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Abstract. Double-diffusion is a type of flow driven mainly by buoyancy forces, induced by the gradi-
ents of thermal energy and concentration of a chemical component. The understanding of this kind of
phenomena is essential for many scientific and engineering applications. Computational fluid dynamics
can be used to aid the understanding of the behavior of the temperature and concentration fields in this
kind of phenomena. A stabilized finite element formulation is described and used to simulate double-
diffusive process in a rectangular cavity, for several values of buoyancy rate, Lewis and Rayleigh number
and it shows to be adequate for this kind of multiphysics problems.
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1 INTRODUCTION

Double-diffusion is a type of flow driven mainly by buoyancy forces, induced by the gradi-
ents of thermal energy and concentration of a chemical component. This type of phenomena
can be found in many situations in nature and engineering. In oceanography, the sea can be
considered a multicomponent domain, with the presence of salts, and the heating of the surface
starts a double-diffusive process which drives the water masses and dictates the circulation. In
engineering, double-diffusion has applications the design of solar power collectors, oil recovery
and food processing, to name just a few. Therefore, it is of extreme importance the detailed un-
derstanding of the physics of this phenomena, and the knowledge of which parameters affects
the flow behavior.

Computational fluid dynamics can be used to simulate double-diffusive processes aiding the
scientific and engineering community in the understanding of this complex phenomenon. There
has been many scientific works devoted in the use of CFD in this field. Sezai and Mohamad
(2000) used the finite volume method to perform a three-dimensional simulation of double-
diffusion in a cubic cavity. Kamakura and Ozoe (2002) simulated double-diffusive convection in
a salt stratified system, at high Rayleigh numbers. Sripada and Angirasa (2001) performed two-
dimensional simulations of double-diffusion in upward facing horizontal surfaces. Chamkha
and Al-Naser (2002) evaluated the effect of a magnetic field in double-diffusive natural convec-
tion. Yahiaoui et al. (2007) analysed this process in a vertical annular cavity. Kim and Rani
(2009) analysed Dufour and Soret effects in double-diffusion. Cheng (2009) investigates the
heat and mass transfer over a vertical cone in a fluid saturated porous media

In the past of computational flow dynamics field, the finite element method was not so pop-
ular in comparison to the finite volumes or finite differences method. This was due to the in-
capability of the standard Galerkin formulation to deal properly with predominantly advective
problems. In this context, the stabilized formulations arised to overcome this limitation. There-
fore, stabilized formulations may be a good candidate to be tested in the solution of complex
multiphysics problems. In this work, we will analyze the influence of some nondimensional
groups in a double-diffusive phenomena using a stabilized finite element method.

2 GEOMETRY, BOUNDARY CONDITIONS AND GOVERNING EQUATIONS

The system of equations considered is

∇ · u = 0

ρ
∂u
∂t

+ ρ (u · ∇) u = −∇p+ µ∇2u + ρ∗g

∂T

∂t
+ u · ∇T = α∇2T

∂C

∂t
+ u · ∇C = D∇2C

(1)

,which are essentially the Navier-Stokes equations, plus the advection-diffusion of thermal en-
ergy and the concentration of a component, assuming a binary mixture. All the coefficients are
assumed constant, except for the density, whose variation is considered to be important only in
the body force term, to take account for the buoyancy effect. This is expressed as a first-order
variation of the density with the temperature and concentration, that is

ρ∗ = ρ [1− βT (T − TREF ) + βC (C − CREF )] (2)
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This is known as the Boussinesq Approximation. This is generally assumed to be reasonable
for short variations in the temperature and in the concentration, which is the case considered
here. The exchanged signal in the concentration therm is to impose an opposing concentration
gradient.

The solution of double-diffusive and natural convection problems is influenced by the values
of the following nondimensional parameters:

• Pr = ν
α

- The Prandtl number is the ratio of viscous diffusivity and the themal diffusivity
parameters.

• Le = α
D

- The Lewis number is the ratio of thermal diffusivity and the mass diffusivity
parameters.

