computation implementation can handle multiple load cases, computing stresses, strains, and 
displacements for each of them. So, for an analysis with m load cases, the global equilibrium 
given by Eq. (27) takes the form: 
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where the numbers in parenthesis denote the load cases. 

2.4 Local Strains and Stresses 
In order to evaluate the failure of the laminate, the stresses and strains in the local 

coordinate system are needed. Initially, the strain field in the global system is obtained using 
Eq. (19). The local strains should be obtained using an appropriate matrix transformation. 
Since the strain vector in the global system has only 4 components and its equivalent in the 
local system has 6 components, the transformation matrix T must be 6x4. Therefore, instead 
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of Eq. (5), the following the global-local transformation should be used: 

εTε =⇒
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Finally, stresses in local system are obtained using the elastic relation in the local system, 
Eq.(3).  

It is well known that the finite element stresses and strains may have poor accuracy close 
to the element edges, i.e. at the external nodes, which are the points where stresses are 
generally sought. Thus, in this work the stresses are calculated in the Gauss points and 
extrapolated to the nodes. For the element with quadratic interpolation, the stresses are 
computed at the Gauss point of a 2-point quadrature and linearly extrapolated along the 
element using 

2
31

2
31)( 21

ξσξσσ +
+

−
= pps  (30)

where ξ  is the parametric coordinate and σp1 and σp2 are the stresses at first and second Gauss 
point, respectively. 

3 FAILURE CRITERIA 
The stresses and strains in the local coordinate system (1, 2, 3) can be used to evaluate the 

structural safety of the laminate, using an appropriate failure criteria. For this purpose the 
applied stress and strain state are compared to those of a failure state, obtained in laboratory.  

For isotropic materials, whose mechanical properties are constant in every direction, 
classic failure criteria such as Tresca and von Mises are extensively used. For such materials, 
only one strength parameter, defined by a yield or failure stress, is used and there are few 
failure modes. 

On the other hand, for orthotropic materials, the mechanical properties vary in the three 
main orthogonal directions. Thus, different strength parameters have to be used for each 
direction. Furthermore, for fiber reinforced composites, such parameters have different values 
for tension and compression, with 9 independent parameters in a three-dimensional load state. 
The failure criteria for orthotropic materials can be applied to detect the failure of individual 
plies. 

Laminate failure is more difficult to define than ply failure. Two criteria have been used: 
First Ply Failure (FPF) and Ultimate Laminate Failure (ULF). FPF considers that the laminate 
fails when the first ply fails. On the other hand, in ULF a progressive failure analysis is 
performed, in which the load is applied in a sequence of steps and the stiffness of failed plies 
is degraded. The load is increased until the last ply fails leading to the ultimate load.  

In the present work, the First Ply Failure is adopted as the criterion to define laminate 
failure and two well-known criteria, the Maximum Stress and the Tsai-Wu (Jones, 1999; 
Daniel and Ishai, 2005), are used to detect ply failure. 
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3.1 Maximum Stress Criterion 
In the Maximum Stress criterion, the stress in each direction of the local (material) system 

is compared separately with the material strength in that direction. Therefore, there is no 
interaction between the stresses in different directions. In a three-dimensional analysis, the 
failure envelope for this criterion is represented by: 
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where F1t, F1c, F2t, F2c, F3t, F3c, are the tensile (t) and compression (c) strengths and F4, F5, F6 
are the shear strengths. The Safety Factor (SF) is determined as the minimum relation 
between the actual stress component and the respective material strength: 
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The Maximum Stress Criterion is very simple, intuitive, and easily implemented. Moreover, it 
allows the consideration of different strength parameters for tensile and compressive strengths 
and the determination of the failure mode.  

3.2 Tsai-Wu Criterion 
The Tsai-Wu criterion is based on the polynomial failure theory proposed by Gol'denblat 

and Kopnov (Daniel and Ishai, 2005). The Tsai-Wu failure surface is given by 

1=+ jiijii ff σσσ  (33)

where i, j = 1, 2,..., 6 for a three-dimensional stress state. The f parameters are obtained 
experimentally through uniaxial stress tests in each direction. The parameters used in this 
work are as follows (Daniel and Ishai, 2005): 
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The Safety Factor is then obtained using Eq. (33). The resultant expression is a second-
degree polynomial equation and the Safety Factor is the positive root of this equation: 
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Tsai-Wu criterion fits well the available experimental data (Barbero, 1999). In addition it is 
simple and easy to implement. The linear terms of Eq. (33) allow the consideration of the 
difference between tensile and compressive strengths. On the other hand, it does not indicate 
the failure mode. 

