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Abstract. Rigidizable/Inflatable (RI) materials offer the possibility of deployable large space
structures5 and so are of interest in applications where large optical or RF apertures are needed.
In particular, in recent years there has been renewed interest in inflatable-rigidizable truss-
structures (see Figure 1) because of the efficiency they offer in packaging during boost-to-orbit.
However, much research is still needed to better understand dynamic response characteristics,
including inherent damping, of truss structures fabricated with these advanced material sys-
tems.

One of the most important characteristics of such space systems is their response to changing
thermal loads, as they move in/out of the Earth’s shadow. We study the thermoelastic behaviour
of a basic truss component consisting of two RI beams connected through a joint subject to
solar heating.
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1 THERMOELASTIC MODEL
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Figure 1: Truss-structure
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Figure 2: Basic truss component

The equations of motion for the Joint-Leg-Beam system depicted in Figure 2 has been de-
rived in1 as the following:

ρiAi
∂2ui(t, si)

∂t2
= EiAi

∂2ui(t, si)

∂s2
i

, ρiAi
∂2wi(t, si)

∂t2
= −EiIi

∂4wi(t, si)

∂s4
i

(1)

Md2

dt




x(t)
y(t)
θ1(t)
θ2(t)


 = C




M1(t)
N1(t)
M2(t)
N2(t)
F1(t)
F2(t)




for time t > 0 and spatial variablesi ∈ [0, Li], where

M =




m 0 −m1d1 cos ϕ1 m2d2 cos ϕ2

0 m +m1d1 sin ϕ1 m2d2 sin ϕ2

−m1d1 cos ϕ1 m1d1 sin ϕ1 I1`+m1d2
1 0

m2d2 cos ϕ2 m2d2 sin ϕ2 0 I2`+m2d2
2


 , C =

(
0 − cos ϕ1 0 cos ϕ2 sin ϕ1 sin ϕ2
0 sin ϕ1 0 sin ϕ2 cos ϕ1 − cos ϕ2

1 `1 0 0 0 0
0 0 1 `2 0 0

)
,

(2)
and the other functions and parameters are as follows:ui, wi: longitudinal and transversal
displacement of the beami; x, y: horizontal and vertical displacement of the joint’s tip;θi:
rotation angle of the legi; ρi, Ai, Li, Ei, Ii: mass density, cross section area, length, Young’s
modulus, moment of inertia of the beami; µi, γi: damping coefficients;mi, di, `i, Ii`: mass,
center of mass, length, moment of inertia of legi; mp: mass of the joint,m = m1 + m2 + mp;
ϕ1: initial angle of leg1 with positivey axis; ϕ2: initial angle of leg2 with negativey axis;
Fi(t): extensional force of beami at the endsi = Li; Ni(t): shear force of beami at the end
si = Li; Mi(t): bending moment of beami at the endsi = Li. The beams are clamped at the

E.M. CLIFF, Z. LIU, R.D. SPIES2432

Copyright © 2006 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



endsi = 0. Thus the boundary conditions atsi = 0 are

ui(t, 0) = wi(t, 0) =
∂wi

∂si

(t, 0) = 0, i = 1, 2. (3)

At the other end of the beam, we have geometric compatibility conditions that can be written
in the form:




− ∂
∂s1

w1(t, L1)

w1(t, L1)
− ∂

∂s2
w2(t, L2)

w2(t, L2)
−u1(t, L1)
−u2(t, L2)




=




θ1(t)
−x(t) cos ϕ1 + y(t) sin ϕ1 + `1θ1(t)

θ2(t)
x(t) cos ϕ2 + y(t) sin ϕ2 + `2θ2(t)

x(t) sin ϕ1 + y(t) cos ϕ1

x(t) sin ϕ2 − y(t) cos ϕ2




= CT




x(t)
y(t)
θ1(t)
θ2(t)


 . (4)

2 THERMAL DYNAMICS

Following Thornton,6 for each beam, the external heat flux in the space normal to the beam’s

surface is given bySi
.
= S0 cos

(
ξi − ∂wi

∂si

)
, whereS0 is the solar flux andξi is the angle

of orientation of the solar vector with respect to beami. Since ∂wi

∂si
is small, it is negligible.

We denote byT i = T i(t, si, φi) the deviation of the temperature of beami with respect to a
reference temperatureT i

0. Then, conservation of energy for a small segment of circular cylinder
including longitudinal and circumferential conduction in the cylinder wall and radiation from
the cylinder’s surface yields:

ρici
∂T i

∂t
− ki

c

R2
i

∂2T i

∂φ2
i

− ki
a

∂2T i

∂s2
i

+
σεi

hi

(T i
0 + T i)4 =

αi
s

hi

Si cos(φi) δ(φi) (5)

whereki
a and ki

c are the axial and circumferential thermal conductivity coefficients, respec-
tively, ci is the specific heat,Ri is the cylinder radius,hi is the wall thickness,εi is the surface
emissivity andαi

s is the surface absorptivity, all of beami, σ is the Stefan-Boltzmann constant,
δ(φi) = 1 for φi ∈ (−π

2
, π

2
), andδ(φi) = 0 for φi ∈ [−π,−π

2
]∪ [π

2
, π]. The heat flux distribution

on the RHS of equation (5) can be written as

Si cos(φi) δ(φi) = Si(
1

π
+ g(φi)) =

Si

π
+ Si g(φi) (6)

where

g(φi) =

{
cos(φi)− 1

π
, for φi ∈ [−π

2
, π

2
]

− 1
π
, for φi ∈ [−π,−π

2
) ∪ (π

2
, π].

