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Abstract. The aim of this investigation is to analyze the integrity factors of the basins of attraction of
cylindrical shells subjected to an axial load composed of a static pre-load plus a harmonic excitation.
The shell is described by the Donnell nonlinear shallow shell theory. The lateral displacement field is
approximated qualitatively by a modal expansion with two degrees of freedom, containing the basic
vibration mode plus an axi-symmetric mode with twice the number of waves as the basic mode, thus
describing consistently the asymmetry of the nonlinear displacement field of the cylindrical shell
surface. The discretized nonlinear differential equations of motion are obtained by the Galerkin
method. In this paper special attention is paid to the influence of static pre-loading on the integrity of
the basins of attraction of the permanent response of the harmonically excited cylindrical shell. For
this, we obtain the parametric instability and permanent escape boundaries in the force control space,
the bifurcation diagrams in both the pre- and post-buckling wells and the evolution of the basins of
attraction for increasing levels of static pre-load. From this parametric analysis the variation of the
integrity factor with the applied load is analyzed. It is shown that the variation of the integrity factor
of each basin of attraction provides the designer with essential information on the safety of each
stable long term solution of the excited shell
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1 INTRODUCTION

Cylindrical shells have several applications in different engineering areas such as
aeronautics, offshore, mechanics and civil engineering. In civil engineering, cylindrical shells
can be found in reservoirs, silos and roofs. Even with a simple geometry, cylindrical shells can
display very complex non-linear behavior when subjected to external excitations.

Recently, for systems with multiple potential wells, or multiple attractors, the use of basins
of attraction has been proposed as a tool to evaluate the degree of safety of a structure when
subjected to external loads (Gongalves et al., 2007a, b). For that, an initial interest region in
the phase space is defined, the existing attractors are identified and the evolution of the basins
of attraction associated to a control parameter is studied. Particular importance is given to the
size and continuity of the basin of attraction (Rega e Lenci, 2005; Silva, 2008; Gongalves et
al. 2010) and to the boundary structure, which can be continuous or fractal. The basic
concepts used in this work can be found in Thompson (1989), Soliman e Thompson (1989,
1991), Thompson e Soliman (1991), Lansbury et al. (1992) and Soliman (1993). Important
contributions to the evolution of basins of attraction can be also found in McDonald et al.
(1985) and Grebogi et al. (1987).

In this work, for a simply supported cylindrical subjected to increasing levels of harmonic
axial load, the integrity of solutions contained in the pre-buckling potential well and how they
are limited by the post-buckling small amplitude and large cross-well motions is studied to
evaluate the changes in the integrity factor and, consequently, on the structure safety level.

2 PROBLEM FORMULATION

Consider a perfect simply supported circular cylindrical shell with length L, radius R and
thickness 4. It is supposed that the Shell is made of an elastic isotropic homogeneous material
with Young modulus E, Poisson ratio v and density p. The axial, circumferential and radial
coordinates are given by x, @ and z respectively and the field displacements are u, v € w as
seen in Figure 1.

N~

Figurel: Shell geometry and system coordinates

The shell is subjected to a uniformly distributed axial load applied on both ends, x= 0, L,
and given by:

P(t)=P,+P,cos(wr) (1)

where Py is the static load component; P, is the amplitude of the harmonic load component; ¢
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the time and wis the frequency of excitation.
Using the Donnell shallow shell theory, the non-linear dynamic equilibrium equation and
compatibility equation are given by:

thzw_ DV4W_R f,)oc + (f,eew,xx - 2f.x6w,x6 + f,)ocwﬂﬁ)

- .. 2)
+2n, phoyw+n, DV'Hw=0
l 4 _ 1 2
EV f= —Ew’” —W W, W (3)
where
1
f=r+rh /) =—§Po6’2 4)

with V*is the Cartesian bi-harmonic operator; #; and #; are the viscous and material damping
coefficients, respectively, a is the natural frequency of the shell, f the Airy stress function and
D is the shell bending stiffness factor given by:

D=ER/12(1-v?) (5)

In this work, the following non-dimensional parameters are used:
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To obtain a consistent modeling with a limited number of modes, the sum of shape
functions for the displacements must express the inherent non-linear coupling among these
modes and the in-out asymmetry of the deformed curved shell surface. Perturbation methods
may be used to identify these essential modes and the importance of each mode in the modal
expansion can be quantified by computing the contribution of each mode to the total energy of
the system (Gongalves et al. 2008).