4 OPTIMIZATION MODEL 
This section presents the formulation for optimum design of laminated composite tubes 

subjected to axisymmetric loads (internal and/or external pressure, axial force, torsional 
moment). The tubes can be subjected to multiple load cases. The loads, material properties, 
number of plies (n), inner radius (Ri), and required safety factor are the input data of the 
optimization problem, whose aim is to find the best (lower cost) lamination for the tube. Only 
symmetric laminations are considered, as depicted in Figure 3, in order to avoid some 
undesired couplings.  
 

 
Figure 3 – Stack sequence of a composite tube. 

The design variables are the thickness (h) and orientation angle (α) of each ply. Since only 
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symmetric laminations are allowed, the vector of design variables is given by 
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These variables are subjected to lower and upper bounds: 

maxmin
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The formulation aims to minimize the cost of the tube, which is assumed proportional to 
the volume of composite material. Since the section of the tube is assumed constant along the 
tube length, the volume can be represented by the cross-sectional area of the tube. A 
normalized value is used to improve the convergence of the optimization algorithm and the 
objective function (f) is given by  

minmax

min)(
AA

AAf
−

−
=x  (39)

where Amin and Amax, are the minimum and maximum values of the cross-section area: 
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Strength and stability constraints are considered in order to obtain a safe tube design. Thin-
walled tubes subjected to external pressure can buckle as a shell due to the compressive 
stresses in the hoop direction (hoop buckling). The collapse pressure of long thin-walled 
laminated cylindrical shells (Weingarten et al., 1968; Vinson and Sierakowski, 2002) can be 
computed from 

 3
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R
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where R is the mean radius, D22, B22, and A22 are elements of the laminate stiffness matrix 
computed by the Classical Lamination Theory (Reddy, 1996; Jones, 1999; Daniel and Ishai, 
2005), and kp is a knock-down factor used to consider the effects of geometrical 
imperfections. Weingarten et al. (1968) suggest to use kp = 0.75 for laminated shells. 

For tubes subjected to both internal (pi) and external pressure (pe), buckling can occur only 
when the pressure differential (∆p), defined as 

ei ppp −=∆  (42)

is negative. Since the tube can be subjected to m load cases, the stability constraint can be 
written as 

mlpppp lcol ,...1),(MAXwhere, maxmax =∆−=∆∆≥  (43)
In the computer implementation, the constraint is written in the normalized form: 

01
max

≤+
∆

−
p
pcol  (44)

The First Ply Failure (FPF) criterion is used to define laminate failure. This assumption is 
consistent with the use of the elastic procedure for stress analysis described in Section 2. 
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Using the FPF criterion the laminate Safety Factor (SF) is determined as the smallest SF 
computed for the laminate plies for all loading cases:  
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The strength constraint is written in normalized form as  

01 <+−
recSF

SF  (46)

where SFrec is the required Safety Factor. 
Finally, the optimization model can be written in compact form as 

minmin
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5 NUMERICAL EXAMPLES 
In this section, a series of numerical examples is presented. Initially, two sets of finite 

element examples are presented, validating the proposed analysis model. Later, a number of 
optimization examples are presented. 

5.1 Analysis Examples 
Before using the implemented analysis method in design optimization, some examples will 

be presented in order to confirm the validity of its results in local stresses. The material used 
in the model was the T300 Graphite-Epoxy, whose properties are presented below: 

 
E1(GPa) E2(GPa) E3(GPa) G12(GPa) G13(GPa) G23(GPa) ν12 ν13 ν23 

141.6 10.7 10.7 5.7 5.7 3.4 0.268 0.268 0.495 
Table 2 – Material properties for the T300 Graphite-Epoxy. 

