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Abstract.

This work proposes a new residual local projection stabdifinite element method for
the incompressible Navier-Stokes equations. The methdgitadhe Galerkin formulation new
fluctuation terms which are symmetric and easily computabthe element level. The method
is proved to be well-posed for the linearized model usingpthie of spacesP, /P, [ = 0, 1
with continuously and discontinuously pressure interfiolas. Next, we establish a new hier-
archical a posteriori error estimator, and introduce a clpestrategy to recover a locally mass
conservative velocity field in the discontinuous pressaseca property usually neglected in
the stabilized finite element context. Several numerica$ idustrate theoretical results.
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1. INTRODUCTION

The steady incompressible Navier-Stokes problem corsisitsding the velocity and pres-
sure(u, p) as the solution of

(Vu)u—vAu + Vp=f, V-u=0 inQ, (1)
u=0 o0noQ,

whererv € R is the fluid viscosity andf is a given regular data if. Adopting standard
notations for Sobolev spaces, the weak form associated tedtls: Findwu,p) € Hj(Q2)? x
L3(2) such that

A((u,p), (v,9) = (f,v)a forall (v,q) € Hy(2)* x L§(Q), (2)
where
A((u,p), (v,q) == (Vu)u,v)qg+v (Vu,Vu)g — (p,V-v)a+ (¢, V- u)q. (3)

Stabilized finite element methods for the incompressiblei®&eStokes equations handle
two numerical difficulties: the first is the well known infysgondition (see Girault and Raviart
(1986)), which prevents some of the most interesting ang ®agse low order pairs of finite
elements from being used by the Galerkin method. Also, bagnidyers ought to be accuratly
captured if we want to avoid non-physical spurious osadla on solutions. In general, sta-
bilized finite element methods add extra terms to the Galeddmulation to circumvent both
cited shortcomings.

Recently, a new family of residual-based stabilized meshodlled RELP (Residual Local
Projection), has been casted and analyzed in Barrenechiedatantin (2010a,b). As a result
of a Petrov-Galerkin enrichment (see Barrenechea et al7(2P009); Franca et al. (2009)
for the idea applied to the Darcy problem), a new kind of flatian term arises as part of a
static condensation procedure, which prevents additidegiees of freedom. Consequently,
the RELP method allows us to adopt low order polynomials flogity and pressure while
keep fluctuations contributions element-wise computable.

This work aims at extending the RELP method proposed in Banigea and Valentin
(2010b) to the incompressible Navier-Stokes equationgtatpthe pair of spaceB? /P, | =
0, 1. Afterwards, we introduce a nesvposteriorierror estimator based on a hierarchical strat-
egy which, when combined with the RELP method, producedlagwiy-free numerical solu-
tions.

The plan of the paper is as follows. §&. we introduce the RELP method, and we revisit
main theoretical results for the linearized Navier-Stokgaations irg3.. Next in§4., we in-
troduce the hierarchica posterioriestimator. In55. several numerical results attest the good
performance of our method and conclusions la§Gn

1.1 Notations

Let {7,},~0 be a family of regular triangulations &1, built up using triangled< with
boundaryo K and characteristic lengthy := diam(K), andh := max{hx : K € 7,}. For
simplicity, we suppose the boundary@fto be polygonal. Associated to this triangulation, the
discrete space for the velociy, is the usual space of vector-valued piecewise linear contin
ous functions with zero trace @if2. To approximate the pressure we Gge [ = 0, 1, the space
of piecewise polynomial functions of degréwith zero mean value of2. If [ = 1, the space
of pressures may contain continuous or discontinuous iflumet The set of internal edgés
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of the triangulation is denotef}, with hr = |F'|. We denote by: the normal outward vector
on 0K; also,[v] stands for the jump of acrossF’, andIls, whereS C RR?, is the orthogonal

projection onto the constant space, ilé(q) := % :

2. THE METHOD

We extend the RELP method introduced in Barrenechea anatial@010b) to the non-
linear incompressible Navier-Stokes equations as folidtred (u,, p;) € V;, x @', such that

B((u1,p), (v1, @) = F(v1,q) Y(v1,q) € Va x Q. (4)

