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Abstract. Vibration-based energy harvesting is visualized as an auxiliary power source, which can pro-
vide small amounts of energy to power remote sensors installed over inaccessible locations. The article
presents an experimental and analytical investigation of an energy harvesting device using a lead-free
piezoelectric material based on MoO3-doped (K0.44Na0.52Li0.04)(Nb0.86Ta0.10Sb0.04)O3 (KNL-NTS)
obtained by the conventional solid state reaction. The harvesting model corresponds to a cantilever beam
with a KNL-NTS piezoelectric disc attached to it subjected to base excitation. We analyze the effect of
the electromechanical coupling and the load resistance on the output electrical power. Electromechanical
frequency response functions (FRFs), that relate the voltage output to the translational base acceleration
are shown for experimental and analytical results.
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1 INTRODUCTION

Energy harvesting is one of the most promising techniques for a wide variety of self-powered
systems. Among the energy harvesting sources, we can find solar power, thermal gradients and
vibration (1). Last years, the attention of many researches have concentrated on mechanical
vibration as a potential power source since it is abundant enough to be of use, it is easily ac-
cessible through microelectromechanical systems (MEMS) and it is ubiquitous in applications
ranging from small household appliances to large infrastructures (2),(3).

Piezoelectric energy harvesting is one possibility of energy harvesting from mechanical vi-
brations as a power source (1). Its fundamental advantage lies in they have high electromechan-
ical coupling which means a large strain/voltage conversion, require no external voltage source
and are adequate to miniaturize (4), (5), (6).

In the vast majority of the applications, the most common type of piezoelectric used is lead
zirconate titanate, known as PZT. However, a number of different piezoelectric materials have
been developed. The type of piezoelectric material selected for a power harvesting application
can have a major influence on the harvesters functionality and performance. Although PZT is
widely used as a power harvesting material, the toxicity of lead is a serious threat to human
health and the environment and thus lead-free piezoelectric ceramics have attracted great at-
tention recently. Numerous studies on lead-free piezoelectric ceramics such as (K,Na)NbO3,
BaTiO3-based, Bi-layered, bismuth sodium titanate and tungsten bronze-typematerials have
been recently published (7), (8), (9). In this way, niobates (K,Na)NbO3 (KNN)- based ceramics
have shown good piezoelectric and electric properties, high Curie temperature and environmen-
tal inequity. When the ratio of K/Na reaches 50/50, the piezoelectric coefficient reaches the
highest point (up to 80 pC/N) (10). This composition is reported to be composed of a virtual
morphotropic phase boundary, where the total polarization can be maximized due to increased
possibility of domain orientation. However, the exact crystallographic nature of this boundary
in KNN is presently not well understood and it may be different than the one in lead-zirconate
titanate solid solution (11). On the other hand, Saito et. al. (12) reported exceptionally high
piezoelectric properties in the system (K,Na)NbO3 LiTaO3 LiSbO3. This study was based on
chemical modifications, in the vicinity of the MPB of (K,Na)NbO3 (KNN), by complex si-
multaneous substitutions in the A (Li) and B (Ta and Sb) site of the perovskite lattice. In this
way, similar composition with 4 mol % of Lithium and 10 mol % of tantalum substituted KNN
ceramic prepared by simple pressureless solid state sintering without aid additives or special
powder handling reach interesting properties with d33 < 160 pC/N without antimony (13).
In this paper, MoO3-doped lead-free (K0.44Na0.52Li0.04)(Nb0.86−xTa0.1−xSb0.04−x)Mo5/6xO3

(KNL NTS), was used as a new material to harvest vibration energy.
The aim of the present work is to analyze the power generation of a novel lead-free piezo-

electric material under a vibration-based excited system.
First section introduces the state of the art and gives a description of the different type of

piezoelectric transducers. After that, section 2 derives the mathematical formulation of the
problem. Then, section 3 presents the results of the voltage generation and power of the elec-
tromechanical system as a function of the frequency of excitation. Finally, some concluding
remarks are presented and discussed.

2 MATHEMATICAL DESCRIPTION AND MODELLING

The system under study comprises a lead free lead-free piezoelectric material based on
MoO3-doped (K0.44Na0.52Li0.04)(Nb0.86Ta0.10Sb0.04)O3 (KNL-NTS) in the form of a disc, ob-
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tained in Argentina at INTEMA attached to a steel beam which acts as its support (see Fig. 1 ).
All the system is excited by its base over the form of a deterministic function g(t) which try to
mimic an environmental excitation from which energy can be extracted.

Figure 1: Schematic diagram of the experimental setup.