Clearlyg(φi) is continuous and it has zero average in[−π, π].
For each beam, the temperature distribution is separated into two parts, namely:

T i(t, si, φi) = T i(t, si) + Tm,i(t, si) g(φi), (7)
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whereT i(t, si) is independent ofφi and corresponds to the uniform part of the flux,Si

π
, in (6),

andTm,i(t, si) g(φi) amounts for the circumferential variation of the flux in (6). Note that for
everysi ∈ [0, Li], t ≥ 0 Tm,i(t, si) = T i(t, si, 0)− T i(t, si, π) = T i(t, si, 0)− T i(t, si, φ) for
anyφ ∈ [−π,−π

2
) ∪ (π

2
, π].

Also, we approximate the thermal radiation term(T i
0 + T i(t, si, φi) )4 in (5) by linearizing

T (t, si, φi) aroundT (t, si, φi) = T i
s (whereT i

s , to be determined later, is the steady-state con-
stant temperature increment produced on the undeformed beami by the solar fluxSi), i.e., we
approximate(T i

0+T i(t, si, φi) )4 by (T i
0+T i

s)
4+4(T i

0+T i
s)

3 (T i(t, si)− T i
s + Tm,i(t, si)g(φi)).

Hence equation (5) is replaced by

ρici
∂T i(t, si)

∂t
+ ρici

∂Tm,i(t, si)

∂t
g(φi)− ki

c

R2
i

Tm,i(t, si) g′′(φi)

− ki
a

∂2T i(t, si)

∂s2
i

− ki
a

∂2Tm,i(t, si)

∂s2
i

g(φi)

+
σεi

hi

[
(T i

0 + T i
s)

4 + 4(T i
0 + T i

s)
3
(
T i(t, si)− T i

s + Tm,i(t, si)g(φi)
)]

=
αi

sSi

hi

[
1

π
+ g(φi)

]
(8)

Integration of equation (8) over the cylinder’s cross sectional area yields

ρici
∂T i(t, si)

∂t
− ki

a

∂2T i(t, si)

∂s2
i

+
4σεi(T

i
0 + T i

s)
3

hi

[T i(t, si)− T i
s ]

=

[
αi

sSi

πhi

− σεi(T
i
0 + T i

s)
4

hi

]
.
= fi . (9)

Next, note that in this equation, the temperatureT i
s is determined by setting the RHS,fi, equals

to zero. By doing so we obtain

T i
s =

(
αi

sSi

πσεi

) 1
4

− T i
0 (10)

Note that with this value ofT i
s we haveT i(t, si) = T i

s at the steady-state and, since usually
Tm,i(t, si) is small compared toT i

0, the linearization of the thermal radiation term performed
above, is justified near the steady state solution.

Now multiplying equation (8) byg(φi) and integrating over the cylinder’s cross sectional
area, we obtain forTm,i the following equation:

ρici‖g‖2∂Tm,i(t, si)

∂t
− ki

a

∂2Tm,i(t, si)

∂s2
i

‖g‖2 − ki
c

R2
i

Tm,i(t, si)

∫ π

−π

g′′(φi)g(φi) dφi

+
4σεi(T

i
0 + T i

s)
3

hi

‖g‖2 Tm,i(t, si) =
αi

sSi

hi

‖g‖2.
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Since‖g‖2 =
∫ π

−π
g(φi)

2 dφi = π2−4
2π

and
∫ π

−π
g′′(φi)g(φi) dφi = −π

2
, the equation above

reads:

ρici
∂Tm,i(t, si)

∂t
− ki

a

∂2Tm,i(t, si)

∂s2
i

+

(
ki

cπ
2

R2
i (π

2 − 4)
+

4σεi(T
i
0 + T i

s)
3

hi

)
Tm,i(t, si)

=
αi

sSi

hi

. (11)

To consider the thermally induced vibration in the system, we use Hooke’s law for the stress-
strain relation in the form ofεi

11 = 1
Ei

σi
11 + αiT

i, whereαi is the thermal expansion coefficient,
andT i is, as before, the deviation from the reference temperatureT i

0. Note that atT i = 0
thermal strain vanishes, so thatT i

0 is interpreted as the (uniform) temperature of beami in the
unstressed, rest-state. By the standard derivation of Euler-Bernoulli beam equation, we modify
the Joint-Leg-Beam system (1) as follows:

ρiAi
∂2ui(t, si)

∂t2
= EiAi

∂

∂si

(
∂ui(t, si)

∂si

− αiT
i(t, si)

)
, (12)

ρiAi
∂2wi(t, si)

∂t2
= −EiIi

∂2

∂s2
i

(
∂2wi(t, si)

∂s2
i

+ αiT
m,i(t, si)

)
(13)

The above beam equations are coupled to the heat equations modified from equations (9) and
(11) and withT i

s chosen as in equation (10) (so thatfi = 0 in (9) ), that is:

ρici
∂T i(t, si)

∂t
= ki

a

∂2T i(t, si)

∂s2
i

− 4σεi(T
i
0 + T i

s)
3

hi

(
T i(t, si)− T i

s

)− αiEiAiT
i
0

∂2

∂si∂t
ui(t, si) ,

(14)

and
ρici

∂Tm,i(t, si)

∂t
= ki

a

∂2Tm,i(t, si)

∂s2
i

−
[

ki
cπ

2

R2
i (π

2 − 4)
+

4σεi(T
i
0 + T i

s)
3

hi

]
Tm,i(t, si)

+αiEiIiT
i
0

∂3

∂s2
i ∂t

wi(t, si) +
αi

sSi

hi

, (15)

We impose Robin type boundary conditions for the temperature at both ends of each beam, i.e.
∂

∂si
T i(t, si, φi) |si=Li

= λi
R (T ∗ − T i

0 − T i(t, Li, φi)), ∂
∂si

T i(t, si, φi) |si=0= λi
L(T i

0+T i(t, 0, φi)-
T ∗), ∀t ≥ 0, φi ∈ [−π, π], i = 1, 2, whereT ∗ is the temperature of the surrounding medium
andλi

L, λi
R, i = 1, 2, are nonnegative constants. By writingT i(t, si, φi) in terms of the decom-

position given in (7) these equations take the form:

∂

∂si

T i(t, Li) +
∂

∂si

Tm,i(t, Li)g(φi) = λi
R

(
T ∗ − T i

0 − T i(t, Li)− Tm,i(t, Li)g(φi)
)
,

∂

∂si

T i(t, 0) +
∂

∂si

Tm,i(t, 0)g(φi) = λi
L

(
T i

0 + T i(t, 0) + Tm,i(t, 0)g(φi)− T ∗) .
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Since these equations must hold for allφi ∈ [−π, π] it follows that

∂

∂si

T i(t, Li) = λi
R

(
T ∗ − T i

0 − T i(t, Li)
)
,

∂

∂si

T i(t, 0) = λi
L

(
T i

0 + T i(t, 0)− T ∗) (16)

and
∂

∂si

Tm,i(t, Li) = −λi
R Tm,i(t, Li),

∂

∂si

Tm,i(t, 0) = λi
L Tm,i(t, 0), (17)

for all t ≥ 0, i = 1, 2. So, just like the dynamics for the temperature distribution (8)
decouples into equations (14) and (15) forT i and Tm,i, respectively, we observe that the
boundary conditions also decouple. Note however in equation (16) that the boundary condi-
tions for the axial component of the temperature,T i(t, si), are non-homogeneous. By defining
T̃ i(t, si)

.
= T i(t, si)− (T ∗ − T i

0), equation (14) can be written in the form

ρici
∂T̃ i(t, si)

∂t
= ki

a

∂2T̃ i(t, si)

∂s2
i

− 4σεi(T
i
0 + T i

s)
3

hi

(
T̃ i(t, si) + T ∗ − T i

0 − T i
s

)

− αiEiAiT
i
0

∂2

∂si∂t
ui(t, si) , (18)

while the boundary conditions (16) now take the form

∂

∂si

T̃ i(t, Li) = −λi
R T̃ i(t, Li),

∂

∂si

T̃ i(t, 0) = λi
L T̃ i(t, 0), (19)

Observe now that these boundary conditions are exactly the same as those in (17) for the cir-
cumferential component of the temperature. Finally, note also that in equation (12),T i(t, si)

can be replaced bỹT i(t, si) without any changes.
System (12)-(15) (or equivalently (12), (13), (15), (18)), together with the joint-leg dynam-

ics described by equation (1) constitute the thermoelastic Joint-Leg-Beam equations with the
external solar heat source. The extensional forces, shear forces and bending moments of the
beams atsi = Li are now given by:

Fi(t) = EiAi

(
∂ui

∂si

(t, si)− αiT
i(t, si)

)∣∣∣∣
si=Li

(20)

Ni(t) = EiIi
∂

∂si

(
∂2wi

∂s2
i

(t, si) + αiT
m,i(t, si)

)∣∣∣∣
si=Li

, (21)

Mi(t) = EiIi

(
∂2wi

∂s2
i

(t, si) + αiT
m,i(t, si)

)∣∣∣∣
si=Li

. (22)