• Ra = gαT (TL−TR)b3

να
- The thermal Rayleigh number can be viewed as the as a parameter

to measure wether the heat transfer occurs mainly by convection or by conduction

• N = αC(CL−CR)
αT (TL−TR)

- The buoyancy ratio measures if the buoyancy forces are mainly affected
by thermal energy or by the concentration gradients

The fluid is initially assumed to be motionless. The motion will be started and driven by
buoyancy forces, as density varies from a point to another according to the values of the tem-
perature and the concentration. The geometry is a simple rectangular cavity, with aspect ratio
A = h

b
= 2, and the boundary conditions are shown in figure 1:

Figure 1: Geometry and Boundary Conditions

No-slip conditions are set for the walls, the initial temperature and concentration fiels are set
to be T0 = 0 and C0 = 0.
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3 NUMERICAL PROCEDURE

A stabilized finite element formulation is used in the spatial discretization of the flow and
transport (temperature and concentration) equations. It is well known that the standard Galerkin
Finite Element Method (GFEM), which consists of weighting the equation and then integrating
in the domain, gives oscilatory non-physical results as the Reynolds number (or simply the
Peclét number, for the transport equations) is increased. Therefore, stabilized formulations were
developed to overcome this limitation of the method Tezduyar (1992). The formulation used
here is called the SUPG-Streamline Upwind Petrov-Galerkin, developed in Brooks and Hughes
(1982). Additional crosswind dissipation is added to the formulation to treat large gradients -
jumps - in the values of the variables. This is usually called shock capturing operator, and the
one used here was firstly presented in Codina (1993); and usually shows good accuracy, by not
smearing too much the solution.

Time integration is done by a Predictor-Multicorrector strategy Hughes (2003). The flow
and transport equations are advanced in time by iterating at each time step due to a predefined
tolerance. In a timestep the initial discrete Navier-Stokes equations are solved until convergence
is achieved for the given mesh. This involves solving a nonlinear system of equations - which
is done by the Inexact Newton’s Method Elias et al. (2006) - until convergence in the timestep.
Then, the velocity field is used to evolve the temperature and concentration equations, which
are also advanced iteratively in the timestep. A preconditioned GMRES solver is used in the
solution of the linear systems.

3.1 Finite Element Formulation of the Navier-Stokes Equations

The finite element form of the Navier-Stokes equations is given by:

• Find uh ∈ Shu and ph ∈ Shp such that ∀wh ∈ V h
u and ∀qh ∈ V h

p∫
Ω

wh · ρ
(
∂uh

∂t
+ (uh · ∇)uh − fh

)
dΩ−

∫
Ω

(
∇ · wh

)
phdΩ+∫

Ω

ε(wh) : 2µε(uh)dΩ +

∫
Ω

qh
(
∇ · uh

)
dΩ+

nel∑
e=1

∫
Ωe

1

ρ

[
τSUPGρ

(
uh · ∇

)
wh + τPSPG∇qh

]
·[

ρ

(
∂uh

∂t
+ (uh · ∇)uh

)
+∇ph − µ∇2uh − ρfh

]
dΩe+

nel∑
e=1

∫
Ωe

τLSIC∇ · whρ∇ · uhdΩe =∫
∂Ω

wh · hhdΓ

(3)

, where Shu , Shp ,V h
u ,V h

p are convenient finite element interpolating spaces. The continuous do-
main is discretized into a finite set of elements - in the case here tetrahedra - and a function
called shape function is associated with each element node (For more information, see Hughes
(2003)). The trial and weight functions are then approximated by these functions, inside each
element. This gives rise to a nonlinear set of temporal differential equations, which are solved
by a predictor-multicorrector method. The terms preceded by a sum are additional stabilization
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terms, designed to prevent oscilations but at the same time keeping the equations variation-
aly consistent (one should note that they are usually proportional to the residua). The first
is the SUPG stabilization, to prevent oscilations arising in standard Galerkin discretization of
advective terms. The second is the PSPG stabilization Tezduyar (1992), to circunvent the LBB-
Stability problem arising from using the same interpolation nodes and elements for the velocity
and pressure degrees of freedom. The last is the LSIC stabilization Tezduyar (1992), for high
Reynolds flows. Note that these terms are written as a summing due to the discontinuity of the
stabilization parameters τSUPG,τPSPG and τLSIC . These parameters are calculated as follows:

τSUPG = τPSPG =

[(
2|uh|
h

)2

+ 9

(
4ν

h2

)2
]− 1

2

(4)

τLSIC =
|uh|h

2
(5)

where the element length h is calculated as the radius of the sphere which circumscribes the
element. This definition has the only advantage of being simple, and it is well known that may
not be suitable for stretched or high aspect ratio elements. One should avoid these elements in
the mesh design step when using this definition.