The first set of examples was presented in Xia et al. (2001), where three lamination 
schemes were subjected to internal pressure. In the present workr the global stresses were 
compared with the analytical solution implemented by Herakovich (1998) in the MathCad 
software. The results were also compared with a 24-dof axisymmetric finite element 
implemented in Rocha et al. (2009). The internal radius of the tube is 50mm, and the wall 
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thickness is 2 mm, and the applied internal pressure is 10 MPa. The lamination schemes and 
results are presented below: 

 

Lay-up σr σz σθ τzθ 
[55/-55/55/-55] 

Face 
(kPa) (kPa) (kPa) (kPa) 

Internal -1.00E+04 1.46E+03 2.57E+05 1.23E+05 Herakovich 
External 7.28E-12 -1.28E+03 2.44E+05 -1.12E+05 
Internal -1.00E+04 1.47E+03 2.57E+05 1.23E+05 FEMOOP (2D) 
External 7.19E-01 -1.35E+03 2.44E+05 -1.12E+05 
Internal -1.00E+04 1.46E+03 2.57E+05 1.23E+05 Unidimensional 
External 6.95E-01 -1.28E+03 2.44E+05 -1.12E+05 

Table 3 – Results for Layup 1. 

 

Layup σr σz σθ τzθ 
[55/-55/30/-30] 

Face 
(kPa) (kPa) (kPa) (kPa) 

Internal -1.00E+03 -7.51E+03 -1.84E+04 -6.73E+03 Herakovich 
External -1.01E+04 7.49E+03 -4.98E+03 -5.53E+03 
Internal -1.00E+04 1.35E+05 4.50E+05 2.47E+05 FEMOOP (2D) 
External 2.46E-01 -1.34E+05 5.31E+04 4.82E+04 
Internal -1.00E+04 1.35E+05 4.50E+05 2.46E+05 Unidimensional 
External 2.37E-01 -1.34E+05 5.31E+04 4.81E+04 

Table 4 – Results for Layup 2. 

 

Layup σr σz σθ τzθ 
[55/-30/30/-55] 

Face 
(kPa) (kPa) (kPa) (kPa) 

Internal -1.00E+04 1.38E+05 4.58E+05 2.52E+05 Herakovich 
External -1.16E-10 1.29E+05 4.32E+05 -2.33E+05 
Internal -1.00E+04 1.38E+05 4.59E+05 2.52E+05 FEMOOP (2D) 
External 1.20E+00 1.29E+05 4.32E+05 -2.33E+05 
Internal -1.00E+04 1.38E+05 4.58E+05 2.52E+05 Unidimensional 
External 1.15E+00 1.29E+05 4.32E+05 -2.33E+05 

Table 5 – Results for Layup 3. 

Although direct comparison with the results in Xia et al., 2001 is not accurate since no 
numerical data was given, there is good concordance with the graphical data presented in the 
paper. Also, comparison between the two-dimensional and one-dimensional finite elements 
yielded good results.  

Comparing the results with the analytical solution also yielded good results, except in lay-
up 2. However, the obtained analytical results are clearly illogical, since the radial stress in 
the internal face of the tube is 10 times smaller than the applied internal pressure and does not 
drop to zero in the external face, as no external pressure was applied. Such matter will be 
further investigated. 

The next set of examples seek to compare the one-dimensional element with the Classical 
Lamination Theory for thin tubes and the commercial finite element software ABAQUS. For 
such examples, a 20 MPa internal pressure and an axial force of N = piAi, where Ai is the 
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internal area of the tube, are applied. Also, one of the examples features an internal steel liner, 
whose properties are presented in Table 6. 

 
E (GPa) ν G (GPa) Fa (GPa) Fs (GPa)

200 0.30 76.9 0.577 0.333 
Table 6 – Mechanical properties of steel. 

In ABAQUS, the tubes were modeled with 3m length and using S8R thick shell elements 
with reduced integration. The results for 3 different layups are presented below, this time with 
stresses in the local system. 

 
Classical Lamination Theory FEM - ABAQUS FEM – One-dimensional h θ 

S11 (kPa) S22 (kPa) S12 (kPa) S11 (kPa) S22 (kPa) S12 (kPa) S11 (kPa) S22 (kPa) S12 (kPa) 
0.002 55 5.78E+05 4.27E+04 2.15E+04 5.73E+05 4.24E+04 -2.14E+04 5.86E+05 3.38E+04 -2.30E+04 
0.002 -55 5.78E+05 4.27E+04 -2.15E+04 5.73E+05 4.24E+04 2.14E+04 2.81E+05 3.49E+04 2.26E+04 
0.002 -55 5.78E+05 4.27E+04 -2.15E+04 5.73E+05 4.24E+04 2.14E+04 5.76E+05 3.60E+04 2.23E+04 
0.002 55 5.78E+05 4.27E+04 2.15E+04 5.73E+05 4.24E+04 -2.14E+04 5.72E+05 3.70E+04 -2.20E+04 
0.002 Liner 7.18E+05 1.34E+06 0.00E+00 7.12E+05 1.33E+06 0.00E+00 6.97E+05 1.32E+06 0.00E+00 

Table 7 – Results for Layup 4. 

