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Abstract. Nuclear criticality calculations are needed both for the design of nuclear reactors and for the
verification of nuclear criticality safety conditions on systems that include significant amounts of fissile
materials. These calculations are based on neutron interaction data, which are distributed in evaluated
nuclear data libraries.

To improve the evaluations of thermal scattering sub-libraries, we developed a set of thermal neu-
tron scattering cross sections (scattering kernels) for deuterium and oxygen bound in heavy water in the
ENDF-6 format. These new libraries are based on molecular dynamics simulations and recent experi-
mental data, and result in an improvement of the calculation of single neutron scattering quantities. In
this work, we show how the use of this new set of cross sections also improves the calculation of thermal
critical systems moderated and/or reflected with heavy water, obtained from The International Criticality
Safety Benchmark Evaluation Project (ICSBEP) handbook. The use of the new thermal scattering library
for heavy water, combined with the ROSFOND-2010 evaluation of the cross sections for deuterium, re-
sults in an improvement of the C/E ratio in 48 out of 65 international benchmark cases calculated with
the Monte Carlo code MCNP5, in comparison with the existing library based on the ENDF/B-VII.0
evaluation. Impacts on the ZED-2 international benchmarks from the recent edition of The International
Reactor Physics Experiment Evaluation (IRPhE) Project handbook will be also discussed.
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1 INTRODUCTION

In nuclear engineering, nuclear criticality calculations are the solution of an eigenvalue prob-
lem associated with systems containing fissile materials near critical condition. The problem
solved is an associated critical reactor Henry (1975), which is expressed as the following linear
Boltzmann equation for the system with void (vacuum) boundary conditions:(

Ω̂ · ~∇+ Σtot

)
ψ(~r, E, Ω̂) =

∫ ∞
0

dE∗
∫

4π

dΩ̂∗Σs(E
∗, Ω̂∗ → E, Ω̂)ψ(~r, E∗, Ω̂∗)

+
1

keff

χ(E)

4π

∫ ∞
0

dE∗ν(E∗)Σf (E
∗)φ(~r, E∗) (1)

(the notations are standard Lewis and Miller Jr. (1993)).
The solution of this problem gives the largest eigenvalue keff, known as the effective mul-

tiplication factor, and the associated fundamental mode ψ(~r, E, Ω̂) (the angular neutron flux).
The solution of this equation requires the knowledge of the neutron interaction data, the (macro-
scopic) neutron cross sections, Σx. For neutron energies that are high compared with the chem-
ical binding energies, the nuclei in the system can be considered free, i.e. it can be described
by using the classical Maxwell-Bolzmannn distribution nMiB(~V , T ) ∝ exp(−M~V 2/2kT ) with
Mi being the mass of nuclide i. Then only one set of cross sections is needed for each isotope i
and each reaction x at a given temperature T to reconstruct Σx(E, T ).

When the neutrons, slowed down by collisions with the light nuclei used as moderators in
thermal nuclear reactors, reach energies below the chemical binding energy of the molecules
(E ∼ 1−10 eV), the interaction with nuclides can no longer be considered as with the free
Maxwellian gas. In this range of energy, the scattering cross sections vary according to the
exchange of energy and momentum between the neutrons and the condensed state of matter.
Indeed, thermal neutrons with energy E ' 25 meV (that corresponds to the room temperature,
T ' 293.6 K) have the de Broglie wavelength λ ' 1.8 Å, and these E and λ are very close
to the characteristic energies of vibrational excitations and typical inter-atomic distances in the
condensed phases of materials. Cold neutrons, with energiesE < 1−5 meV and the wavelengths
λ > 4−9 Å(corresponding to T ∼ 10 K) match the characteristic length and time scales involved
in self-diffusion processes in materials. Therefore, the scattering of low-energy neutrons in a
material is sensitive to its atomic and molecular motion and structure, and result in specific
inelastic/quasi-elastic effects for the out-scattered neutrons. Thus, in principle, thermal neutron
scattering cross sections are needed for each specific material used in applications, but they
are of particular importance for moderators and reflectors, such as heavy/light water, graphite,
beryllium oxide, etc.

