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Abstract. This work presents some applications of topology optimization for fluid flow problems using
the Virtual Element Method (VEM) (Veiga et al. 2013) in arbitrary two-dimensional domains. The idea is
to design an optimal layout for the incompressible Newtonian fluid flow, governed by the Stokes
equations, to minimize the viscous drag. The porosity approach proposed by (Borrvall and Petersson,
2003) is used in the topology optimization formulation. To solve the governing boundary value problem,
the recently proposed VEM is used. The key feature that distinguishes the VEM from the classical finite
element method is that the interpolation functions in the interior of the elements are not required to be
computed explicitly. The use of appropriate local projection maps allows for the extractions of the rigid
body motion and the constant strain components of the deformation. Therefore, the computation of the
local matrices is reduced to the evaluation of geometric quantities on the boundaries of the elements.
Finally, several numerical examples are provided to demonstrate the efficiency and applicability of the
VEM for the topology optimization of fluid flow problems.
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1 INTRODUCTION

The method of topology optimization for fluid flow problems first appeared in the literature in
2003. It was originally developed by (Borrvall and Petersson, 2003); examples for the optimal
layout of channel flows with minimized drag or pressure drop are presented in his works. In the
last decade, the method has been extended to other design objectives and constraints functions.
Recently, the VEM has been successfully applied to a variety of problems, such as elasticity,
heat, and fluid flow problems (e.g., Ahmad et al. (2013), Sutton (2017), Chi et al. (2017), and
Brenner et al. (2017)) and is attractive in terms of computational efficiency compared to the FEM
method.

The present paper aims to present some applications of topology optimization for fluid
problems, specifically for incompressible and Newtonian fluids, using the VEM in arbitrary two-
dimensional domains. It is organized as follows: In section 2, the theoretical background
regarding Stokes—Darcy problem is briefly presented together with some theoretical background
on the VEM. In section 3, we describe the topology optimization method applied to the fluid flow
problem. In section 4, numerical examples are presented to demonstrate the effectiveness of the
proposed method. Finally, concluding remarks are presented in section 5.

2 VIRTUAL ELEMENT METHOD (VEM)

2.1 Stokes—Darcy problem

The Stokes—Darcy equation, typically known as the Brinkman equation, is expressed as
follows (Gartling et al. 2007):

W u+au=Vp—f {
V.u=0 ’ M
where @ is the inverse permeability of the porous medium.

The Eq. (1) is typically used in topology optimization problems, where the parameter @ allows
for the determination of the material type (solid/fluid) of a given point in the optimization
domain.

The weak formulation of the problem is obtained from Eq. (1) using the weighted residual
method (WRM), as shown in Eq. (2), where v and g are the velocity and pressure virtual
weighting functions, respectively. Further, (u, p) € V X Q is to be obtained such that:

{a(u, v)+a,(w,v) +b(v,p)=I1l(v), VVEV 5
b(u,q) =0, Vq € Q ’ 2)
where, in turn, a:V XV - R,b:V X Q = R,I: V — R are the bilinear forms defined by
(
a(u,v) = uf Vu:VvdQ,a,(u,v) = c?f u.vdf
X @ @ , l(w) = — f f.vdo, 3)
b(v,p) = —f p(V.v)dn, b(u,q) = f q(V.u)dn ?
\ 0 0

Copyright © 2018 Asociacion Argentina de Mecanica Computacional http://www.amcaonline.org.ar



Mecéanica Computacional Vol XXXVI, pags. 2037-2046 (2018) 2039

Let {¢f}j'v=1 be a basis of V;, and let {wj}jilbe a basis of Q. If

N M
Up :::§: ] '4i¢U y» Pn = :E:, p]yb]
j=1 j=1

then, it leads to the following linear systems of equations

(N . B
Zj:l ujah(¢i» ¢j) + Z}_zluja%(%.d’j) + lelplbh(¢i,lpl) = _J fi-¢; d0
N
< Z}.=1“jbh(¢j'¢z) + lf qnd2 =0 4)
0
. 0

Or, equivalently
Kx=F, ®)

where x = (Uyq, ..., Uy, D1, oo, Do, AT, {P1, ..., Py} are the element pressures, A is the Lagrange
multiplier,

A B 0 C
K=|BT 0 al|,F=|0|
0 a’ o0 0

A = Ay = ap(¢i 9) + ai(Pu d;) 1.j € {1, .., N},
B =B;;=by(¢s¥;) i€f{l,..,M}je{l, .. N}

C=C =1Ul(¢;)jefL,..,N},
and a is the vector of element areas.

