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Abstract. In the present paper a numerical model which describes thial dynamics of a strongly
forced periodic oscillating bubble coupled with the tratisinal motion in a highly viscous liquid like
sulfuric acid solutions was developed. All hydrodynamiascés acting on the bubble were considered
in the model. A novel method to account for the History forceboibbles with variable radius is pre-
sented. As aresult the m-SBSL state characterized by psmbits made by the translating bubble near
the pressure antinode of a spherical acoustic eld is deedri The dependence of the bubble mean
levitation position with the amplitude of the driving press was numerically simulated and analyzed.
The numerical model at low forcing pressures was compar#dami analytical solution. The agreement
between them is good in the range of driving frequenciescallyi used in SBSL. It is also shown that
the proposed algorithm successfully reproduces the pathbitity of previous reported Argon bubbles
in Ethylene Glycol.



1 INTRODUCTION

The isolation of a single sonoluminescent bubble rst acbtebyGaitan et al(1992 (SBSL)
encouraged the study of a transient cavity trapped in ansticoeld in a highly controlled
manner. SBSL is a remarkable example of energy focusinggrhena using the fact that bu-
bbles can respond to pressure forces in a non-linear way wedgspeci ¢ conditions. As the
main goal is to achieve higher temperatures inside the lubguids with low vapor pressure,
as sulfuric acid solutions, have been used by many researdfiannigan and Suslick005,
Hopkins et al(2005, Urteaga et al(2007), Urteaga and Bonet{@008, Dellavale et al(2012.
The presence of vapor during main collapse does not favogdlaéto achieve higher energy
concentrations and higher temperatures because watecidigsn effects absorb part of the me-
chanical energy availabl®uente and Bonet{@005. The high viscosity of this liquid prevents
the pinch-off of the bubble during main collapse due to Rigyieraylor shape instability as the
acoustic pressure is increased. The use of this highly usstiquid revealed a curious effect
in which the bubble, periodically excited, moves througé thid describing pseudo-orbits.
This new state was rst reported Hyidenko et al.(2000 and it is known as moving-SBSL
(m-SBSL). See Figl). Toegel et al(2006§ shows that this “spatial instability” is due to the
action of the history force on the bubble. His calculationd aomparisons with experiments
were made in another viscous liquid: Ethylene Glycol. Theatcal model ofToegel et al.
(2006 was based on the analytical expression developedldgnaudet and Legend(&998

of the hydrodynamic force experienced by a spherical bulvhieh has a variable radius. Fur-
ther numerical investigations of the m-SBSL state were ngd8adighi-Bonabi et al2009),
Galavani et al(2010, Mirheydari et al.(2011) andSadighi-Bonabi et al2011). However, all
these calculations are based on the same numerical schehoegdl et al(2006§ and were
made in an organic viscous liquid named N-methylformamide.

In this work we propose a different scheme to solve the calyaldial and translational dynam-
ics of a strongly collapsing bubble based on the “window radttio compute the history force.
In addition, we present a comprehensive analysis of alldheet acting on a translating Argon
bubble in a 85%w/w sulfuric acid solution (SA85) in the paeden range in which the bubble
Is sonoluminescent.

The paper is organized as follows: in S@¢\ve describe the coupling between the radial dy-
namics and the translational motion. Details of the nunaéscheme developed to calculate
the history force are also given in S&).(In Sec.B) we show the evolution of all the hydrody-
namics forces acting on an Argon bubble in SA85 in the timéesafaa radial period. In Seal]
we show the hydrodynamic forces over a larger time scale iclwtihe spatial movement of
the bubble in SA85 is visible. In Seb)(we theoretically analyze the positional instability as
a function of the driving pressure amplitude. In S&cwe compared the solution of the pro-
posed model for the translational motion of a bubble subpttt very small radial oscillations
with an analytical solution for bubbles with xed radiusmislating in an accelerating liquid. In
Sec.{) we show the pseudo-orbits described by an Argon bubblehgl&te Glycol in com-
parison with the state-of-art of m-SBSL simulations andllypan Sec.@) we summarize our
conclusions.

2 THE MODEL
2.1 Radial Dynamics

To describe the radial dynamics of the bubble we used theekMiksis form of Rayleigh-
Plesset Equation (RPHeller (1980. This model considered the radiation dumping effect