The weak form®(., .) andF(.) are split into the Galerkin contributions and the additiona
terms over elements and internal edges, Bé.,.) := A(.,.) + Br(.,.) + Bg(.,.), where

Br((u1,p), (v1,)) = ) QTK (xn(pe+ x- (V) Hgu), xa(@ +x- (Vo) Hgu)) x
L}f h
Be((u1, po), (v1, @) = Z 7r (Ip([v Onur + piI- ), p([v Opv1 + g1 ),

+ —(xn(ur xV-uy), xa(ur- xV-v1))

andF(vy,q) := (f,v1)o + Fr(vi,q), where

[0

Fr(vi,q) = Z _K(Xh(x' F)xnlq + % (Voy) Hgw)) i
KeT, v

andyy := I — Il is the fluctuation operator. The positive piecewise corstap andyx are

given by

. Peg )™
ag = max {1, Pex} ' and YK = max {1, %} , (5)
wherePeg = MK andjay, | = o
2 ‘K|§

We adapt the stabilization parameter from Barrenechea aiehth (2010b), given once

and for all byry = L2 if ||u, [|o,r = 0, €lse,

1 1 1

= - T : 6
" 2lwflor  TwillosPer " [luaflor(ePer —1) (6)
where, forF = Kt N K~ € &,
h
P@F = 7"1’/1”0’1? F . (7)
1%
Remark:For largePey we can approximater as follows
1 1
Tp & — ) 3
" 2fluflor  uwflorPer (8)

This simplified form helps to avoid overflows in the dominateshvection regime (i.e., when
Peris large).[d

Copyright © 2010 Asociacion Argentina de Mecénica Computacional http://www.amcaonline.org.ar



4566 R. ARAYA, G. BARRENECHEA, A. POZA, F. VALENTIN
Remarks:

1. The stabilizing terms in (4) include those used in Dohtmmand Bochev (2004) to sta-
bilize the Stokes problem plus terms meant to stabilize timy@ction. These convective
terms are different from those used in the LPS method (seex@ample, Braack and
Burman (2006)), and this fact appears as the main differbatgeen the present method
and previously existing alternatives, such as He and Li§2@dd Ge et al. (2009), for
the Navier-Stokes equations.

2. Furthermore, the shape of the fluctuation terms allows asmpute them in an easy way
at the element level, without the need of an enrichment ofithie element space as in
Ganesan et al. (2008), or any patch-wise computation asckeB@nd Braack (2001).

3. When the pressure is approximated by piecewise constaatibns, the stabilization of
the inf-sup deficiency of thE] x P, pair relies on the jump tery ... 77 ([po], [90]) 7,
since(xx(po), Xn(qo))x Vanishes. In the case of linear discontinuous pressuregip
terms present a minimal stabilization needed to controlrenrad the pressure.

4. The discrete velocity, itself is not locally mass conservative, but there is an easy
to post-process it to build a locally mass conservativeaisidield. To this end, letp
be the local basis function for the lowest order Raviarthhase finite element space given
by op(x) = i% (x —xp), andxy is the node opposite to the edge Let alsou,,. be

the Raviart-Thomas field given by

Upe = Z TF HF([V 67,,'1111 +plI ’I’L] n)‘pF . (9)
FCOKNQ
Then,
V. (ug +uy)| =0,
K

in eachK € 7;,. We remark also that, once the discrete soluten p;) is computed, the
computation ofu,,. does not involve any further computational cost.

5. The method, as well as the analysis presented below, magtheally extended to cover
affine quadrilateral meshes and three-dimensional prablem

6. The method (4) is based on the one presented in Araya €2Qf19] now modified to
handle high Reynolds number flows.

3. WELL-POSEDNESS

Theoretical aspects of the RELP method for the linearizedid¥sStokes equations us-
ing the pairs of interpolatioi; /P, is revisited in this section (see Barrenechea and Valentin
(2010b) for further details). It is seen as the model to beesbin a Newton iterative algorithm.

It is worth mentioning that similar results may be provedte dthers pair of spaces.