2.2 Virtual Element Projection I1%Vv

Based on the works of Gain et al. 2013; Veiga et al. 2014 and Chi et al. 2017, we consider the
lower-order element (i.e., k = 1,n, =3 and n, = 2) in which the set of basis functions for

P, (E), (linear polynomial space): m(k) a =1,.., np, is defined as
(1) 1 _ Xe @ _ Y~ Xc
=1, —, = -
m, s ms . (6)
the gradients of P, (E) are
@ _ [0 O 1 O 0
ym® =[], m = [0] vm hE[ | (7)

(k

and the basis functions m,, - , for the two-dimensional vector polynomial space [Py_;(E)]?,

witha =1, ..., are deflned as

m® = [o] and m® = [O] ®)

where x. and y, are the coordinates of the centroid of the element E, |E| is the element area, and

Pk—1’

hy = |E|'/? is the average element size.
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@ Vertex i located at {x;,v;}.
n;: outward-pointing normal vector i.
{x¢, ¥oJ: coordinates of the centroid.

n,: number of vertices.

Figure 1: Local VEM spaces and degrees of freedom of a given element.

The first projection operator 12V, which projects the gradient of v onto [Py,_,(E)]?, satisfies
the following expression:

JHSVv.pdx= J Vv.pdx = %v.p.nds—f vV.pdx Vp e [Pr_1(E)]? 9)

E E 0E E
Introducing a set of shape functions for the local VEM space V},(E), ¢;(x),i =1, ...,n,, we

can express [12Vv as

ny
vy = Z Ve (x)V; .
i=1

Therefore, Eq. (9) can be rewritten as

fngmi.mg“”dx: f V. m& Vdx = jg¢i.mg"‘”.nds—f¢i|7.mf,f“1)dx (10)
E E 0E E

We can also express I12V¢; using the set of basis mka_l) for [P,_1(E)]? as
k-1
Ve (x) = Z Sipmy P (x). (11)
B=1
Finally, Eq. (10) can be rewritten as

Mpr-1

Z Sip f mék_l). m& ™ dx = f ¢;. m&E V. nds — f ¢, V. mE Vax (12)

B=1 E oE E

From Eq. (12), we can form the matrices M and R and compute the matrix § as
S=RM (13)

2.3 Virtual Element Projection IT}v

The second projection operator VIIZ v, projects v onto Py (E), as
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j VIIYv.Vpdx = j Vv. Vpdx = 56 vVp.nds — f vApdx VpeP(E).
E E 0E E
We express [T} v using the shape functions ¢; as
n

v =) 0% (V.
i=1
Therefore, Eq. (14) can be rewritten as
f vIZ¢;. vm® dx = f Ve, VmPdx = f P, vm% . nds — f ¢:Am® dx
0E E

E E

We can also express [T ¢; in terms of the set of basis m((xk) for P, (E) as:
npk

k
nig =) shmd.
a=1

Combining Egs. (15) and (16) we obtain

npk
Z Sip j Vm[(),k). rm®dx = % $,vm® nds — J P Am® dx
B=2 E OE E
From Eq. (17), we can form matrices M” and R” and compute the matrix SV as
SV — RVMV_l

Additionally, we can express ITf ¢;(x) in terms of the shape funtions ¢; as
ny
Egu) = ) P ()
i=1

Using Eq. (4), we can express the terms ay,aj and by, as follows:
Computing ay:
We introduce the discrete counterpart at: VE x VE - R of af as

ap (up, vp) = (TgVuy, MEVv)o g + SE(wy — [ uy, vy — [ vy)

and, we define

ap(up,vp) = z aﬁ(uh'vh)

Eenp
to be the discrete counterpart of a. Therefore

aE(du ;) = f N2V, - Ve, dx + S(¢ — My, b, — N17h;)

Substituting Eq. (11) into Eq. (21), the consistency term can be expressed as
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Mpg—1 "Pr-1
f Ve, - N2Vedx = Z Z SiaSig f mS V- m{ Vdx = SMs, (22)
E a=1 B=1 E

and substituting Eq. (19) into Eq. (21), the stability term is given by
S(¢p: — NEDi, d; — Mg ;) = Bu — PRI (8 — Pf) = (I — P*YUA - PY)T, (23)
Computing aj:

The discrete counterpart of a, is

(b0 dy) =@ | MEg:- MEdyax, @4
E
and, substituting Eq. (16) into Eq. (24), we obtain
Tlpk Tlpk
aj ;- ML dx = az Z sl!;s;'ﬁf ml ¥ dx = &|EINNT, (25)
E a=1p=1 E

where
v v v
& & e
?1 ?2 2 } mgl)(xc) and x, = [xc yc]

st sty st lIm{P o)

N =

Computing by:

Substituting Eq. (16) into Eq. (26), the discrete counterpart of b can be expressed as

Ny,
g a=1
or
_SV _
sy Sy sy (1) 12
[5}71 5‘172 51‘73] v 1 S13
b =—| "2 2 lym®Pl= - b oi=1,.,m, 27
‘} V V & E Snvz
Sn,,l Snvz Snv3 Vm3 v
[Sny2.