Figure 1: Experimental observations of m-SBSL of a bubbl8A85. The experiments were carried out in the
Laboratorio de Cavitacion y Biotecnologia of Instituto &zito at Centro Atémico Bariloche.(A) Photograph of
the m-SBSL state in the experimental setupakaga and Bonett@008. The spherical resonator has an external
diameter of 89 mm and was made of borosilicate glass. Atththéhe very thin walls of approximateB50m

are glued the piezoceramic transducer drivers. (B) Phapigof the m-SBSL state of an Argon bubble in the
experimental setup ddellavale(2012. The spherical resonator was made of quartz and has amaktkameter

of 60 mm. The ask walls have 1 mm thickness. The photographtaken by a Nikon D50 camera with a totally
open diaphragm and the integration time was 1 second. Tteeotmation of Argon gas dissolved in the liquid was
16 mbar. (C) Photograph of the m-SBSL state of an Argon buibbilee experimental setup &fellavale(2012
using Hitachi KPF120 monochrome CCD camera with a totallgrogiaphragm. The integration time was 350
milliseconds. The size of the orbit wals ' 3mm located in a mean radial position shifted from the center of
the askr < 4mm. The concentration of Argon gas dissolved in the liquid wasrbar. (D) A closer look of
the pseudo-orbit described by the translating Argon bubblease (C). The pictures were taken by Dr. Damian
Dellavale.

through the time derivative of gas pressure, and liquid cesgibility is taken into account
up to rst order. We neglect the presence of vapor inside thiabke, provided the low vapor
pressure of SA85, = 2:45Pa). Then, condensation and evaporation effects insidauibiele
are not included. The Keller-Miksis form of RPE can be wntses follows:
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In Eq.@), R(t) is the radius of the bubblé&(t) is the radial velocity of the bubble interface,
R(t) is the radial acceleration of the bubble interfagds the liquid densityg is the speed of
sound in the liquid, is the surface tension, is the kinematic viscosity of the liquigy(R(t))

is the pressure of the gas contents inside the bubblepémt) denotes the driving pressure
eld.

The radial dynamics of the bubble is fully dependent on thelehased to compute the heat
exchange between the gas and the liquid across the interfdee model must represent the
isothermal evolution of the gas during the rarefaction phafsthe acoustic cycle (expansion
of the bubble) and the adiabatic evolution in the nal stajenain collapse. In this work we
assume that the pressure pro le of the ggéR(t)) is uniform inside the bubble and that the
gas follows a polytropic evolution:

~ 2 Rg h3 (RRT)
Pg(R(1)) = po+ R, R e (2)

In Eq.@), (R;R;Ty) isthe variable polytropic coef cient given bifilgenfeldt et al (1999:

RRT)=1+( Dexp —
Pet) 3)
R()jR(1)j
Pelt)= ———>=:
o(R(1))
In Eq.@), P eis the Péclet number, is the adiabatic coef cient of the gasg(t) = m

denotes the thermal diffusivity of the gds, is the thermal conductivity,q is the gas density,
cpy is the speci c heat at constant pressure and the constaatmeders are’ A = 5:8 and
B =0:6.

The time derivative of gas pressure is:

2
Tt @

The temperature pro le of the gak, is also considered uniform inside the bubble. The time
variation of the gas temperature is obtained from the vanVdeals process equation plus a
diffusive heat loss term which has in uence during the dftemce phase of the oscillations
Hilgenfeldt et al.(1999,

pg(t) =  (RIR;Th)

3R2(t)R(t) To(t) To
me(t) T R2T) %)

In Eq.(), To is the ambient temperature ahds the Van der Waals hard core radius of the gas.
The bubble is located within a spatial-time varying pressatd p(r;t). Assuming a spherical
geometry, the spatial distribution of the pressure eldhintthe resonator is given by the zero-
order spherical Bessel functialy(r) = % Akhatov et al.(1997), then the pressure eld
forcing the bubble is:

= [(RIRTy 1]

SIntal) o sin(2 f o) (6)

p(r;t) = po



In EQ.(©6), po is the uniform ambient pressultle, = 2£—|° is the wave number of the fundamental

mode,p? is the amplitude of the acoustic pressure atrghe center ofdheme (resonator),q
is the fundamental driving frequency (= %) andr = x2+ y2+ 72 is the distance from
the origin of coordinates. The amplitude of the pressurdiegpn the bubble at position, is
= Wpﬁ. Although, the acoustic pressure on the bubble at positjgpp) is reported in
most sonoluminescent works, in this papar we will reportghessure at the resonator center
p2, which is the control parameter.
The liquid velocity can be analytically calculated by lineang Navier-Stokes equation and
neglecting viscous stress and volume fordeggel et al(20006):
1 Z
H(r;t) = - r p(r; )d (7

0

2.2 Translational Dynamics

In this section, the translational dynamics of the bubblaken into account together with the
highly nonlinear radial oscillations forced by the driviagpustic pressurdlagnaudet and Legendre
(1999 indicated that this problem is characterized by two dinmess numbers: the transla-

tional ReynoldsRe, = RIBEU whered(r;t) = W, #(r; t) is the relative velocity between
the bubble translational velocity and the liquid velocityd the radial Reynoldge, = REIRUL
Particularly, the history force is acting on the bubble whiembubble size is maximum and the

translation is at lowRe, (Re; < 1). The translational motion of the bubble has been calcdlate
taking into account all the forces acting on it. The forceabak on the bubble is of the form:

3 .
Fp = gR 3(r p(r;t) g |w 6 | (R(t)O(r;t) g R3(t)g if Re;orRe, >> 1
4 2 d(R3(t)O(r;t 4
Fo= =R3Mrprt) = |M 6 | RMOMrt) = R
3 3 dt s 3
Z 2oy i d .
8 || . exp 9 RZ—(s)dS erfc 9 RZ—(s)dS d—(R( )(r; ))d if Re; andRe; << 1

(8 a,b)

In Eq.@ a,h, the rst term is the Bjerknes force, which results from thé&eraction between
the gradient of the pressure eld and the bubble volume egwhs. The second term is the
added mass force, which is the result of an acceleratingaaieeating body that displaces some
volume of the surrounding uid as it moves. The third termhs steady drag, which increases
in a linear form with the relative velocity because of the loharacteristic translation&te
number of the present problem and the fourth term is the budpace. For slow radial and
translating dynamics, the history force must also be takemaccount (Eq.(8b)). It should be
emphasized that the history force is non-local in time. Tiegral term in Eq.(8b) shows that
the value of the history force depends on the past evolutidheobubble dynamics. A further
treatment of this force will be given in Se2.).

The steady drag force of the present model takes into camagide a dirty bubbleBatchelor
(1967, given that bubbles of less thA00m are more likely to suffer surfactant deposition on
its surfaceleighton(1994.

According toMagnaudet and Legend(&998 there exist critical values for the Reynolds num-
bers, in particulaRef = 0:5 andRe’ = 7:0 for the activation or deactivation of the history



force. The smooth transition between both dynamics wasnratle byToegel et al(2006 by
introducing switches of the form :
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Rer (1)
1+ ;ef
) 1 | (9)
()= ——=¢
1 + Ret(t)

C
Ref

Finally Eq.@ a,b are rewritten as follows:
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() (D)8 | . exp 9 Rzi(s)ds erfc 9 RZ—(s)dS di(R( )O(r;, )d

The system of Eql),(5) and (L0) is non-autonomous and was solved by double-stepping adap-
tive step-size Runge-Kutta algorithRress et al(1992. Is important to point out that in the
present work we do not neglect the inertia of the bubble, ghdt, = mya, 6 0 wheremy, is

the mass of the bubble arg] is the translational acceleration of the bubble.

2.3 HISTORY FORCE

The history force is related to the unsteady viscous ow digyed behind a moving body. Many
expressions for the history force on bubbles with constadgius in an unsteady ow at nite
Reynolds number have been formulat¥dng and Lea(1991), Mei et al.(1994.

Namely, Magnaudet and Legendf@998 developed an analytical expression for the history
force acting on a translating bubble in the zero-Reynaldséiational) regime but with variable
radius.

Based on this analytical formulation, it can be seen thatlByjis an integrodifferential equation
for the bubble position. In EdLQ) the most time-consuming contribution is associated with
computation of the history force integral. The calculatarthe history force involves large
storage efforts and requires the integration over theeshtetime of the bubble. For example,
the simulation of 10000 radial cycles, which involves apraately 1000 integration steps
each, requires of 1.2 Gb memory for storing the 15 varialdesifle-precision oating point:

8 bytes) to solve the history force in EgQ).

In the present work we solve E@@) with an approach different from the one implemented by
Toegel et al(2006. As a rst step we approximate the kernel of the integrakaf history force
model in Eq.L0) by the solution proposed i§en and MacKenzi€2007):

a
(@ 1) H+ H +a

In Eq.(11), the constant i& = 2:911Q This value forgys selected as the one that minimizes

the relative error, anti denotes the integrald =9 | R2+S)ds. Fig.(2) shows the value of

the kernel used in the model dfagnaudet and Legend(@998 and the approximation using
the form ofRen and MacKenzi€2007). For a wide range dfl values, the relative error is less

than0:3%. By using this approximation we avoid over ow problems irethase of largéd

K(t )= exp(H )erfc(Io H) " (11)




arguments. In the upper panel of FR),(the type of convergence of the kernel whén 1
thenK (t; ) ! 0 can be seen. This implies that the contributions to the fatdde present
time from very previous times are less important than therdmrtions from the immediate past
time.
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Figure 2: Solution of the history force kernel model and tppraximation proposed biRen and MacKenzie
(200%.

One possible method to solve the Bd) is to evaluate the integral of the history force at
each time integration step of the coupled OBBystem. To make this possible, we stored
15 variables involved in the argument of the history intégtaR(t), R(t), uX(r;t), u(r;t),
uf(rt), ux(rt), ul(rt), uf(rt), xp(t), yo(t), zo(t), Xu(t), ys(t) andz,(t). Here, the subscript
“I” denotes the liquid, while " indicate bubble. Strictly speaking, we should store aé th
bubble evolution from the very beginning of the simulatidihis has the drawback of the time
required to evaluate the integral at each time step. Alsotb@el of the history force is valid a
nite time backwards as it was indicated byagnaudet and Legend(£998.