 

Classical Lamination Theory FEM - ABAQUS FEM - One-dimensional h θ 
S11 (kPa) S22 (kPa) S12 (kPa) S11 (kPa) S22 (kPa) S12 (kPa) S11 (kPa) S22 (kPa) S12 (kPa) 

0.004 90 7.36E+05 1.03E+05 0.00E+00 7.30E+05 1.02E+05 0.00E+00 7.48E+05 9.39E+04 0.00E+00 
0.001 0 1.10E+06 7.96E+04 0.00E+00 1.09E+06 7.89E+04 0.00E+00 1.09E+06 7.46E+04 0.00E+00 
0.001 0 1.10E+06 7.96E+04 0.00E+00 1.09E+06 7.89E+04 0.00E+00 1.09E+06 7.43E+04 0.00E+00 
0.004 90 7.36E+05 1.03E+05 0.00E+00 7.30E+05 1.02E+05 0.00E+00 7.20E+05 9.84E+04 0.00E+00 

Table 8 – Results for Layup 5. 

 

Classical Lamination Theory FEM - ABAQUS FEM - One-dimensional h θ 
S11 (kPa) S22 (kPa) S12 (kPa) S11 (kPa) S22 (kPa) S12 (kPa) S11 (kPa) S22 (kPa) S12 (kPa) 

0.004 45 5.49E+05 1.46E+05 1.51E+05 5.53E+05 1.45E+05 -1.50E+05 5.71E+05 1.39E+05 -1.54E+05 
0.001 -45 1.68E+06 7.48E+04 -1.51E+05 1.67E+86 7.42E+04 1.50E+05 1.68E+06 6.90E+04 1.53E+05 
0.001 -45 1.68E+06 7.48E+04 -1.51E+05 1.67E+06 7.41E+04 1.50E+05 1.67E+06 6.99E+04 1.52E+05 
0.004 45 5.49E+05 1.46E+05 1.51E+05 5.36E+05 1.46E+05 -1.50E+05 5.25E+05 1.43E+05 -1.51E+05 

Table 9 – Results for Layup 6. 

The results for the last 3 layups show good concordance. The difference in the signal of 
S12 in layups 1 and 3 is due only to sign convention and is not detrimental to the analysis, as 
the sign of shear stresses is irrelevant in the calculation of failure criteria. Layup number 4 
also demonstrates the versatility of the implemented analysis model, permitting the use of 
multiple materials.  

5.2 Optimization Examples 
The optimization formulation was implemented in the mathematical software MATLAB, 

using the Sequential Quadratic Programming (SQP) algorithm through the function fmincon. 
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For each trial layup, the maximum number of plies was fixed at 4, with minimum thickness 
fixed at 1 mm. The lamination angle interval was fixed between -90º and 90º. Also, the 
internal radius was taken as 0.30m. The table below shows the material properties used in the 
examples. 

 
E1 (GPa) E2 (GPa) E3 (GPa) ν12 ν13 ν23 G12 (GPa) G13 (GPa) G23 (GPa) 

117 8 8 0.34 0.34 0.49 5.70 5.70 3.40 
F1t (GPa) F1c (GPa) F2t (GPa) F2c (GPa) F3t (GPa) F3c (GPa) F4 (GPa) F5 (GPa) F6 (GPa) 

1.64 1.28 0.08 0.25 0.08 0.25 0.1 10 10 

Table 10 – Material properties of Graphite-Epoxy. 

Initially, to validate the implemented optimization formulation, classic load cases were 
tested. In all of them, the final layup agreed with the applied loads. In the axial force, internal 
pressure and torque cases, the objective function was restricted by the safety factor. In the 
external pressure case, the collapse pressure was the active restriction. 