Accurate nuclear criticality calculations are required both for the design of nuclear reactors
and for the verification of nuclear criticality safety conditions on systems that include significant
amount of fissile materials. These calculations are based on neutron interaction data, which
are distributed in evaluated nuclear data libraries. ENDF/B-VII.1 Chadwick et al. (2011), the
current version of the ENDF evaluated nuclear data library, is an advance over previous versions
of the library in the calculation of critical systems Kahler et al. (2011). However, a number of
heavy water moderated critical systems still cannot be calculated within the uncertainty of ±1σ
of the experimental value of keff (the effective multiplication factor). This is also true for other
nuclear data libraries Morillon et al. (2013); van der Marck (2012).

The reasons for these discrepancies have been traced to the modern evaluations for deuterium
Kozier et al. (2011); Morillon et al. (2013) and oxygen Kozier et al. (2013); Roubtsov et al.
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(2013); Taylor and Hollenbach (2013) but, for thermal systems, they could also be related to the
thermal scattering cross sections of deuterium and oxygen bound in heavy water. In this paper,
we present results of nuclear criticality calculations for heavy water moderated and/or reflected
benchmark systems that are particularly sensitive to modifications in the thermal scattering
cross sections (scattering kernels). Using these international benchmarks, we study the effect of
a new evaluation of the thermal scattering cross sections for heavy water at room temperature
on the value of keff of the thermal critical systems at zero power.

2 THERMAL SCATTERING

For thermal neutrons, the scattering cross sections that appears in eq. 1 are described in
terms of a function S(α, β) known as the thermal scattering law:

Σs(E, Ω̂→ E ′, Ω̂′) =
σbN

4πkT

√
E ′

E
S(α, β) , (2)

Here α is a dimensionless positive parameter related to the neutron momentum transfer:

α =
E + E ′ − 2

√
E ′Eµ

AkT
, (3)

and β is a dimensionless parameter related to the energy transfer:

β =
E ′ − E
kT

. (4)

In these equations, A is is the nuclide-to-neutron mass ratio, µ is the neutron scattering cosine,
and other notations are standard Williams (1966); MacFarlane (2010). It is assumed that the
scattering kernel Σs satisfies the principle of detailed balance for neutron up-scattering (β > 0)
and downscattering (β < 0), and S(β, β) = eβS(α, β).

The scattering law is a property of the material, and depends on its dynamics and structure.
(In condensed matter physics, the thermal scattering law is known as the dynamic structure
factor, S(~q, ω) Lovesey (1984), and α ∝ (~~q)2, β ∝ ~ω). The scattering laws are calculated
using models and approximations (such as perturbation theory) based on non-relativistic quan-
tum mechanics and statistical physics. In the Gaussian incoherent approximation implemented
in the nuclear data processing code NJOY, module LEAPR MacFarlane (1994), the dynamics
of liquids is represented by a generalized frequency spectrum ρ(ω), and the structure is intro-
duced with the Sköld coherent correction Sköld (1967) based on partial (static) structure factors
Sij(q). For molecular liquids, the vibrational spectrum can be subdivided roughly into three ma-
jor parts: intra-molecular (broadened molecular vibrations), inter-molecular (hindered rotations
and translations, also called librations) and low-energy self-diffusion (translational) parts. The
contribution of different atoms in the molecule can be distinguished by introducing the partial
ρi(ω), similar to the partial phonon density of states in crystalline solids.

For the neutron scattering by 1H in hydrogenous materials, one can disregard the coherent
corrections and use the incoherent approximation for the scattering kernel SH(α, β). For the
thermal neutron scattering by 2H(≡ D) in deuterated liquids, the incoherent approximation is,
strictly speaking, not applicable (σcoh(2H) ' σincoh(2H) ), and one can calculate the coherent
inelastic part of SD(α, β) using the Sköld method and the known partial structure factors of the
molecular liquid (SDD(q), SOD(q) and SOO(q)).
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The modern thermal scattering laws are distributed in the evaluated nuclear data libraries, as
part of the thermal scattering sublibrary (see, for example, Refs. Chadwick et al. (2011); Mac-
Farlane and Kahler (2010)), following the ENDF-6 format Trkov et al. (2011) for representing
the numerical data.