Dorgan and Loth(2007) and van Hinsberg et al(2011) implemented a truncated integration
interval to calculate the Basset force (analogous to higtoce but for particles with x radius)
which requires storage and integration over a much shoetgogb of a particle's history.

So the next question to answer must reconcile the compuitimg of the history force, the
validity of the model to reproduce the physical effect anel walidity of the method used to
solve the history force integral: How long backwards do weeha consider the dynamics to
calculate the history force?.

Dorgan and Loti{2007 indicated in their work that the “window model” is valid ihé term

d(fjtu) varies slowly, then:
Z t Z t
Kwin (t; )d I K (t; )d (12)

t twin 1

'ODE: ordinary differential equation



K(t; ) t twin< <t

Kwin (t; ) =
Wm( ) 0 <t 1:Win

(13)
Following this criteria we determined the size of the badldsavindow to calculate the history
force integral. According to the model of the history forsed in the present work, in which
this force is acting during slow radial and translationahamwics, we start the analysis in a x
time when the bubble has a maximum radius and is when thempigtawe will act. In Fig.@)
we show the previous dynamics of an Argon bubble in SA85 Wgh= 9:0m and forced
by p; = 1:65bar atf; = 30 kHz. Fig.@3) also shows how the value of the x-component of
the history force (without the switches), at the time whemnlthbble has the maximum radius,
changes with the amount of time backwards considered to mhakealculation. It can be seen
that the contribution of this force at any given time is nite addition, the very rst previous
points have the biggest weight and then the biggest comniitgi to the history force. The
variation of% is also displayed in the lower panel of Fig).(It can be seen that during a 400
points window the variations are small compared with theéat@ns at main collapse, rst and
second rebound. With this size of window we are allowed teassh theRy = [3:0; 120] m
andp; = [1:2; 27] bar parameter phase space for Argon bubbles in SA85, betiaiséteria
of small variations within the window is conserved.

| Property | Value |
Density | 1778.6°%

Dynamic viscosity | 0.015P a:s

Kinematic viscosity | | 8.4 10 °© ’“?2

Speed of sound 1473.07
Vapor pressure, 2.45Pa
Surface tension 0.074%

Table 1: Properties &0°C of Sulfuric acid solutiorSO4H »(85%wt) - H,O(15%wt). Poling et al.(2008 and
Young and Grinstea(lL 949

3 HYDRODYNAMIC FORCES DURING A RADIAL CYCLE

A typical simulation made with the present model impliesdhkulation of 10000 radial cycles
of the bubble. In this section we focus on the description afmvariables in a time scale
imposed by the ultrasound, typically = % ' 33s. We considered as a base case an Argon
bubble in SA85 driving at, = 30:0 kHz with p; = 1:65bar and an amount of non-condensible
gas equivalent t&Ro = 9:0m . The liquid properties used in the proposed model are listed
Table). In Fig.@) the radius of the bubble as a function of time can be seen.alisb shown
that from the bubble ambient radius up to the maximum radhesPéclet number Be << 1,
which implies that the non-condensible gas inside the lifilows an isothermal evolution.
During the main collapse and rebounds,Bhe>> 1 and the gas follows a polytropic evolution.
The temperature computed by this model is also shown. It eaebn that during main collapse
the gas temperature reaches 18300 K. The inset indByghows that during the expansion
phase, the non-condensible gas is in thermal equilibriutin thie liquid afT, = 293:15K.

In Fig.(5) the module of each force acting on the bubble as the raditisedbubble varies in

response to the forcing acoustic eld can be seen. In all<aseshow the buoyant force to
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Figure 3: (upper panel) The solid black line is the radiushaf bubble at previous times calculated with the
numerical model considering the coupling between the tadid translational dynamics but without the feedback
of the history force. The red line is the history force in thelirection on the bubble at maximum expansion
(tpack = 0) calculated with different numbers of points backwardse parameters of the Argon bubble in SA85
are:Rp = 9:0m andpl ' pb = 1:65bar atfy = 30:0 kHz. (lower panel) The solid black line indicates the
value of the kernel approximated by Ren-Mackenzie form gatithmic scale. With red line is shown the absolute

value of R (W] i |ogarithmic scale. For the time interval de ned by 400 mtsibackwards, indicated with
gray dotted line, the variations Rm;* () are rather small compared with the variation during maitepsie.
The variations are lower thah01%from the mean value. During this time interval the “windowded’ used to

calculate the history force is valid according@organ and Lotl{2007). This analysis is similar for the y-direction
and z-direction.