For the sake of brevity we refer to a previous paper by two of the authors (14) to see the
derivation of the electromechanical equations that give the voltage generation and the beam
displacement. These are:

v =
ΓjθjΩR

√

(ω2
j − Ω2 − 2CRξjωjΩ2)2 + (2Ωξjωj + RΩ(θ2

j + Cω2
j − CΩ2))2

(1)

and for the modal coordinate

η =
Γj

√
1 + C2R2Ω

√

(ω2
j − Ω2 − 2CRξjωjΩ2)2 + (2Ωξjωj + RΩ(θ2

j + Cω2
j − CΩ2))2

(2)

where Γj is the modal coupling, θj is the piezoelectric coupling, Ω is the excitation frequency,
R is the resistive load, ωj is the j-th natural frequency of the vibrating system, C is the capacity
of the piezoelectric disc and ξj is the j-th damping coefficient.

To obtain the electromechanical coupling we use an approximation. This consists in replac-
ing the disc by a rectangle of the same area with its length equal to the diameter of the disc.

Then, the displacement field is given by: w(x, t) =
∑

2

k=1
φj,kηj eiΩt.

3 EXPERIMENTS AND DISCUSSION

The aim of the present section is to compare the analytically obtained voltage function Eq.(1)
with the voltage observed in the experiments. As we mentioned before, the excitation is pro-
vided by an electromechanical shaker. Base displacement is measured by a displacement prox-
imity sensor and then converted into acceleration. The sinusoidal excitation is provided by a
signal generator in a frequency sweep over the frequencies of interest and its power adjusted by
a power amplifier. All measured signals are then filtered by a low pass-filter to recover them for
postprocessing using a data acquisition system. (see Fig. 1). The actual setup for the experiment
is illustrated in Fig. (2).

In Table (1) we present the physical and geometrical parameters of the steel beam and of the
piezoceramic disc of KNL-NTS.

In the following, the experimental results are presented for the first two modes of the pro-
posed system.

To make a useful comparison with other authors (see for example (15)), the voltage function
of Eq.(1) is divided by base acceleration to obtain a voltage to base acceleration frequency
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Table 1: Geometrical and physical parameters of the prototype device consisting in a steel beam and a piezoelectric
disc used for the experiments.

Geometrical parameters beam piezoelectric disc Material parameters beam piezoelectric disc
(steel) (PZT) (steel)

Length, L (mm) 115.6 16.12 (diameter) density ρ (kgm−3) 7800 4470
width, b (mm) 19 — Young modulus, E (GPa) 210 105

thickness, b (mm) 0.9 1.96 piezo constant, d31 (pm V−1) — - 45 10−12

mass Mt, (kg) – – Capacity C (nF) — 4.02

(1) Electromagnetic shaker

(2) Cantilever beam with

piezoelectric

(3) Function generator

(4) Charge amplifier

(5) Data acquisition system

(6) Frequency response

analyzer

(7) Proximity sensor

(1)

(2)

(3)

(4)

(5)

(6)

(7)

Figure 2: Experimental setup for the proposed system.

response function FRF (in units of g = 9.81m/s2). The results are presented for different
values of the resistive load to emulate different load conditions. The effective load resistance is
the equivalent resistance of the resistive load used and R = 984kΩ, which is the input resistance
of the data acquisition system which is seen in parallel with the resistive load. This implies
Re = 1/(1/R + 1/Rad) are presented in Table 2.

The voltage and power FRFs for the first mode are presented in Figs. (3) and (4) . The
damping coefficient of the first mode was set to ξ1 = 0.02 to fit the voltage generation for the
large resistive load. The damping for the second mode is given by the relation: ξ2 = ξ1ω1/ω2

Figure (3) presents voltage generation in the nearness of the first mode of the system, for
the whole set of considered resistances. It can be observed a perfect agreement between the
theoretical (numerical) and experimental results. The maximum value of V/g is ∼ 4.8V/g and
is for the maximum load resistance. The minimum, instead, is approximately of 0.08V/g and
is for the lowest resistance (9.85kΩ) which is the case of maximum current consumption.

The electrical power generated can be observed in Fig. (4). There, the different curves
show the electrical power for the considered resistances. The maximum generated power is for
resistance R = 986kΩ and it is 0.025mW. For a better presentation of the results, we only
show here the numerical curves only. However, we have also a very good agreement for the
other cases.
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Table 2: Effective load resistance which is the parallel between the used (measured) resistance and R = 986kΩ

(input resistance of the data acquisition system).

R (measured) Re(effective)

- 986 kΩ (986 × 103Ω)
331 kΩ 247.8 kΩ
98.6 kΩ 89.6 kΩ
32.8 kΩ 31.7 kΩ
9.95 kΩ 9.85 kΩ

Figure 3: FRFs for frequencies near the first mode of the piezoelectric beam for a given set of resistors. Blue lines
experimental, red lines theoretical.