2.4 Time comparison VEM vs. FEM

To illustrate the use of the VEM method, consider the diffuser domain problem (Pereira et al.
2016). The geometry and boundary conditions are illustrated in Figure 2a. The other numerical
values are the dynamic viscosity ¢ = 1 and the density of the fluid p = 1. For the simulation, we
used an Intel Core 17-8700 CPU @3.20GHz, with 16GB of RAM, and the Microsoft Windows 10
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64-bit operating system. The numerical results of the velocity and pressure fields, using both
VEM and FEM, are shown in Figures 2b and 2c, respectively.

VEM FEM
‘ . - velocity

pressure

'8 A fiew

(b) (©

Figure 2: (a) Geometry and boundary condition of the diffuser square problem using polygonal elements, solution of
the diffuser square problem using (b) VEM and (c) FEM method.

In our numerical tests, we computed the total velocity and the average pressure at the center of
the domain, for different levels of polygonal mesh refinement using the FEM and the VEM. The
results are shown in Figure 3a and 3b, respectively. It is noteworthy that the computational time
with respect to the size of the problem increases faster in the FEM compared to the VEM (see
Figure 3c).
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Figure 3: Convergence of the: (a) velocity value at the center of the domain; and (b) average value of the pressure at
the center of the domain; (c) Computational time comparison between the FEM and VEM.
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3 TOPOLOGY OPTIMIZATION

The objective and constraint functions, f and g respectively, of the optimization problem for
the minimization of the dissipated power, neglecting the applied forces on the fluid, and subject
to a constraint on its volume are given by

1 1
min f = —,uf Vu:Vud.Q—l—Ech(p)u.ud.Q
P

2
0 )
S.t.
g=jpd[2—Vs <0 (28)
n
with
a(u,v) +a,(u,v) + b(v,p) =0
b(u,q) =0
and 0<p<i1

The first term of the objective function f, corresponds to the dissipation owing to the viscous
dissipative effects, while the second term corresponds to the dissipative effects of the porous
media model, p (design variable) that represents the value of the pseudo-densities at each point of
the domain; V; is an upper bound for the final volume to be achieved in the solution of the

optimization problem.
Initial Design I\
Mesh domain, create discretization and initialize.

f Solve Stokes — Darcy problem using VEM
I * and minimize dissipated power

. E Sensitivty Analysis of Objective and |

Constraint functions
velocity field  pressure field \|/

Update scheme to find new design variables
using e.g.,Optimality Criteria optimizer

Material Interpolation to obtain density
distribution

YES

‘ /I Result: Optimal Topology I

Figure 4: Flowchart for the optimal solution of the diffuser problem.

The Stokes—Darcy system of equations is used as a constraint in the topology optimization
problem and is solved by the VEM. The Optimality Criteria, OC, (Gunwant and Misra, 2012) is
used as the optimizer, and the objective and constraint function gradients, df /dp and dg/dp,
respectively, are obtained analytically. The topology optimization code includes a simple and
efficient implementation of the sensitivities and a straightforward integration with polygonal
VEM codes (Pereira et al. 2016). The main steps of the topology optimization process are
illustrated in the flowchart depicted in Figure 4.
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4 NUMERICAL RESULTS
4.1 Diffuser problem

We present numerical examples for the minimization of the viscous drag in both typical
domains (see Figures Sa and 6a) presented by Pereira et al. (2016). The viscosity of the fluid was
1 = 1 and we used continuation on the penalty parameter with values ¢ = {0.01; 0.1; 1}.The OC
algorithm is used as the optimizer with a maximum of 150 iterations.

(b) () (d)

Z 60

Objective Funetion
IS ® = &
(=] = <

0 5 10 15 20 25 30 35 40 45
Tteration

(e

Figure 5: (a) Geometry and boundary conditions for the diffuser (non-Cartesian domain); (b) optimal topology;
(c) velocity field; (d) pressure field; and (e) convergence history.

(b) () (d)

Objective Function
- [=2) =]
=1 =} =1
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Figure 6: (a) Geometry and boundary conditions for the diffuser (Cartesian domain); (b) optimal topology;
(c) velocity field; (d) pressure field; and (e) convergence history.
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The solution for the curved domain was obtained for a volume fraction V = 0.46085 (see
Figure 5b) to match the solution for the square domain, where V = 0.5 (see Figure 6b), as
prescribed by Borrvall and Petersson, (2003), using 10,000 polygonal elements. The convergence
histories of the objective function f, are shown in Figures Se and 6e, respectively.

S CONCLUSIONS

In this work we presented an application of topology optimization for fluid flow problems,
governed by Stokes-Darcy equation, using the virtual element method (VEM). Representative
examples found in the literature were tested and a comparative study was carried out between the
FEM and VEM. We observed that the VEM presented a better computational performance and
that this method is very well-suited to be used in topology optimization problems. An extension
of the VEM for solving 3D fluid flow topology optimization problems, using the Navier-Stokes
equations, is currently under investigation by the authors.
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