compare the magnitudes. Although the Bjerknes force isoresiple for the trapping of this size
of bubble in the antinode, it is the force with the smallesgmtude of all and it is minimum
during main collapse. The added mass force is maximum dumiaig collapse and so is the
steady drag force. Regarding the history force it can be #w&ns null during main collapse
and it will act when the bubble is in the expansion phase amthgleach maximum of the
bubble rebounds. The latter is best illustrated in Bigwhich shows how the switches turn
on and turn off the action of the history force during the ghdiycle. Also the characteristic
Reynolds numbers of the problem are displayed in compamstinthe thresholds values of
the model that controls the switches of the history forcee Traximum values oRe;, = 17
andRe, = 180 occurs during main collapse. It can be seen that during nfasiectime the
Re; < 1is less than the unit. This is in agreement with the validapge of the Stokes-
like drag solution used in the present model. Figghows that the maximum translational
displacement of the bubble occurs at the time of main cadl@sl rebounds of the radial cycle.
This coincides with sudden growth of added mass force angl fdrae in agreement with the
results ofSadighi-Bonabi et ali2009. It can be seen that the maximum force applied on the
bubble during main collapse reachj€g = 400 N .
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Figure 4. (A) In black is shown the radius as function of tinfean Argon bubble in SA85Ry = 9:0m and
p2 = 1:65bar driven af o = 30 kHz. In red is shown the Pe number. The red dotted line indéfaé = 1. During
the expansion phase up to maximum radiusRlee << 1 and the gas inside the bubble follows an isothermal
evolution (' 1). During main collapse and rebounds the >> 1 and the gas inside the bubble follows
a polytropic evolution until adiabatic. ABe ! 1  the polytropic coef cient tends to the adiabatic coef cten

I . (B) Temperature of the gas inside the bubble. The inset slioat the gas is in thermal equilibrium with
the liquid (T} = 293:15K) during the expansion phase up to main collapse.

4 HYDRODYNAMIC FORCES AT LONG TIMES

In this section we show the results in a longer time scale. We [seen that the translational
displacement of the bubble is of the order of m per radial cycle. To be able to see typical
translational displacement of the order ofmm we made the simulations over 10000 radial
cycles. Fig.8) shows the simulated m-SBSL state of an Argon bubble in SAB®d atp; =
1:65 bar atfy = 30:0 kHz with an amount of gas equivalent Ry = 9:0m . The initial
conditions for the bubble position are very close to theiorigf coordinates (center of the
resonator). We made several tests and the shape of psebitlaibtained can vary with the
initial conditions of bubble position under the same driyparameters. It can be seen that the
nal mean levitation position is over the pressure antindéliéhe initial condition of the bubble
position is beneath the pressure antinode, the bubble nailistate to a nal position above
describing a larger path to it. We applied the fft algorithorx{t), y(t) andz(t) to determine
the characteristic oscillation frequency. In F8).(ve show the normalized amplitude spectrum
for the three directions. The peaks in th@) andy(t) occur at a frequency of0 Hz, while

in the z(t) direction the frequency of the oscillations48 Hz. For low frequencies in th&(t)
direction it can be seen a growth in the spectrum associatbdhe shifted levitation location
from antinode.

From EQ.Q0) it can be seen that all forces are tangent at every pointeofrijectory except
the Bjerknes force. In FiglQ) the directions of the Bjerknes force and history force gltre
bubble trajectory for the rst 1500 radial cycles of the cas€ig.(8) are shown. The values are
averaged in each radial cycle. The Bjerknes force acts liendripetal force directed towards
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Figure 5: (black) Radius as function of time of an Argon bieiblSA85.Rg = 9:0 m andp; = 1:65bar driven
atfo = 30 kHz. (green line) (A) Bjerknes force module.(B) Added masxé module. The maximum value
during main collapse ig-am ] = 460 N .(C) Quasi-steady drag force module. The maximum valuenduriain
collapse igFqj =40 N . (D) History force module. (blue dotted line) Buoyant fornedule.

the antinode. In Figl(1) the relative angle between the trajectory and the Bjerkoreg can be
seen. When the bubble turns around the angle is al@8iBtwhile if the bubble path is nearly
straight the angle decreases.

In Fig.(12) we show the module of each force averaged in each radiadgheiihe Bjerknes
force varies within 33.3% over the 10000 radial cycles, wliile added mass force oscillates
within 11%. The steady drag force oscillates in a narrow eamighin 5% an so does the history
force.

In Fig.(13) we show the variation of some interesting parameters frioenpoint of view of
energy concentration along the bubble path. We show thahthemum temperature achieved
by the non-condensible gas inside the bubble during mailamse predicted by this model
varies within a 3% around 18000 K. Moreover, the compressaio has small oscillations
within 2%. This indicates that there is not a spatial regitom@ the bubble path in which
a signi cant increment of temperature can be reached. Thtaim of main collapse when
the bubble interface acquires the maximum radial veloatgharacterized biyla = 0:42in
agreement with the radial model employed.