 
Design Variables Constraints Load 

h (m) Angle (deg) SF pcol 
Fobj Area (m2) 

N = 20MN [0.002154 / 0.001046]s [0 / 0]s 1.000 - 0.110 0.0122 
pi = 20MPa [0.002007 / 0.001917]s [63.581 / -45.724]s 1.000 - 0.146 0.0150 
pe = 5MPa [0.001152 / 0.008273]s [90 / 90]s 5.507 5,00E+06 0.429 0.0366 
T =  3MNm [0.003386 / 0.002827]s [43.922 / -43.682]s 1.000 - 0.263 0.0239 

Table 11 – Results for simple loads. 

The next set of examples used multiple load cases, represented by Scenarios A and B. In 
Table 12, scenario A was a fixed internal pressure of 5MPa. Case B consists of an axial force 
with variable value. Raising the axial force causes an increase in the thickness of the tube, 
decreasing the safety factor of Tsai-Wu for Scenario A. In all of the cases, the collapse 
pressure restriction was active. So, in Case A, the strength constraint is activated, and in Case 
B, the buckling constraint is activated. The same happens in Table 13 and 14. 

 
Design variables Safety Factor N 

(MN) h (m) Angle (°) Case 
A  

Case 
B 

Pcol   
(MPa) 

Area    
(m²) Fobj 

20 [0.005612 / 0.004040]s [90 / 0]s 16.397 1.0 5 0.0376 0.441 
30 [0.003891 / 0.006393]s [90 / 0]s 10.309 1.0 5 0.0401 0.474 
40 [0.002648 / 0.008730]s [90 / 0]s 7.080 1.0 5 0.0445 0.532 
50 [0.005235 / 0.010000]s [44.690 / -2.487]s 4.462 1.0 5 0.0604 0.738 
60 [0.008424 / 0.010000]s [31.742 / -6.4555]s 5.116 1.0 5 0.0737 0.913 

Table 12 – Case A: Fixed External Pressure (Pext = 5Mpa) e Case B: Variable Axial Force. 
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Design variables Safety Factor pi 
(Mpa) h (m) Angle (deg) Case 

A  
Case 

B 

Pcol   
(MPa) 

Area    
(m²) Fobj 

20 [0.008429 / 0.001000]s [90 / +-20.497]s 7.162 1.0 5 0.0367 0.429 
30 [ 0.008160 / 0.001265]s [90 / 0]s 10.797 1.0 5 0.0367 0.429 
40 [ 0.007372 / 0.002086]s [90 / 0]s 14.966 1.0 5 0.0368 0.431 
50 [0.005814 / 0.003936]s [±81.759 / m 16.788]s 16.694 1.0 5 0.0380 0.446 
60 [0.005752 / 0.005682]s [±62.408 / m 47.258]s 18.639 1.0 5 0.0448 0.535 

Table 13 – Case A: Fixed External Pressure (Pext = 5Mpa) e Case B: Variable Internal Pressure. 

Design variables Safety Factor T 
(MNm) h (m) Angle (deg) Case 

A  
Case 

B 

Pcol   
(Mpa) 

Area    
(m²) Fobj 

3 [0.005213 / 0.004704]s [-75.694 / 58.635]s 7.737 1.0 5 0.0386 0.455 
5 [0.006457 / 0.005321]s [55.599 / -56.472]s 18.426 1.0 5 0.0461 0.553 
7 [0.008001 / 0.006495]s [42.605 / -41.857]s 6.513 1.0 5 0.0573 0.698 
9 [0.001000 / 0.008584]s [41.667 / -40.563]s 7.636 1.0 9.63 0.0744 0.921 

Table 14 – Case A: Fixed External Pressure (Pext = 5Mpa) e Case B: Variable Torque. 

In Table 15, two constraints related to Tsai-Wu Failure are activated. While Case A leads 
to layup [+65º / -45º]s, the axial force leads to [0º / 0º]s (Table 11). The Axial Force varying 
from 20MN to 40MN in Case B does not produce a substantial increase in 90º plies thickness. 
However, the number of 0º plies increase considerably. The constraints related to Tsai-Wu 
criterion are activated in both load cases. 

  
Design variables Safety Factor N   

(MN) h (m) Angle (deg) Case 
A  

Case 
B 

Area    
(m²) Fobj 

20 [0.001823 / 0.004361] [90 / 0] 1.0 1.0 0.0238 0.261 
30 [0.001683 / 0.006619] [±89.958 / m 0.003] 1.0 1.0 0.0322 0.370 
40 [0.001544 / 0.008877] [±89.732 / m 0.009] 1.0 1.0 0.0407 0.481 
50 [0.008230 / 0.010000] [±58.781 / m 1.613] 1.0 1.0 0.0729 0.902 

Table 15 – Case A: Fixed Internal Pressure (Pint = 20Mpa) e Case B: Variable Axial Force. 