A state-space formulation and semigroup theory can be used to establish well-posedness and
exponential stability of this system. We refer the reader to Cliff et all3 for details on this issues.
In what follows we characterize the equilibrium solutions and present several numerical results.
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3 EQUILIBRIUM STATE

The equilibrium state, or time-invariant solution, is characterized by equations (12) - (15) with
time-derivatives set to zero. From those equations we find that

∂

∂si

ui(si) = αiT
i(si) + Ci , (23)

∂2

∂s2
i

wi(si) = −αiT
m,i(si) + Di

1si + Di
2 , (24)

T i(si) = T i
s + Ei

1 cosh(βisi) + Ei
2 sinh(βisi) , (25)

Tm,i(si) =
αi

sSi

ki
ahiδ2

i

+ F i
1 cosh(δisi) + F i

2 sinh(δisi) , (26)

whereβi
.
=

√
4σεi(T i

0+T i
s)3

hiki
a

, δi
.
=

√
π2ki

c

ki
aR2

i (π2−4)
+

4σεi(T i
0+T i

s)3

ki
ahi

andCi, Di
j, Ei

j, F i
j , i, j = 1, 2, are

constants to be determined using the boundary conditions.
Specifically, from equations (25) and (26) and the boundary conditions (16), (17), we obtain:

Ei
1

(
βi sinh(βiLi) + λi

R cosh(βiLi)
)

+ Ei
2

(
βi cosh(βiLi) + λi

R sinh(βiLi)
)

= λi
R(T ∗ − T i

0 − T i
s),

Ei
1λ

i
L − Ei

2βi = λi
L(T ∗ − T i

0 − T i
s),

and

F i
1

(
δi sinh(δiLi) + λi

R cosh(δiLi)
)

+ F i
2

(
δi cosh(δiLi) + λi

R sinh(δiLi)
)

= −λi
R νi,

F i
1λ

i
L − F i

2δi = −λi
L νi,

whereνi
.
= αi

sSi

ki
ahiδ2

i
. Solving these two systems of equations we obtain:

Ei
1 =

(T ∗ − T i
0 − T i

s) (βiλ
i
R + βiλ

i
L cosh(βiLi) + λi

Lλi
R sinh(βiLi))

βi(λi
L + λi

R) cosh(βiLi) + (β2
i + λi

Lλi
R) sinh(βiLi)

,

Ei
2 =

(T ∗ − T i
0 − T i

s) (λi
Lλi

R(1− cosh(βiLi) )− βiλ
i
L sinh(βiLi))

βi(λi
L + λi

R) cosh(βiLi) + (β2
i + λi

Lλi
R) sinh(βiLi)

,

F i
1 =

−νi (δiλ
i
R + δiλ

i
L cosh(δiLi) + λi

Lλi
R sinh(δiLi))

(δ2
i + λi

Lλi
R) sinh(δiLi) + δi(λi

L + λi
R) cosh(δiLi)

,

F i
2 =

νi (δiλ
i
L sinh(δiLi) + λi

Lλi
R cosh(δiLi)− λi

Lλi
R)

(δ2
i + λi

Lλi
R) sinh(δiLi) + δi(λi

L + λi
R) cosh(δiLi)

, i = 1, 2. (27)

Replacing now these known steady-state temperature profiles (25)-(26) into (23)-(24) and
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using the boundary conditions (3) we obtain

ui(si) = (αiT
i
s + Ci) si +

αiE
i
1

βi

sinh(βisi) +
αiE

i
2

βi

(cosh(βisi)− 1) , (28)

wi(si) =
Di

1

6
s3

i +
Di

2 − αiνi

2
s2

i −
αiF

i
1

δ2
i

(cosh(δisi)− 1)

− αiF
i
2

δ2
i

(sinh(δisi)− δisi) . (29)

The constantsCi, D
i
1, D

i
2, i = 1, 2, in (28)-(29) must now be determined using the dynamic

and geometric compatibility conditions atsi = Li. The steady state version of the joint-legs
equations (1) lead to

`iNi + Mi = 0 , i = 1, 2 , (30)

and [
sin ϕ1 − cos ϕ1

cos ϕ1 sin ϕ1

] [
F1

N1

]
+

[
sin ϕ2 cos ϕ2

− cos ϕ2 sin ϕ2

] [
F2

N2

]
=

[
0
0

]
. (31)

Replacing with (26) and (29) into (21) and (22) we obtain thatMi = EiIi(D
i
1 Li + Di

2) and
Ni = EiIi D

i
1. Substituting into the equation (30) above we then obtain that

Di
2 = −(`i + Li) Di

1, i = 1, 2 . (32)

This reduces to four the number of constants to be determined in (28)-(29), namelyC1, C2, D1
1

andD2
1. Also, replacing with (25) and (28) into (20) we obtain that

Fi = Ei Ai Ci, i = 1, 2.