As it was shown, the bubble translates around a mean vedisgllaced position from the re-
sonator center. To evaluate the variations of the acoustgspre at bubble position while it is
translating, we followJrteaga et al(2007). In Fig(14) it can be seen that the acoustic pressure
at bubble position is slightly lower than the acoustic puesst the central pressure antinode of
the acoustic eld and varies within 1500 Pa.
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Figure 6: (A) (black) Radius of the bubble as function of tiofean Argon bubble in SA85R; = 9:0m and
pd = 1:65bar driven aff o = 30 kHz. (green) The turn on/off of the history force given by sweitches , (t)
and (t). (B) (black)Re, is over the threshold value during the expansion phase amagdhe Rayleigh-Plesset
collapse. (greenRe, is only over the threshold during main collapse and duritguads.

5 POSITIONAL STABILITY

The spatial shifting of the mean levitation position of agén bubble in SA85 as the amplitude
of driving pressure increases is numerically analyzeds €xperimental fact was reported by
Urteaga et al(2007) and indicated that it is a limiting factor on the maximum astic pressure
that can be applied to the bubble.

In Fig.(15) the trajectories of an Argon bubble witRy = 9:0m in SA85 driving atf, =
30kHz are shown. For pressure amplitudes at the resonator cemter thanp? < 1:30 bar
no pseudo-orbits appear and the bubble remains xed in desfaisition above the center of
coordinates. Fop? > 1:32 bar the bubble translates around a mean position, whicksshif
towards a bigger radius as the amplitude of the driving pressgses. A remarkable change
in the shape of the pseudo-orbits can be seemJor 1:70 bar. In Fig.(6) we display the
results for amplitudes of acoustic pressures beywdrel 1:65bar. It is shown that the pseudo-
orbits are wider on a spherical gasket as the amplitude ddiriligng pressure is more intense.
Fig.(17) shows the mean levitation position of the bubble for thegeaof simulations displayed
in Fig.(15) and Fig.(6) as function of the amplitude of the driving pressure at gmonator
center.

All the forces acting on the bubble were computed for the stmns shown in FigX7). In
Fig.(18), we show the Bjerknes force, drag force and history foraagyed in a radial cycle,
as well as the maximum value of the module of the added maag 4l@000 radial cycles for
different pressures at the resonator center. Differenaers exist when the driving pressure
rises. Fop? > 1:32bar there exists a small transition gap where oscillatinreaich magnitude
are present. As the driving pressure rises, it can be seem Fig.(L8A) that the averaged
Bjerknes force is more intense, and its magnitude is conppaveaith the averaged history force
(See Fig.18D)).
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Figure 7: (A) Radius of the bubble as function of time of an @mdpubble in SA85R, = 9:0m andp; = 1:65

bar driven af o = 30 kHz. (B) Magnitude of the net force acting on the bubble. Duthe deltiform growth of the
added mass force and drag force, the main translationdbdiement of the bubble occurs during main collapse
and rebounds of the radial dynamics. (C) Translation in teeordinate. Analogous behavior occurs for the other
components. In this particular case, a typical translatistance per radial cycle is 3m . (D) Translational
velocity of the bubble in the x-component. During most of timee of the radial cycle the translational velocity
ranges between 1M and 100™™, except on main collapse when a sudden growth of transkitiaocity
during several nanoseconds is observed.

6 COMPARISON WITH THEORETICAL SOLUTION AT SMALL ACOUSTICPR  E-
SSURES

Morrison and Stewar{1976 developed a theoretical solution for the equation of nrobb a
bubble moving relative to an accelerating liquid. In theimhulation they assumed a x radius
of the bubble which is subjected to a sinusoidally oscitigtiquid. They solved the steady-state
bubble response by transforming the translational equatto the Fourier space. Furthermore,
the ratio between the transformed bubble velogitgnd transformed liquid velocity, is:

, q — q— q — q —
v $+¥2 5 3 5 +i3+2 5+3 >
W, g=  a= T—q— (14)
3 +2 > 5 + | +2 =+ 3
In Eq.(14), = RS 2f ~0c_ 0% is the dimensionless frequency, and the phasetween the bubble

velocity and the I|qU|d velocity is given by:

Im (2
Re(;—‘r

We compared the numerical model with this theoretical smtubut the range of validity is
only for small acoustic pressures (less than Blake thre§tegplied to the bubble because in