3 THERMAL SCATTERING LIBRARIES FOR HEAVY WATER

3.1 Existing libraries

The evaluated nuclear data libraries include scattering law files for heavy water produced
from two essentially different models: one initially published by Koppel and Young at General
Atomics Koppel and Houston (1978) (GA model), and another proposed by Keinert and Mattes
at IKE Stuttgart Keinert et al. (1984); Mattes and Keinert (2005) (IKE model).

The IKE model includes several improvements over the GA model. Even when both mod-
els are based on frequency spectra originally measured by Haywood in the 1960’s Haywood
(1967), the IKE model incorporates newer measurements which include temperature depen-
dence, ρ(ω;T ). The IKE model also includes a correction for the coherent component of the
scattering in deuterium, whereas the incoherent approximation is used in the GA model. How-
ever, the IKE coherent correction is not complete, because it only includes the D-D partial
structure factor SDD(q;T ) obtained from calculations with a Lennard-Jones model. In both
models, the translational self-diffusion of the liquid is approximated as a molecular free-gas.
This is equivalent to assuming the zero-width asymptotic behavior of ÏĄ(ÏL’) of the liquid at
small ω:

ρ(ω) ∼ wt(T )δ(ω) + ρcont(ω)atρ→ 0(~ω � kT ) (5)

Here, wt is the translational weight of the generalized vibrational spectrum and ρcont is a
solid-like continuous contribution of ρ(ω) that satisfies ρcont → 0 as ω → 0. In the IKE model,
wt(T ) = 0.05 for deuterium in the liquid heavy water.

Oxygen is treated as free atomic gas at a given temperature T in both models. For the light
water (H2O) this is a well-justified approximation because the scattering cross section of oxygen
is small compared to the cross section of 1H and the scattering in hydrogen is predominant. For
heavy water, σs(

2H) ' σs(
16O), and both D and O components have similar importance. More-

over even-even nuclei (16O and 18O) constitute 99.96% of natural oxygen, causing coherent
scattering (which is not included in the free gas approximation) to be predominant.

3.2 New libraries

The new libraries, called the CAB models for water Marquez Damian et al. (2014), are
based on experimental data and molecular dynamics (MD) simulations. To improve over the
existing libraries, MD simulations Marquez Damian et al. (2013) using GROMACS Van Der
Spoel et al. (2005) were used to calculate the frequency spectrum ρi(ω;T ) for deuterium and
oxygen in liquid heavy water at a room temperature (T ∼ 300 K) and normal pressure (1
atm). It is known Marti et al. (1996) that the modern MD simulation packages are capable of
predicting accurately the vibrational frequency spectra using flexible models of water González
and Abascal (2011), provided the simulations run long enough to cover the translational self-
diffusion time scale ' 10 ps with a time step small enough (dt ' 0.1 fs) to resolve the intra-
molecular vibrations.

Coherent corrections were done using experimental data. Partial structure factors Sij(q;T )
measured by Soper Soper and Benmore (2008) were used to calculate the Sköld correction
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factors for deuterium and oxygen scattering kernels.
The CAB libraries were validated by comparison with many single-neutron scattering quan-

tities obtained experimentally over years of studying heavy water with neutrons, and we found
an improvement over the scattering law files available in the modern evaluated nuclear data
libraries. Details on the models and their validation can be found in Ref. 20.

To analyze the effects of these libraries on critical systems, we compared the measured values
of the total neutron cross section for heavy water Kropff et al. (1974) with calculations with
our model, ENDF/B-VI (GA model) and ENDF/B-VII (IKE model) (Fig. 1). Although the
improvement found at very low (E < 1 meV) energies is important, the neutron flux expected
in the thermal critical systems is low at these energies (e.g., in heavy water, we expect φ(E) ∝
E exp(−E/kTeff) at E < 0.1−1.0 eV with the neutron effective temperature kTeff ≈ kT ' 30
meV at room temperature conditions). Thus the improvement for cold neutrons would have
little impact on the thermal systems.

On the other hand, the ∼ 9% discrepancies found at thermal energies (E ∼ 10−30 meV)
between calculations using the existing evaluated data libraries and experimental data have more
importance from the perspective of the thermal critical systems: the neutron flux is higher at
this energy range. The reason for this discrepancy is that the dip found at E ' 20 meV in the
total cross section is caused by interference effects in oxygen, and neither the GA model nor
the IKE model include thermal scattering libraries for oxygen in heavy water. In our model, the
inclusion of oxygen with an accurate description of its structure is reflected on the total cross
section of O in D2O, which differs considerably from the free-gas approximation used in the
ENDF/B-VI and ENDF/B-VII thermal scattering laws.