Hence, equation (31) takes the form

C1E1A1 sin ϕ1 + C2E2A2 sin ϕ2 −D1
1E1I1 cos ϕ1 + D2

1E2I2 cos ϕ2 = 0 (33)

C1E1A1 cos ϕ1 − C2E2A2 cos ϕ2 + D1
1E1I1 sin ϕ1 + D2

1E2I2 sin ϕ2 = 0 (34)

These are the first two equations needed to determineC1, C2, D1
1 andD2

1. The other two will
come from the geometric compatibility conditions at the leg-beam interfaces. These conditions
require (see1) that for everyt ≥ 0:

`1w
1
s1

(t, L1) cos ϕ1 + w1(t, L1) cos ϕ1 + u1(t, L1) sin ϕ1

= `2w
2
s2

(t, L2) cos ϕ2 + w2(t, L2) cos ϕ2 + u2(t, L2) sin ϕ2 (35)

and

`1w
1
s1

(t, L1) sin ϕ1 + w1(t, L1) sin ϕ1 − u1(t, L1) cos ϕ1

= −`2w
2
s2

(t, L2) sin ϕ2 − w2(t, L2) sin ϕ2 + u2(t, L2) cos ϕ2 (36)

E.M. CLIFF, Z. LIU, R.D. SPIES2438

Copyright © 2006 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



In particular, using (28), (29) and replacingD1
2 andD2

2 by (32), we find that at the steady-state,
the above two geometric compatibility conditions can be written in the form:

C1L1 sinϕ1 − C2L2 sinϕ2 −D1
1L1 cosϕ1

(
`2
1 + `1L1 +

L2
1

3

)
+ D2

1L2 cosϕ2

(
`2
2 + `2L2 +

L2
2

3

)

=
2∑

i=1

(−1)i+1

[
`i cosϕi

(
αiνiLi +

αiF
i
1

δi
sinh(δiLi) +

αiF
i
2

δi
(cosh(δiLi)− 1)

)

+ cosϕi

(
αiνiL

2
i

2
+

αiF
i
1

δ2
i

(cosh(δiLi)− 1) +
αiF

i
2

δ2
i

(sinh(δiLi)− δiLi)
)

− sinϕi

(
αiT

i
sLi +

αiE
i
1

βi
sinh(βiLi) +

αiE
i
2

βi
(cosh(βiLi)− 1)

)]
,

(37)

and
C1L1 cosϕ1 + C2L2 cosϕ2 + D1

1L1 sinϕ1

(
`2
1 + `1L1 +

L2
1

3

)
+ D2

1L2 sinϕ2

(
`2
2 + `2L2 +

L2
2

3

)

= −
2∑

i=1

[
`i sinϕi

(
αiνiLi +

αiF
i
1

δi
sinh(δiLi) +

αiF
i
2

δi
(cosh(δiLi)− 1)

)

+ sin ϕi

(
αiνiL

2
i

2
+

αiF
i
1

δ2
i

(cosh(δiLi)− 1) +
αiF

i
2

δ2
i

(sinh(δiLi)− δiLi)
)

+ cosϕi

(
αiT

i
sLi +

αiE
i
1

βi
sinh(βiLi) +

αiE
i
2

βi
(cosh(βiLi)− 1)

)]
, (38)

The four equations (33)-(34)-(37)-(38) uniquely determine the four constantsC1, C2, D1
1 andD2

1.
Summarizing, the steady-state solutions of the thermoelastic joint-leg-beam equations (12)-(15), (1),

with the boundary conditions (3), (16), (17), extensional forces, shear forces and bending moments at
the right endpoints of the beams given by equations (20)-(22) and geometric compatibility conditions at
the beam-leg interfaces given by (35)-(36), are given by:

ui(si) = (αiT
i
s + Ci) si +

αiE
i
1

βi
sinh(βisi) +

αiE
i
2

βi
(cosh(βisi)− 1) ,

wi(si) =
Di

1

6
s3
i +

Di
2 − αiνi

2
s2
i −

αiF
i
1

δ2
i

(cosh(δisi)− 1)− αiF
i
2

δ2
i

(sinh(δisi)− δisi) .

where

T i
s =

(
αi

sSi

πσεi

) 1
4

− T i
0, νi =

αi
sSi

ki
ahiδ2

i

,

βi =

√
4σεi(T i

0 + T i
s)3

hiki
a

, δi =

√
π2ki

c

ki
aR

2
i (π2 − 4)

+
4σεi(T i

0 + T i
s)3

ki
ahi

,
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Ei
j , F i

j , i, j = 1, 2, are as given in (27), the four constantsC1, C2, D
1
1, D

2
1 are the solutions of the

equationA

( C1
C2

D1
1

D2
1

)
= Y where

A =




E1A1 sin ϕ1 E2A2 sin ϕ2 −E1I1 cos ϕ1 E2I2 cos ϕ2

E1A1 cos ϕ1 −E2A2 cos ϕ2 E1I1 sin ϕ1 E2I2 sin ϕ2

L1 sin ϕ1 −L2 sin ϕ2 −L1(`21+`1L1+
L2

1
3

) cos ϕ1 L2(`22+`2L2+
L2

2
3

) cos ϕ2

L1 cos ϕ1 L2 cos ϕ2 L1(`21+`1L1+
L2

1
3

) sin ϕ1 L2(`22+`2L2+
L2

2
3

) sin ϕ2




, Y =




0
0
y3

y4


 ,

with

y3 =
2∑

i=1

(−1)i+1

[
`i cosϕi

(
αiνiLi +

αiF
i
1

δi
sinh(δiLi) +

αiF
i
2

δi
(cosh(δiLi)− 1)