(15)
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Figure 8: m-SBSL state of an Argon bubble in SA85 with an amofigasR, = 9:0 m and driving ap; = 1:65
bar atf o = 30:0 kHz. The initial conditions for the ODE system afe; = R, Rg = 0:0, Tl? =T,Xo=0:1
mm,Xp = 0:0%,yo = 0:15mm,yo = 0:0%F, 20 = 0:1mm,z = 0:07. The simulation was made during 10000
radial cycles. For these particular parameters the bubbitates in a mean positiog, = 0:0mm,y, =0:0mm
,Zm = 1:5mm above the pressure antinode. The black point indicagesrtgin of coordinates.
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Figure 9: Normalized amplitude spectrumxdt), y(t), z(t) of the case in Fig8). The frequency of the oscilla-
tions inx(t) andy(t) is 70Hz while in z(t) is 42 Hz.
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Figure 10: Direction of th&nisiory  (red) andFgjerknes  (green) for an Ar bubble in SA8S for the rst 1500 radial
cycles.Ro = 9:0m andp, = 1:65bar. The initial conditions for the bubble aney = 0:1 mm, xo = 0:0%F,
Yo= 0:15mm,yp = 0:0T, 20 = 0:1mm,z = 0:07T. (black) Trajectory of the bubble. The Bjerknes force is
the only force that is not tangent at every point of the tri@gcand is responsible of trapping the bubble near the
pressure antinode. The history force is always tangenitdréjectory.
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Figure 11: Angle between the vector®djerknes and the vector tangent to the trajectory for the case of Fily.(
At every turn of the bubble trajectory the angle increaseaup8(®. When the trajectory of the bubble is almost
straight the angle decreases.

this circumstance the response of the bubble is linear.(I&)gshows the magnitude of the
ratio between velocities and the phase for an Argon buBle= 5:0m in SA85 under an
applied acoustic pressuredf = 0:01 bar. It can be seen that for low dimensionless frequency
the bubble follows the movement of the liquid, and as theidg\requency rises the bubble
advances the liquid. In the typical range of driving frequiea used in SBSL indicated with
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Figure 12: (A) Module of the Bjerknes force averaged in eaxhal cycle. (B) Module of the added mass force
averaged in each radial cycle. (C) Module of the steady dvegefaveraged in each radial cycle. (D) Module of
the history force averaged in each radial cycle.

gray dotted lines the agreement is quite good.

7 SIMULATIONS IN ETHYLENE GLYCOL

With the present model we made simulations of an Argon buipiihylene Glycol as a check
of consistency. In this section we show the simulation of tases of the phase space reported
by Toegel et al.(2006. In his work he indicated that a bubble in Ethylene Glycothnan
amount of gas equal By = 20:0 m driving by p; = 1:40bar atf, = 23kHz is shape stable
and path unstable. The bubble trajectory for this case o Fig.(20).

With the same argument as in the sulfuric acid case, the $ibeevindow to calculate the his-
tory force on a bubble in Ethylene Glycollé = 500 points backwards. The liquid properties
used in the simulation are listed in TabB.(It can be seen in Fi2Q) that the transient time
extends during 5000 radial cycles after the bubble reacimesdy periodic movement around
a point located:5 mm above the origin of coordinates.

On the other hand, if the forcing pressure is diminished updte= 1:10 bar, Toegel et al.
(2009 calculations predict that a bubble is shape stable andpalostable. This indicates that
no pseudo-orbits are described by the bubble. This lastisas®own in Fig.21). It can be
seen that the bubble translates to a nal position above thsspre antinode without making
pseudo-orbits.

8 CONCLUSIONS

We have presented a numerical implementation which dessctite coupling between the radial
and translational dynamics of a periodically excited beldbtated in a spherical pressure eld.



| Property | Value |
Density | 1100.04

Dynamic viscosity 0.022P a:s

Kinematic viscosity | | 20.0 10 © m{

Speed of sound 1660.0F
Vapor pressure, 13.3Pa
Surface tension 0.045%

Table 2: Properties of Ethylene Glycbbegel et al(2006

No approximations were made on the pressure eld in this wa@v& characterized all the forces
acting on the bubble in the radial scale and during severabge until we could observe the
typical pseudo-orbits described by the bubble in a hightgous uid as sulfuric acid solution

at 85%w/w. Special attention was paid to the inclusion offtis¢ory force to the scheme. We
used a suitable different approximation of the kernel ofttis¢ory force model and applied the
window method. The main advantage of the present implertient& comparison to previous

numerical schemes, is that it allows the calculation of tiseohy force at each time instant. We
have shown that the numerical implementation reproduceeéraxental facts in the range of
parameters reported in the literature. This implememaiiidl allow a deeper study of the path
instability of bubbles in viscous liquids.
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Figure 13: (A) Compression ratio for each radial cycle. (Bdxum radial velocity at main collapse for each
radial cycle. (C) Maximum temperature achieved by the nemdensible gas inside the bubble in each radial cycle.