4 CRITICALITY BENCHMARKS

The International Criticality Safety Benchmark Evaluation Project (ICSBEP) Briggs (2010)
is a NEA-OECD project dedicated to compile, analyze and formally document critical exper-
iments to be used as benchmarks for nuclear data and reactor calculation codes. The product
of this effort are 558 reports or evaluations containing information on 4798 critical configu-
rations, compiled in the International Handbook of Evaluated Criticality Safety Benchmark
Experiments, which is distributed annually as a DVD.

These evaluations include a description of all the important physical parameters (dimensions,
compositions), and an analysis of the effect of their uncertainties in the multiplication factor of
the system. For each system, a multiplication factor is given with its corresponding uncertainty,
keffbench±δkbench. Despite the system being critical (kexp

eff = 1.0), the multiplication factor of the
model could not be unity if simplifications were introduced in the preparation of the benchmark.
The uncertainty associated to the multiplication factor includes not only the experimental error,
but also the effect of the uncertainties in the parameters of the system (so that δkbench ≥ δkexp).

To study the effect of the new CAB libraries on criticality calculations, we selected a series
of heavy water moderated experiments from the ICSBEP Handbook (Table 1). As a baseline,
all the systems were calculated using the KCODE mode of the Monte Carlo transport code
MCNP5 1.60 Brown and Team (2003) and the continuous-energy cross section data library
based on the ENDF/B-VII.0 evaluation of nuclear data Chadwick et al. (2006); Trellue et al.
(2009).

The KCODE algorithm in MCNP5 performs reactor criticality calculations and requires neu-
tron cross section data for the neutron propagation simulation in the energy range 10−5 eV ≤
E ≤ 20 MeV. As an option, one can include additional thermal scattering files to take into ac-
count the chemical and liquid/solid-state bonding effect of the nuclides of interest in particular
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Table 1: Selection of ICSBEP criticality benchmarks used in the comparison.

Evaluation ID # Cases Title
HEU-COMP-THERM-017 8 RB Reactor: Lattices of 80%-Enriched Uranium Ele-

ments in Heavy Water
HEU-SOL-THERM-004 6 Reflected Uranyl-Fluoride Solutions in Heavy Water
HEU-SOL-THERM-020 5 Unreflected Cylinders of Uranyl-Fluoride Solutions

in Heavy Water
LEU-COMP-THERM-093 10 Deuterium Critical Assembly with 1.2% Enriched

Uranium varying Coolant Void Fraction and Lattice
Pitch

LEU-MET-THERM-001 1 RB Reactor: Natural-Uranium Rods in Heavy Water
LEU-MET-THERM-002 12 RB Reactor: Latices of 2%-Enriched Uranium Ele-

ments in Heavy Water
LEU-MET-THERM-015 22 RB Reactor: Fuel Assemblies Substitution Criticality

Experiments in Lattices of 2%-enriched Uranium in
Heavy Water

U233-COMP-THERM-004 1 D2O Moderated Lattice of 233UO2-232ThO2

materials, replacing the scattering cross section below a given cut-off energy (10−5 eV ≤ E ≤
E∗, E∗ ' 1−10 eV). Here, E∗ is the upper energy cut-off for the S(α, β) treatment of neutron
scattering in the MCNP simulations, and, for heavy water, we use E∗ = 10.0 eV for 2H and 16O
(in the CAB libraries).

4.1 Results

The results of the criticality calculations are shown in Fig. 2, expressed as the ratio of calcu-
lation over expected experimental value (the benchmark multiplication factor):

C/E = kcalc
eff /kbench

eff

These results were computed using ENDF/B-VII.0 libraries for all isotopes, with the excep-
tion of the thermal scattering libraries for deuterium and oxygen, which were replaced with the
new model. The results obtained within the free gas approximation are also shown in Fig. 2 to
emphasize that the inclusion of the S(α, β) thermal scattering treatment for the neutrons inter-
acting with deuterium and oxygen bounded in the heavy water is very important for accurate
modeling of these benchmarks.