One must consider at least two modes to obtain a qualitatively correct description of the
non-linear vibration modes, namely the basic vibration mode and the corresponding axi-
symmetric mode with twice the number of half waves in the axial direction as the basic mode,
that is:

W = &(z),, cos(n8)sin (mal )+ E(7),, cos(2mat) (7)

where 7 is the circumferential wavenumber and m is the longitudinal half-wave number.
Substituting Eq. (7) on the right hand side of Eq. (3) it is possible to obtain the
homogeneous part of the stress function f which, in non-dimensional form, is given by:
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Substituting Eq. (7) and Eq. (8) into Eq. (2) and applying the Galerkin method, a set of two
non-linear differential equations of motion in terms of the modal amplitudes are obtained:
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3 NUMERICAL RESULTS

For the analysis the following geometric and physical shell parameters are used R = 0.2 m,
L=04m, h=0.002 m, E =210 GPa, v=0.3, p=7850 kg/m3. The damping coefficients are,
respectively, given by 71 = 0.0008 and 7, = 0.0001 (Pellicano e Amabili, 2003). For this shell
geometry, the lowest natural frequency and critical load occur for (m,n) = (1,5) (Gongalves e
Del Prado, 2005).

For the parametric stability analysis and escape from the pre-buckling well the previous
knowledge of the post-critical path is obtained using the Newton-Raphson method. Figure 2
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displays the post-critical path of the shell for modal amplitude &;; as a function of the static
load parameter I'y. It is possible to observe that the shell, after a critical load parameter
(I'o = 1.0), looses stability at a unstable symmetric bifurcation point. The post-critical path
remains unstable up to a minimum value and, after this minimum, becomes stable. This non-
linear softening behavior is typical for cylindrical shells.

1.2

S (W

Figure 2: Post critical path for the shell under static axial load

Figure 3 show the instability and permanent escape boundaries of the shell for different
levels of the static load parameter in the (I'y, Q) space. All curves are plotted with the same
displacement and velocity initial conditions given as 1 x 10™. In Figures 3a-c the dotted
horizontal lines represent the static critical load, I'cg = 'y + I'j, meanwhile the vertical dotted
line (2ap) represents the valley which is associated to the principal parametric instability and
the vertical dotted line (ap) represents the valley which is associated to the secondary
instability region of the shell (direct resonance).

For initial conditions (I'y, ) under the parametric instability boundary, the cylindrical shell
displays a trivial steady-state solutions, for initial conditions (I'p, ) between the parametric
instability and escape boundaries, the shell shows small amplitude vibrations in steady-state
vibrations within the pre-buckling well. Finally, for initial conditions (I'p, 2) above the escape
boundary the shell will display large amplitude steady-state vibrations. This corresponds to
escape from the pre-buckling well. The limits of the pre-buckling well are obtained from the
post-critical path of the shell (Figure 2) and, for each loading level, it indicates a maximum
amplitude vibrations.

Figure 3d displays the superposition of boundaries from Figures 3a-c. It is possible to
observe that, increasing the static pre-loading parameter, Iy, there is a reduction of the
instability load amplitude, I';, for both parametric instability and permanent escape
boundaries. The normalized frequency parameter, Q*, is obtained from the Q / ab.ro ratio
where ab.1y represents the natural frequency of the loaded shell for each pre-loading static
parameter, [.

Figure 4 shows the time responses and its corresponding phase plane obtained for
increasing values of the static pre-loading parameter equal to I'y and frequency load parameter
Q = 1.20. These figures describe the typical dynamic behavior defined by the parametric and
permanent escape boundaries shown in Figure 3b.
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Figure 3: Parametric instability and permanent escape boundaries. (a) I’y = 0.40. (b) ' =0.60. (c) I'y = 0.80. (d)
Boundaries superposition. (P.E. — permanent escape and P.I. — parametric instability)

Figures 4a-b shows the time response and phase plane for a shell with parameters (I}, €2)
below the parametric instability boundary. In this case the shell after an initial perturbation
exhibits a response that converges to the trivial solution.

Figure 4c-d display the time response and phase plane for a shell with parameters (I';, Q2),
between the parametric instability and escape boundaries. In this region, the shell vibrates
with small amplitude oscillations within the pre-buckling well. Finally, Figures 4e-f show the
time response and phase plane for a shell with parameters (I';, ) above the permanent escape
boundary and, in this case, the shell displays large amplitude vibrations (cross-well motions).
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Figure 4: Time responses and phase planes for Q = 1.20. « - Fixed points obtained from the Poincare mapping.
(a) Time response for I'; = 0.15; (b) Phase plane for I'} = 0.15; (c) Time response for I'} = 0.30; (d) Phase plane
for I'} = 0.30; (e) Time response for I'} = 0.60; (b) Phase plane for I'; = 0.60
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Figure 5: Sub-critical bifurcation diagram for I'y = 0.60 and Q = 1.20. Principal instability region

Figure 5 displays a typical bifurcation diagram obtained for a static pre-loading parameter
I'h=0.60, Q =1.20 and increasing values of the load parameter I';. In this figure all stable
solutions are displayed in both pre-buckling (black dots) and post-buckling wells (red and
blue dots). From this bifurcation diagram it is possible to evaluate the evolution of the shell
stable permanent solutions for variation of the load parameter as well as the bifurcations
associated to the parametric instability and escape boundaries. This bifurcation diagram is
typical of the descending branch in the principal instability region where a sub-critical
bifurcation occurs. This means that, after a certain critical point, the stable solution in the pre-
buckling well jumps to a stable periodic solution with period 2T.