In Table 16, the internal pressure is maintained fixed, while external pressure is varied. 
The Tsai-Wu constraint is activated in Case A, but not in Case B. However, the stability 
constraint related is active. It can be noted that while the external pressure increases from 5 to 
30 MPa, the orientation angles of internal plies increases too. While the external pressure 
rises, the fiber orientation tends to 90º to eliminate the hoop buckling. 

In Table 17, the Torque is fixed and Axial increases. In cases presented, the rise of axial 
force produces a reduction in fiber angle values, due to an augmentation of longitudinal 
stresses. The constraints related to Tsai-Wu Failure are activated in Cases A and B. 
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Design variables Safety Factor pe 
(MPa) h (m) Angle (deg) Case 

A  Case B
Pcol   

(Mpa) 
Area    
(m²) Fobj 

5 [0.008429 / 0.001000]s [90 / ±20.497]s 1.0 7.1622 5 0.0367 0.429 
10 [0.010000 / 0.001988]s [±89.892 / m 38.041]s 1.0 4.0048 10 0.0470 0.564 
15 [0.010000 / 0.003845]s [±89.198 / m 51.465]s 1.0 2.7035 15 0.0546 0.663 
20 [0.010000 / 0.005326]s [±88.352 / m 62.725]s 1.0 2.0658 20 0.0607 0.743 
25 [0.010000 / 0.006546]s [±88.123 / m 73.240]s 1.0 1.6907 25 0.0658 0.809 
30 [0.008498 / 0.009081]s [90 / 90]s 1.002 1.4449 30 0.0702 0.866 

Table 16 – Case A: Fixed Internal Pressure (Pint = 20Mpa) e Case B: Variable External Pressure. 

Design variables Safety Factor N      
(MN) h (m) Angle (deg) Case 

A  
Case 

B 

Area    
(m²) 

20 [0.004142 / 0.004170]s [27.541 / -22.132]s 1.0 1.0 0.0322 
30 [0.004510 / 0.005082]s [24.213 / -17.854]s 1.0 1.0 0.0373 
40 [0.004764 / 0.006040]s [22.219 / -14.855]s 1.0 1.0 0.0422 
50 [0.004962  / 0.006994]s [20.425 / -12.944]s 1.0 1.0 0.0469 
60 [0.005325 / 0.007741]s [18.265 / -12.019]s 1.0 1.0 0.0514 

Table 17 – Case A: Fixed Torque (T = 3 MNm) e Case B: Variable Axial Force 

 

6 CONCLUSIONS 
The simplified unidimensional finite element analysis model showed good results in all 

comparisons. Results were compared with two analytical formulations (Herakovich, 1998; 
Silva et al., 2009) and with finite element package ABAQUS all showed great concordance. 
Such results show that the consideration of a Generalized Plain Strain state (GPS) is 
reasonable to analyze tubes subjected to axi-symmetric loads. In comparison with the 
axisymmetric analysis model implemented in FEMOOP (Rocha et al., 2009), which had 24 
degrees of freedom per element, the results were nearly identical. Therefore, with only 3 
radial degrees of freedom per element and 2 global ones, such element is very efficient, and 
therefore suitable to usage with optimization techniques. In the analytical solution provided 
by Herakovich (1998), layup 2 provided unreasonable results, which asks for further tests and 
investigation of the matter. However, the other layups showed good results. 

Various composite tubes models are successfully optimized, showing the robustness of the 
proposed formulation. Initially, four basic models of composite tubes are optimized leading to 
the classical solutions. Axial Force leads to 0º fibers angles, Torque to [+45 / -45º], combating 
maximum stresses in principal directions related to shearing.  Internal pressure produces 
approximately (+65º / -45). External pressure leads to [90º / 90º] combating hoop buckling. 

In sequel, multiple load cases were imposed to the models. One load type is fixed and the 
other is varied. It can be noted that for tubes subject to external pressure and other loads 
present both strength and stability constraints are active at the optimum design, but for 
external pressure acting alone only the stability constraint is active. 
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