The overall impact in the calculations with the CAB library is significant, with changes in
the multiplication factor between−1159 to 36 pcm. (1 pcm is the change in keff by 1.0× 10−5).
With the exception of the case corresponding to the 233U-232Th fueled system (U233-COMP-
THERM-004), all the remaining cases show a decrease in the multiplication factor. As the
calculations using the ENDF/B-VII library tend to overestimate the multiplication factor of
heavy water moderated systems van der Marck (2006), this reduction implies an improvement
(C/E ratio closer to unity) in 39 of the 65 cases (60%).

This first analysis takes into consideration only the change of a single aspect in the micro-
scopic nuclear data (the thermal scattering kernel of heavy water) in a complex calculation
of heterogeneous critical systems. Considering this, modifying only one of the cross sections
might not lead to a visible improvement in the results, with discrepancies due to other im-
perfections of the nuclear data used for the modeling. In particular, some of the heavy water
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benchmarks considered in this work are known to be calculated better using older nuclear data
libraries, which can be seen in the work by van der Merck van der Marck (2006) and Taylor
and Hollenbach Taylor and Hollenbach (2013). 8 of the 11 cases from HEU-SOL-THERM-004
and HEU-SOL-THERM-020 benchmarks analyzed by Taylor and Hollenbach are among the
22 which, at first, are not improved by using our new thermal scattering library. By substituting
specific isotopes in the library they conclude that most of the difference is attributable to the
deuterium evaluation in ENDF/B-VII.

One possible solution to these discrepancies is to replace the ENDF/B-VII evaluation of
deuterium by the evaluation included in the ROSFOND-2010 library Zabrodskaya et al. (2007).
This evaluation has a slightly modified free atom scattering cross section for deuterium (σfree

s =
3.390 b against σfree

s = 3.395 b in the ENDF/B-VII library, but the differences in the elastic
neutron scattering are within the uncertainty of σfree

s Mughabghab (2006)). There are also small
differences in the neutron capture (e.g., σth(n, γ) = 0.519 mb against 0.506 mb in the ENDF/B-
VII library), and noticeable differences in the angular distributions of the elastic scattering at
high neutron energies (10 keV < E < 3.2 MeV). Although the differences at the low neutron
energies are small, if the new thermal scattering library is combined with this evaluation for
deuterium, the observed effect in the fissile solution systems is reverted, resulting in 48 of
65 benchmark cases (74%) improving over the baseline ENDF/B-VII-based calculation. For
comparison, replacing only the deuterium evaluation for the one in ROSFOND-2010 but not
using the new thermal scattering library improves the results of the HEU-SOL-THERM-004
and HEU-SOL-THERM-020 benchmarks (highly enriched uranium fluoride solutions in D2O),
but affects negatively other benchmarks, and overall only 11 of the 65 benchmark cases yield
better results using this combination (see Fig. 3).

5 CONCLUSIONS

The new thermal scattering law files for heavy water represent an improvement over exist-
ing scattering law files available in the modern evaluated nuclear data libraries. Part of these
improvements are in the cold neutron energy range, which have little impact on the thermal
critical systems, but other improvements – related to a better representation of the neutron scat-
tering in oxygen – are in the region where the neutron spectrum is important in the heavy water
moderated systems.

When the new thermal scattering libraries are applied to the calculation of neutron criticality
benchmarks, we find a significant (up to 1100 pcm) difference in the results of multiplication
factors, improving the calculation in 60% of the cases. The average change in the multiplication
factor is 543 pcm.

If this new thermal scattering library is combined with the evaluation of deuterium cross
sections distributed in the ROSFOND-2010 library, then 74% of the calculations yield better
results than those of the baseline benchmark set obtained with the ENDF/B-VII.0-based nuclear
data library.
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Figure 1: Total cross sections for heavy water at 294 K Kropff et al. (1974), compared with calculations using
the CAB model, ENDF/B-VII (IKE model) and ENDF/B-VI (GA model) vs. the incident neutron energy. Ellipses
mark the differences in the total cross sections at the energies which are very important for accurate modeling of
the critical systems with the thermal neutron spectrum. The Maxwellian distribution for Teff = 294 K, which
would be expected for fully thermalized neutrons, is shown for reference. The differences in σtot can be traced to
the total cross sections of O in D2O (compare the curves at the bottom).
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