Figures (5) and (6) show the results for the generated voltage and power for frequencies near
the second mode of the system. Surprisingly, we can see in this case that the generated voltage
(see Fig. 5) is greater than the case for the first mode. The maximum voltage is about ∼ 6.1V/g,
almost 30 % above the voltage for the first mode. The minimum voltage, instead, is 0.52V/g
which is more than six times the voltage generated for the first mode. Regarding the generated
power, from Fig. (6) it is possible to observe a maximum generated power of 0.15mW for a
resistance of R = 98.6kΩ. Note that this value is different from the value obtained in the case
of the first mode.

An interesting question that immediately arises is why there exist differences in the generated
voltage between the first and second mode that obviously affects the generated power. The
answer can be appreciated in Table (3). From expression (1) is possible to see that the generated
voltage is directly proportional to the electromechanical coupling θ and Γ which is proportional
to the mode integral. Since Γ is equal for both modes, the difference in the generated voltage
is caused by the electromechanical coupling θ. The electromechanical coupling depends on
the attachment place of the piezoelectric disc and on the first derivative of the analyzed mode
evaluated at the span of the piezoelectric disc (see Eq. 18 in (14)). If one wants to generate
a large voltage it is necessary to find the way to maximize ezx = d31c

E
11

(where d31 is the
piezoelectric constant and cE

11
is the Young modulus of the piezoelectric element) or φ′

j(L1)
which is the first derivative of the corresponding mode at the span of the piezoelectric disc.

From Table (3) it is possible to see that θ for the second mode is more than eight times larger
compared with the first mode. Therefore, since ezx depends on the physical constants of the
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Figure 4: Generated electrical power for frequencies near the first mode of the piezolectric beam of Fig. 3. Blue
lines experimental, red lines theoretical.

330 340 350 360 370 380
Frequency @HzD

1

2

3

4

5

6

7

8

ÈVolt
a
g
e
F
R
F

È@V�
g

D

Figure 5: FRFs for frequencies near the second mode of the piezoelectric beam for a given set of resistors.

piezoelectric disc, the difference in the generated voltage comes from differences in φ′

j(L1) for
both modes.

Another interesting question has to be with optimum load resistance, i.e. the resistance that
maximizes power. It has been previously mentioned in this work that this load resistance varies
depending on the mode. From the expression of voltage and power P , (P = V 2/R) it is possible
to mathematically obtain the value of R that maximizes power. It is straightforward to show
that this optimum load is:

R =
ω4

j + (4ξ2

j − 2)ω2

j Ω
2 + Ω4

√

Ω2(θ4
j + 2Cθ2

j (ω
2
j − Ω2)) + C2(ω4

j + (4ξ2
j − 2)ξ2

j Ω
2 + Ω4)

(3)

In the case of the values of table 3, this expression reduces to:

R =
1

CΩ
(4)
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Figure 6: Generated electrical power for frequencies near the second mode of the piezoelectric beam of Fig. 7.

Table 3: Physical parameters of the prototype device consisting in a steel beam and a piezoelectric disc used for
the experiments

mode ξj ωj θj Γj V/g(max) V/g(min) Power [mW]
1 0.02 346.96 0.000129 0.09 4.8 0.08 0.023
2 0.0032 2170.9 0.000804 0.094 6.1 0.52 0.16

Therefore, the optimum load resistance R diminishes as one considers higher modes of vi-
bration (higher excitation frequencies) as 1/Ω. In Figures (7a) and (b) it is possible to observe
the calculated optimum load resistance for both modes using the exact (Eq. 3) and the (Eq. 4)
approximated formula. The coincide between both expressions is evident. Additionally, it can
be seen that R = 7.205 × 105 for the first mode and R = 1.1515 × 105 for the second mode.
Obviously these values do not coincide with those obtained in the experiments since the they
were made for a finite set of resistances.

4 CONCLUSIONS

In this work we made a series of dynamic experiments of a new type of lead free piezoelectric
material. From these experiments we conclude the following items.

• This new type of material, originally made for other purposes, can be used for energy har-
vesting when attached to a vibrating element such as a beam or another flexible structure.

• The agreement between numerical and experimental results show that the employed ana-
lytical model is appropriate to describe the electromechanical system.

• Regarding the generation of voltage, the values obtained in the experiments was accept-
able. Compared with other commercial piezoelectric materials such as PZT, the genera-
tion was lower. However, there exists several parameters of this new material that can be
optimized to obtain a larger voltage. For example, this may be achieved by optimizing
the physical dimensions of the piezoelectric disc.

Mecánica Computacional Vol XXXIII, págs. 2175-2183 (2014) 2181

Copyright © 2014 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



Figure 7: Optimum load resistance R for (a) frequencies near the first mode of the system and (b) frequencies near
the second mode of the system.

• In the particular case of the considered system and ceramic characteristics such as den-
sity and composition of the main phase, the maximum power generation is for the second
mode with a ten times larger power compared to the first mode. The reason of this behav-
ior is due to the electromechanical coupling which depends on the attachment position of
the piezoelectric disc over the beam.
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