(D) Module of the peak of the bubble translational velocity.
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Figure 14: Pressure at bubble position givenlijeaga et al(2007). It can be seen that the pressure applied on
the bubble interphase while the bubble is translating saiighin 1500 Pa.
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Figure 15: Simulations of an Argon bubble wity = 9:0m in SA85 driving atf o = 30kHz with different
pressures amplitudes at the resonator centepd(A)1:30bar. (B2 = 1:32bar. (Cp2 = 1:40bar. (D)2 = 1:50

bar. (Ep? = 1:60bar. (Fp2 = 1:70bar. The black dot indicates the origin of coordinates. Thseo for the
existence of pseudo-orbits is betwggn= 1:31bar andpd = 1:32bar. As the amplitude of the driving pressure
is increased the mean levitation positions shift upwardkenvertical direction. For each case 10000 radial cycles
were solved.
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Figure 16: Simulations of an Argon bubble wity = 9:0m in SA85 driving atf o = 30kHz with different
amplitude pressuregf = 1:65bar,pl = 1:70bar,p = 1:80bar,pd = 1:90bar,p? = 2:00bar,p? = 2:10bar,

pd = 2:20bar,pd = 2:30bar,pd = 2:40bar,pg = 2:50bar,p? = 2:60bar andpd = 2:70bar. It can be seen a
change in the structure of the orbits as the driving pressses. For each case 10000 radial cycles were solved.
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Figure 17: Mean levitation distance of an Argon bubble vRh= 9:0m in SA85 driving atfo = 30kHz as
function of the amplitude of the driving pressure at the negor center. The gray bars indicate the approximate
maximum amplitude of the pseudo-orbits. For driving pressielowp? < 1:31bar no pseudo-orbits appeared.
With dotted line is indicated the onset for the m-SBSL stdtp’a= 1:32 bar. The inset shows in detail the
transition between the non-moving bubble and the movingpblri
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Figure 18: Force analysis during 10000 radial cycles for ghmpulations showed in Figl), Fig.(16) and
Fig.(17).(black) pd = 1:20 bar. (red)p? = 1:30 bar. (gray)pd = 1:32 bar, the onset of the moving state.
(blue)p? = 1:65bar. (pink)pd = 2:00 bar. (greenp? = 2:70 bar. (A) Bjerknes force module averaged in
a radial cycle. As the pressure at the resonator centerdsese the averaged Bjerknes force magnitude is more
intense. (B) Maximum magnitude value of the added mass féimethe cases betweér82bar< p? < 1:65bar,
oscillations exist. For driving pressures higher tp@re 1:65 bar, the maximum value no longer increases and in
the steady state it reaches approximately)a*j 400N . (C) Stokes-like drag force averaged in a radial cycle.
The maximum value reached as the driving pressure rise§igag >1 5N . (D) History force averaged in a
radial cycle. Oscillations exist when the bubble start teatibe pseudo-orbits. The maximum mean value of the
averaged history force as the driving pressure increaseBigsiory >1  0:4 N . This magnitude is comparable
to the averaged Bjerknes force module.



4.0 40
—— numerical solution —— numerical solution
- - - theoretical solution Morrison & Stewart| - - - theoretical solution Morrison & Stewart}
35¢
3.5F
3.0p
S 2.5
<
=)
=
2.0F
1.5p
1.0 I
107 10™ 10° 10"
W

Figure 19: (left) Magnitude of the ratio of bubble velocitydliquid velocity. (right) Phase angle relative to liquid
motion. The simulation was made fBp = 5:0m Argon bubble in SA85 under a static pressurg@@ft= 0:92
bar and excited with a low acoustic presspfe= 0:01 bar where the bubble response is linear. The frequency

sweeping was Itered using the Savitzky-Golay method wi¥dspan. (gray dotted line) Range of typical driving
frequencies used in SBSL.
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Figure 20: m-SBSL state of an Argon bubble in Ethylene Glyeith an amount of gaRo = 20:0 m and driving
with p; = 1:40bar atfo = 23:0 kHz. The initial conditions for the ODE system af@&; = Ro, Rg = 0:07,

Tl? = Ti, Xo = 0:10mm,xp = 0:0%,yo = 0:15mm,yp = 0:0T, zo = 0:10mm, zg = 0:07F. The simulation
was made during 10000 radial cycles. For these particuleanpeters the bubble levitates in a mean position

Xm = 0:0mm,yn =0:0mm,z, = 0:5mm above the pressure antinode. The black point indicagesrigin of
coordinates.



0 5000 10000
T

g

o 5000 10000
T

0 5000 10000
T

Figure 21: Argon bubble in Ethylene Glycol with an amountasBo = 20:0 m and driving withp; = 1:10bar
atf o = 23:0kHz. The initial conditions for the ODE system af®: = Ro, Rp = 0:0%, Té’ =T, %Xo=0:10mm,

Xo =0:0T,yo = 0:15mm,yp = 0:0F, zo = 0:10mm, zg = 0:07. The simulation was made during 10000
radial cycles. For these particular parameters the bubdfsiates to a mean positiag, = 0:0 mm,y, = 0:0
mm , z, = 0:19 mm above the pressure antinode without describing psetuitso This is in agreement with
Toegel et al(2006 calculations which predict shape and path stability foublde under these conditions. The
black point indicates the origin of coordinates.
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