It is important to remember that the coupling between these equation and the discrete tem-
perature and concentration fields occurs in the body force term, written here as:

fh = ρgh − ρghβT
(
T h − TREF

)
+ ρghβC

(
Ch − CREF

)
(6)

3.2 Finite Element Discretization of the Temperature and Concentration Equations

The variational or weak form of the temperature and concentration equations are given by:

• Find T h ∈ ShT such that ∀wh ∈ V h
T

∫
Ω

(
wh

∂T h

∂t
+ whuh · ∇T h + α∇wh · ∇T h

)
dΩ

+
nel∑
e=1

∫
Ωe

τSUPGuh · ∇wh
(
∂T h

∂t
+ uh · ∇T h − α∇wh · ∇T h

)
dΩ

+
nel∑
e=1

∫
Ωe

δ(T h)∇wh · ∇T hdΩ =

∫
Ω

whhhdΩ

• Find Ch ∈ ShC such that ∀wh ∈ V h
C

∫
Ω

(
wh

∂Ch

∂t
+ whuh · ∇Ch +D∇wh · ∇Ch

)
dΩ

+
nel∑
e=1

∫
Ωe

τSUPGuh · ∇wh
(
∂Ch

∂t
+ uh · ∇Ch −D∇wh · ∇Ch

)
dΩ

+
nel∑
e=1

∫
Ωe

δ(Ch)∇wh · ∇ChdΩ =

∫
Ω

whhhdΩ
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where again ShT and V h
T are finite element intepolating spaces. The SUPG stabilization were

already explained above, but a new nonlinear term is included in the transport equations, which
is the shock capturing operator. Note that this term is similar to the diffusion term, but with the
artificial diffusion coefficient, δ

(
T h
)

and δ
(
Ch
)

respectively, being nonlinear. The coupling of
these equations with the flow fields is seen in the advective terms.

4 VALIDATION OF THE METHOD

The method and the approaches described above are validated against results reported in
Chen et al. (2010). The authors simulate a rectangular bidimensional cavity with boundary
values of TL = CL = 0.5 and TL = CL = −0.5, with Pr = 1,Le = 2,Ra = 105 and N = 0.8.
The figures below show a comparison between its results and the results obtained using the
finite element formulation presented above. It can be seen that results are highly similar to the
results of Chen et al., which validates the method for this kind of problems.

Figure 2: Results obtained with the stabilized finite element approach, for Pr = 1,Le = 2,Ra = 105 and N = 0.8

Figure 3: Results obtained by Chen et al, for Pr = 1,Le = 2,Ra = 105 and N = 0.8
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5 RESULTS

The influence of the nondimensional groups is analized here, by varying one of the groups
while keeping the others constant and analizing the behavior of the temperature and concen-
tration. The mesh used varies in each analysis. This is made in order to capture the boundary
layer structure properly, since changing some groups - such as the Rayleigh number - affects the
characteristic velocity of the flow, and therefore the width of the boundary layer. Also, turbulent
flow occurs in some cases, such that a more refined mesh is needed to capture large scale vor-
tices. Using tetrahedra - which is a linear element - to discretize the whole domain also induces
excessive refinement near the walls, since the fields there are known to be nonlinear. Ideally, a
prism layer would be used to discretize the domain in the boundary layer, although this is not
the case here.

5.1 Variation of the Lewis Number

The Lewis number influence in the solution was tested by setting Le = 0.2, Le = 1 and Le =
5, while keeping the other groups at constant value of Pr = 1, Ra = 105 and N = 1. A low
value of Lewis number, which is the first case here, shown in figure 4, means a greater diffusivity
rate of mass comparing to heat. In the initial timesteps, the front of concentration advances from
left to right quickly than the temperature front. As the density increases with concentration
(remember the negative sign of βC) we have a region in the left where concentration has a
higher value than the temperature, which implies an initial counterclockwise circulation in the
cavity. The fluid then starts to carry the higher values of temperature and concentration passing
by the bottom of the cavity to the right. At this moment, while in the bottom of the cavity,
the higher diffusion of concentration acts pushing the intermediate values towards the top. The
final profile is a balance between the temperature, which tries to push fluid clockwise, and
concentration, which tries to push fluid counterclockwise. Concentration wins because of its
better capability of spreading higher concentration values.