)

+ cosϕi

(
αiνiL

2
i

2
+

αiF
i
1

δ2
i

(cosh(δiLi)− 1) +
αiF

i
2

δ2
i

(sinh(δiLi)− δiLi)
)

− sinϕi

(
αiT

i
sLi +

αiE
i
1

βi
sinh(βiLi) +

αiE
i
2

βi
(cosh(βiLi)− 1)

)]
,

y4 = −
2∑

i=1

[
`i sinϕi

(
αiνiLi +

αiF
i
1

δi
sinh(δiLi) +

αiF
i
2

δi
(cosh(δiLi)− 1)

)

+ sinϕi

(
αiνiL

2
i

2
+

αiF
i
1

δ2
i

(cosh(δiLi)− 1) +
αiF

i
2

δ2
i

(sinh(δiLi)− δiLi)
)

+ cos ϕi

(
αiT

i
sLi +

αiE
i
1

βi
sinh(βiLi) +

αiE
i
2

βi
(cosh(βiLi)− 1)

)]
,

and finally the two constantsD1
2, D

2
2 are given byDi

2 = −(`i + Li) Di
1, i = 1, 2.

4 NUMERICAL RESULTS

We now present some numerical results for the thermal steady-state deflections of the two beams in our
joint-leg-beam system, after they are subjected to a solar radiation flux acting on different angles. The
values used for these simulations are shown in Table 1 and correspond to a composite material. The mass
of each leg was set equal to 8% of the mass of each beam and the mass of the joint’s tip was taken equal
to 4% of the beam’s mass.

Note that with the values ofϕ1 andϕ2 given in Table 1, the angle between both beams isπ/2. Thus,
for instance, a perpendicular solar flux on one of the beams will have no thermal effect on the other.

4.1 Case 1: No flux at the boundaries:λ1
L = λ1

R = λ2
L = λ2

R = 0

Experiment 1: ξ1 = 0, ξ2 = π
2 . Figure 3 shows the steady-state thermal transverse and mechanical axial

deflections induced on both beams. The steady-state values for the axial and circumferential temperature
deviations were:T 1

s = 16.1939, T 2
s = −280 (corresponding to temperatures of296.1939 Ko and0 Ko,

respectively),T̂m,1 = 207.2897 Ko andT̂m,2 = 0 Ko. Steady-state temperatures of beam 1 are much
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Table 1: Joint, legs, beams and solar radiation parameters

Parameter Notation Value
Beam’s length L1 = L2 2.00 m
Beam’s radius R1 = R2 0.064 m

Beam’s thickness h1 = h2 0.0003 m
Material density ρ1 = ρ2 1320kg/m3

Young’s modulus E1 = E2 0.9× 1011 N/m2

Leg’s length `1 = `2 0.20 m (=L1/10)
Leg’s mass m1 = m2 8 % mass of beam.
Joint’s mass mp 4 % mass of beam.

Initial leg’s angles ϕ1 = ϕ2 π/4
Solar radiation S0 1.37× 103 W/m2

Stefan-Boltzman’s constant σ 5.67× 10−8 W/m2 K4

Beam’s surface (radiation) emissivity ε1 = ε2 0.4
Beam’s surface (radiation) absorsivity α1

s = α2
s 0.4

Beam’s axial thermal conductivity k1
a = k2

a 5.75 W/mK
Beam’s circumferential thermal conductivity k1

c = k2
c 2.34 W/mK

Undeformed reference temperature T 1
0 = T 2

0 280 K
Thermal expansion coefficients α1 = α2 1.0× 10−6

higher than those of beam 2 due to the fact that solar radiation is acting perpendicular to beam 1 and,
therefore, parallel to beam 2. In Figure 3 we observe a negative thermal transverse bending in beam 1
and almost no transverse bending in beam 2. However, we observe that this transverse bending induces
a mechanical (linear) compression in beam 2 due to the fact that the beams are coupled by the joint.
Figure 4 shows the steady-state circumferential distribution of the temperature in both beams.