Figure 6 shows the basins of attraction plotted for different I'; values associated with the
bifurcation diagram shown in Figure 5. In these basins of attraction and, for each initial
condition in the plane &§;; x d&;,/dt, the attractors of all stable permanent solution responses
were obtained.
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Figure 6: Cross-section of basins of attraction for I'y = 0.60 and Q = 1.20. (a) I'; = 0.035; (b) I'; = 0.35;
©I'=042

The response of the cylindrical shell is defined within a tetra-dimensional space and, to
build the basins of attraction cross-sections shown in Figure 6 it was considered that £y =
dép/dt=1x 10™*. The black region represents the initial conditions that converge to the trivial
solution in the pre-buckling well and the red and blue regions represent solutions that
converge to small amplitude oscillations within the pre-buckling well. Other colors represent
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solutions that converge to attractors out from the pre-buckling well. In this figure, yellow
points represent the fixed points from the Poincare mapping.

Figure 7 displays the integrity factor of the pre-buckling well solutions for increasing
values of I'j. The integrity factor is the maximum radius of a hyper-sphere centered in a given
attractor belonging entirely to the basins of attraction associated with the pre-buckling well
(yellow dots of Figure 6) and gives a local measure of the compact basin around the attractor
(Soliman and Thompson, 1989; Gongalves et al. 2010). It is called by Thompson and co-
workers Local Integrity Factor (LIM). In Figure 7 it possible to observe that for certain values
of I'; the integrity factor grows indefinitely, this is due to the fact that no stable solution exists
out of the pre-buckling well, as shown in Figure 5 (Gongalves et al. 2010).
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Figure 7: Integrity factor for load parameter variation (I'y = 0.60 and Q = 1.20)

To verify the influence of the static pre-loading parameter, Iy, on the integrity factor,
Figures 8 and 9 show several bifurcation diagrams for the same instability region.
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Figure 8: Bifurcation diagrams for Q* = 1.90. (a) I'y = 0.40; (b) 'y = 0.60; (c) ', = 0.80
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Figure 9: Bifurcation diagrams for Q* = 2.10. (a) I'y = 0.40; (b) I'y = 0.60; (c) I'y = 0.80

The bifurcations diagrams in Figures 8 and 9 are characteristics to the principal instability
region. The diagrams in Figure 8 are characteristics to the descending branch (sub-critical
bifurcations) and the diagrams in Figure 9 are characteristics to the ascending branch (super-
critical bifurcations). It is possible to observe that the variation of the static pre-loading
parameter does not modify the loss of stability mechanism of the shell but the amplitude of T'
that leads to bifurcation or escape is reduced as I'y increases, as shown in Figure 3d.

Figures 10 and 11 display the variation of the integrity factor plotted for the stable pre-
buckling well solutions for, respectively, Q* = 1.90 (Figure 8) and Q* = 2.10 (Figure 9) and
three different levels of 1.

Tables 1 and 2 show some values of the integrity factor obtained from Figures 10 and 11.
As can be observed, for certain values of I'j, the integrity factor grows indefinitely due to the
lack of stable solutions out from the pre-buckling well, as shown in Figure 7. For I’y = 0.80
the integrity factor can be is always determined, meaning that there exist a family of solutions
out from the pre-buckling well that limits the radius of the hyper-sphere.
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Figure 10: Variation of the integrity factor for Q* = 1.90. (a) I'y = 0.40; (a) I'y = 0.60; (a) [y = 0.80
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Figure 11: Variation of the integrity factor for Q* =2.10. (a) I'y = 0.40; (a) I'y = 0.60; (a) [y = 0.80

I'v=0.40 I'o=0.60 I'h=0.80
I''=0.03 2.839 1.773 0.900
I'' =0.06 - 1.801 0.917
I''=0.10 - - 0.935
['=0.12 - 3.860 0.942
Table 1: Integrity factors in the fundamental solution (Q* = 1.90)

I'h=0.40 [0 =0.60 I, =0.80
I''=0.05 2.852 1.789 0.915
I=0.11 3.006 - 0.949
I''=0.12 - 4.328 0.954
I''=0.14 5417 4.252 0.385

Table 2: Integrity factors in the fundamental solution (Q* = 2.10)

4 CONCLUDING REMARKS

In this work, the Donnell shallow shell theory is used to study the non-linear dynamic
behavior of simply supported cylindrical shells subjected to axial harmonic loads. A modal
expansion with two degrees of freedom is used to describe the lateral displacement and a set
of non-linear equilibrium equations are obtained by using the Galerkin method. For different
levels of pre-static loading, the integrity factor of the shell is obtained. This factor can be
associated to the degree of safety of the structure when subjected to dynamic excitations. The
obtained results show that for certain values of the static pre-loading parameter the integrity
factor can show very different values indicating higher or lower level of safety in the presence
of external perturbations.
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