A not so interesting result is seen in the case with equal diffusivities, figure 5. As temperature
and concentration behave in the same way, the forces made by the temperature and concentra-
tion cancel each other in both walls initially. As the fields diffuse exactly in the same way, these
forces always balances equally, so that no flow exists through the domain and the fluid remains
stationary. The final solution is just the diffusion of the fields through the domain.
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Figure 4: Steady-state solution, for Pr = 1,Le = 0.2,Ra = 105 and N = 1

Figure 5: Steady-state solution, for Pr = 1,Le = 1,Ra = 105 and N = 1
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5.2 Variation of the Buoyancy Ratio

Considering N = 1.3, as in the case of figure 6, means that density varies more with concen-
tration as it does with temperature, by a factor of 1.3. This results in a similar physical behavior
as seen in the first case of the section above. As the buoyancy ratio increases, the concentration
stratification increases, as the force pushing the low concentration fluid up becomes greater.
This can be seen in figure 7

Figure 6: Steady-state solution, for Pr = 1,Le = 2,Ra = 105 and N = 1.3

Figure 7: Steady-state solution, for Pr = 1,Le = 2,Ra = 105 and N = 1.8
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5.3 Variation of the Rayleigh Number

Numerically and phisically speaking, the increasing of the Rayleigh number makes the prob-
lem increasingly more challeging. For natural convection problems, a characteristic velocity can
be taken to be V = (gLβREF∆T )2, such as increasing the Rayleigh number and keeping the
diffusivities constant means incresing the characteristic velocity of the flow. This can trigger the
flow to turbulent behavior. As the velocity increases, small perturbations in the mean fields can
be amplified due to the nonlinear advection term in the Navier-Stokes equation. This may cause
transition to turbulent flow, where a full spectra of scales is present, which means a difficult
numerical problem.

Firstly, a Ra = 106 test was made, and the time scales were compared with the ones using
the same values of N ,Le and Pr, but with Ra = 105(which was the case used in the validation
section). Figures 8 and 10 show the evolution of the fields in the timesteps of t = 0.011 and
t = 0.033 for Ra = 105, while figures 9 and 11 show the same results for the higher value
of Rayleigh number. Note that the last case evolves much more quickly, and small perturba-
tions can be seen in the fields. However, this value of Rayleigh is not enough to transition to
turbulence. Figure 12 shows the contour of the steady-state solution for the Ra = 106 case.

In the Ra = 107 case, turbulent flow occurs. Figures 13,14,15 and 16 show the fields at
various timesteps. One should note the presence of structures of various space scales. Also,
one of the main characteristics of turbulence is observed: the diffusivities of the fields are
increased. Temperature and concentration diffuses theirselves much quickly, although steady-
state behavior is not achieved. Is also to be noticed that, as velocity increases, the fields are
much more similar to each other, because the other physical effects, as buoyancy and diffusion
walk in the way of being neglegible.

Figure 8: Results at t = 0.011, for Pr = 1,Le = 2,Ra = 105 and N = 0.8
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Figure 9: Results at t = 0.011, for Pr = 1,Le = 2,Ra = 106 and N = 0.8

Figure 10: Results at t = 0.026, for Pr = 1,Le = 2,Ra = 105 and N = 0.8
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Figure 11: Results at t = 0.026, for Pr = 1,Le = 2,Ra = 106 and N = 0.8

Figure 12: Contour of the steady-state, for Pr = 1,Le = 2,Ra = 106 and N = 0.8
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Figure 13: Results at t = 0.002, for Pr = 1,Le = 2,Ra = 107 and N = 0.8

Figure 14: Results at t = 0.004, for Pr = 1,Le = 2,Ra = 107 and N = 0.8
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Figure 15: Results at t = 0.011, for Pr = 1,Le = 2,Ra = 107 and N = 0.8

Figure 16: Results at t = 0.026, for Pr = 1,Le = 2,Ra = 107 and N = 0.8
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Figure 17: Results at t = 0.050, for Pr = 1,Le = 2,Ra = 107 and N = 0.8

6 CONCLUSION

This work used a stabilized finite element method for the solution of combined heat and
mass transfer in a rectangular cavity. The values of the Lewis number, the buoyancy ratio and
the Rayleigh number were modified while keeping the others constant to evaluate the influence
of these groups in the temperature and concentration fields. The results were physically con-
sistents, proving that this formulation is adequate for this complex multiphysics phenomena. It
was shown that the groups tested have great influence on the steady state of the fields, and it
was possible to see how do they affect the final distribution of the temperature and concentra-
tion. It was also shown that the frontier between the transient cases and the cases in which a
steady-state is achieved lies between Ra = 106 and Ra = 107 for the given geometry. Future
work may comprise a wider variation of the groups, the verification the influence of high order
approximations for the density(such as in Nithyadevi and Yang (2009)) and the analysis of the
influence of Dufour and Soret effects in this kind of problems.
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