Experiment 2: ξ1 = −π
2 , ξ2 = 0. This case is symmetric with respect to case 1. Solar radiation is

now perpendicular to beam 2 and therefore, parallel to beam 1. Figure 5 shows the thermal transverse
and mechanical axial deflections induced on both beams. The steady-state values for the axial and cir-
cumferential temperature deviations were:T 1

s = −280, T 2
s = 16.1939 (corresponding to temperatures

of 0 Ko and 296.1939 Ko, respectively),T̂m,1 = 0 Ko and T̂m,2 = 207.2897 Ko. Figure 5 shows a
negative thermal transverse bending in beam 2 and almost no transverse bending in beam 1. However,
we observe that this thermal bending induces a mechanical (linear) compression in beam 1 due to the
fact that the beams are coupled at the joint. Figure 6 shows the steady-state circumferential distribution
of the temperature in both beams.

Experiment 3: ξ1 = −π
4 , ξ2 = π

4 . In this case the magnitude of the incident solar radiation angle is
the same for both beams. Figure 7 shows the transverse and axial thermal deflections induced on both
beams. The coupling of the joint produces a small (note the scale) positive transverse deflection near the
right end of both beams while both remain in compression. The steady-state values were equal in both
beams:T 1

s = T 2
s = −8.3890 (corresponding to a temperature of271.6110 Ko) andT̂m,1 = T̂m,2 =

184.1316 Ko. Figure 7 shows the transverse bending for both beams and a small linear compression in
both beams due to the coupling produced by the joint. Figure 8 shows the steady-state circumferential
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Figure 3: Steady-state thermal deflections forξ1 = 0,
ξ2 = π
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Figure 5: Steady-state thermal deflections for forξ1 =
−π

2 , ξ2 = 0
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Figure 6: Steady-state circumferential temp. distrib.,
ξ1 = −π

2 , ξ2 = 0

distribution of the temperature in both beams.

4.2 Case 2: With flux at some of the boundaries

Experiment 4: In this case we took againξ1 = 0, ξ2 = π
2 just like in Experiment 1, so that the

solar radiation is perpendicular to beam 1. Figure 9 shows the temperature distribution along beam 1
for the case of zero flux. For this case we saw thatT 1

s = 16.1939 Ko. This is the value of the average
steady-state temperature increment produced on beam 1 by the solar radiation. Therefore the steady-state
average temperature of beam 1 isT 1

0 + T 1
s = 296.1939 Ko.

We then tookT ∗ = 296.1939 Ko, i.e. the external temperature was assumed to be equal to the
average temperature of beam 1. We also tookλ1

L = 10 andλ1
R = λ2

L = λ2
R = 0. Figure 10 shows the

temperature distribution on beam 1 for this case. At the left boundary (s1 = 0) we observe a temperature
drop at the top part of the beam (φ1 ≈ 0) and a temperature increase at the bottom (φ1 ≈ ±π). This
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Figure 7: Steady-state thermal deflections for forξ1 =
−π

4 , ξ2 = π
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Figure 8: Steady-state circumferential temp. distrib.,
ξ1 = −π

4 , ξ2 = π
4

is so because the upper part of the beam is hotter than the external temperature while the lower part
is cooler. Figure 11 shows the steady-state transverse and axial deflections induced on both beams for
this case. We observe no substantial differences with respect to the results obtained for the no-flux case
(Experiment 1). This is justified because although heat is flowing out of the upper part of the left end
of beam 1, the same amount is flowing in at the bottom, so keeping unchanged the average temperature
of the beam. Figure 12 shows the circumferential temperature gradientTm,1(s1) for this case. We see
that its values are much smaller near the left boundary due to the fact that the flux here tends to make
equal the temperatures at the top and bottom of the beam. In fact,Tm,1(s1) tends to zero ats1 = 0 as
the coefficientλ1

L increases.
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Figure 9: Temperature distribution on beam 1,ξ1 = 0,
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Figure 10: Temperature distribution on beam 1,ξ1 = 0,
ξ2 = π

2 , T ∗ = T 1
0 + T 1

s = 296.1939 Ko, λ1
L = 10,

λ1
R = λ2

L = λ2
R = 0

Experiment 5: Same as in Experiment 4, except that now we tookT ∗ = 300 Ko, i.e. the external
temperature is a few degrees above the average temperature of the beam. Also we choseλ1

L = 100 and
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Figure 11: Transverse and axial deflections of beam 1,
ξ1 = 0, ξ2 = π
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Figure 12: Circumferential temperature gradient,
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2 , T ∗ = T 1
0 + T 1

s =
296.1939 Ko, λ1

L = 10, λ1
R = λ2

L = λ2
R = 0

λ1
R = λ2

L = λ2
R = 0. Once again, no significant changes are observed on the longitudinal and transverse

deflection of the beams. Figure 13 show the transverse deflections and axial displacements in this case
while Figure 14 depicts the temperature distribution on beam 1.
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Figure 13: Transverse and axial deflections of beam 1,
ξ1 = 0, ξ2 = π

2 , T ∗ = 300 Ko, λ1
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Figure 14: Temperature distribution on beam 1,ξ1 = 0,
ξ2 = π

2 , T ∗ = 300 Ko, λ1
L = 100, λ1

R = λ2
L = λ2

R = 0

Experiment 6: Same as in Experiment 5, except that now we tookT ∗ = 290 Ko, i.e. the external
temperature is a few degrees below the average temperature of the beam. Once again no significant
changes are observed on the axial and transverse deflection of the beams. Figure 15 show the transverse
deflections and axial displacements in this case while Figure 16 depicts the temperature distribution on
beam 1.