First, we recall that the linearized Navier-Stokes or Oggeblem reads: Fin¢u, p) such

that

(Vu)a—vAu + Vp=f, V-u=0 inQ, (10)
u=0 onoQ,

where, to avoid unnecessary technicalities, we supposalthae R? for all K € 7;, and that
[a-n] = 0foreachF € &,.
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Let|| - ||, be the mesh-dependent norm given by

agh? h2 ||a
[l = [viofia+ 3 05 ((vo)a+ Vgl + BRI g e
KeT,
1/2
+ 7 e p(onw + gL a3 | (11)

Fe&y

for all (v,q) € V;, x QY. The method (4) applied to the weak form of the Oseen proble (
is well-posed thanks to the following result.

Lemma 1 There exits a positive consta@t, independent ok and~ and a, such that, for all
(’Ul, qO) €V, x QO, it holds

B((v1, ), (v1,90)) = C[l(v1,00) |5 (12)

and thug(4) has an unique solution.

Proof: The demonstration follows closely Barrenechea and Vailgat09, 2010b] 1.

4. AN A POSTERIORI ERROR ESTIMATOR

In what follows, we sketch some of the main results of Arayal &f2011) which is a work
in progress. First, let us denote

1 1/2
o0l = {vivfia+ > lalia} .

and, for each € 7;, andF’ € &, we define the following residuals

Ry = (f + VA’U,l — (Vu1)u1 - VpO) ’K ) (13)
Rp = [V&nul —|—p01' n] }F . (14)
Next, thea posterioriestimator is given by
1
h2 i
n = { Doty [”(Vul)Xh(ul)Hg,K +V-w HKul”(Q),K} ; (15)
KETh KETh v
where,
5 h? 9 1 hr 2 2
Nk = THRKHO,K T3 Z - IRelGF + v IV unllg i - (16)
Fe&gy,

The following result establishes the correspondence testlee error and the estimator.

Theorem 2 Let(u, p) be the solution of1) and (u, py) the solution of(4) . Then, the follow-
ing a posteriori error estimates hold

u
== ol < € max {1, 1202 a7)

Ulie < CQ ||('U, — U, p— pO)HwK 5 (18)

wheren andny are defined, respectively, {@5) and (16), and the positives constant§ and
C, are independent oh andv, but can depend on andp.
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5. NUMERICAL VALIDATIONS

5.1 An analytical solution

Here we conside® = (0,1) x (0,1), » = 1072 and we seff, and the boundary conditions
such that the exact solution reads

1—e¥/v
u(z,y) = ( e ) ;o plry)=r—y. (19)

1—el/v

In Figure 1 we observe optimal convergence histories foP{&, element and for all the vari-
ables, a result which anticipates theoretical a priornestes to be presented in a forthcoming
work. Figure 2 points out that theeposterioriestimator stays close to the true error as the total
of degree of freedom (d.o.f) increases. Moreover, Figuredsvs that the estimator drives the
mesh refinement toward the sharp gradient regions.

100 . ———— . ——y
10 b e ,. i
1k e l
’§ o}
3 0.1} B 1
o0 2|
< & h ——
B
001 F D Ip—pnlloq o1
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log h

Figure 1: Convergence history for the RELP method.

5.2 The lid-driven cavity problem

This test uses the same domain of the previous section, wg seD, and the boundary
conditions arew = 0 on [{0} x (0,1)] U [(0,1) x {0} U [{1} x (0,1)] andu = (1,0)" on
(0,1) x {1}. Here the viscosity is set as= . In Figures 4 and 5 we depict the adapted
mesh and the streamlines of the solution, respectivelggusiel?; /P, element. The use of the
new method along with the posterioriestimator predicts the regions where the mesh must be

refined in order to achieve oscillatory-free solutions.
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Figure 2: Comparison between the index of effectivity and the errdth wespect to the degree of
freedom.

6. CONCLUSION

A new parameter-free stabilized method has been develop#ud incompressible Navier-
Stokes equations. The method recovered stability for tluialezyder linear interpolation pairs
as well as for the simplest element, while induced the rigigedof numerical diffusion to
capture boundary layers. In addition, we introduce a shappsteriorierror estimate for the
fully non-linear Navier-Stokes model. Thereby, the conaltion of the RELP method and the
newa posteriorierror estimator made the approach a simple low cost andyooahservative
alternative to solve the Navier-Stokes equations. Nuraktésts validated theoretical results.
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