Experiment 7: For this experiment we tookξ1 = −π
4 , ξ2 = π

4 , so that the solar incident angle is
equal for both beams. Also we choseT ∗ = 200 Ko, i.e. the external temperature is much smaller than
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Figure 15: Transverse and axial deflections of beam 1,
ξ1 = 0, ξ2 = π

2 , T ∗ = 290 Ko, λ1
L = 100, λ1
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Figure 16: Temperature distribution on beam 1,ξ1 = 0,
ξ2 = π

2 , T ∗ = 290 Ko, λ1
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average temperature of the beam. The boundary flux parameters where taken to beλ1
L = λ1

R = λ2
L =

λ2
R = 105. Figure 18 show the transverse deflections and axial displacements while Figure 17 depicts

the temperature distribution on beam 1 for this case (the temperature distribution for beam 2 is exactly
the same) . Also Figure 19 shows the circumferential temperature gradientTm,1(s1).
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Figure 17: Temperature distribution on beam 1,ξ1 =
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Figure 18: Transverse and axial deflections of beam 1,
ξ1 = −π

4 , ξ2 = π
4 , T ∗ = 200 Ko, λ1

L = λ1
R = λ2

L =
λ2

R = 105

Experiment 8: For this experiment all values where the same as for Experiment 7 except that now
the external temperature was chosen to beT ∗ = 400 Ko, i.e. a value much higher than average temper-
ature of the beam. Figure 21 show the transverse deflections and axial displacements while Figure 20
depicts the temperature distribution on beam 1 for this case. Also Figure 22 shows the circumferential
temperature gradientTm,1(s1).

Finally we include some results obtained for the case in which the material used for the beams is
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aluminum. We took the same parameter values as those appearing in table (1), except for the physical
parameters shown in the next table.

Table 2: Physical parameters for aluminum

Parameter Notation Value
Material density ρ1 = ρ2 2700kg/m3

Young’s modulus E1 = E2 75× 109 N/m2

Beam’s surface (radiation) emissivity ε1 = ε2 0.1
Beam’s surface (radiation) absorsivity α1

s = α2
s 0.1

Beam’s axial thermal conductivity k1
a = k2

a 20.0 W/m K
Beam’s circumferential thermal conductivityk1

c = k2
c 20.0 W/m K

Thermal expansion coefficients α1 = α2 24.0× 10−6

Figure 23 shows the axial and transverse bending for this case under the same conditions of experi-
ment 1. Compare with Figure 3. Note that the transverse bending of beam 1 is about thirty times larger
for aluminum than for the composite material while the compression exerted on beam 2 is about 25
times larger in in this case. Similarly, Figure 24 shows the circumferential temperature distribution for
this case. Compare with Figure 4. Figure 25 shows the axial and transverse bending for this case under
the same conditions of experiment 3. Compare with Figure 7. Once again, the compression exerted on
beam 2 is about 25 times larger in in this case.

Figure 26 shows a comparison of the transverse bending in beam 1 for aluminum and composite
material under the same conditions of experiment 4. Once again the bending observed at the right
boundary is about thirty times larger for aluminum than for composite. Finally, Figure 27 depicts a
comparison of the circumferential temperature gradientsTm,1(s1) for aluminum and composite under
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Figure 21: Transverse and axial deflections of beam 1,
ξ1 = −π

4 , ξ2 = π
4 , T ∗ = 400 Ko, λ1

L = λ1
R = λ2

L =
λ2

R = 105

the same conditions of experiment 7.

5 CONCLUSIONS

In this paper we studied the thermo-mechanical behavior of a triangular truss-component consisting of
two RI thin-walled circular beams connected through a joint. In the model, transverse and axial mechan-
ical motions of the two beams are coupled though a mechanical joint. The external solar effects were
also incorporated by decomposing the temperature fields in the beams. This decomposition lead to two
heat equations: one for the circumferential average temperature and one for the axial temperature. The
axial temperature is coupled to axial motions of the beam, while the second accounts for a temperature
gradient across the beam and is coupled to beam bending. The resulting system of partial and ordinary
differential equations formally describes the coupled thermo-mechanical behavior of the joint-beam sys-
tem. The equilibrium solutions were characterized and several numerical results were presented.
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Figure 22: Circumferential temperature gradient,Tm,1(s1), ξ1 = −π
4 , ξ2 = π
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Figure 23: Transverse and axial deflections of beam 1,
ξ1 = 0, ξ2 = π

2 , aluminum.
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ξ1 = 0, ξ2 = π

2 , aluminum.
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Figure 25: Transverse and axial deflections of beam 1,
ξ1 = −π

4 , ξ2 = π
4 , aluminum.
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Figure 26: Comparison of transverse deflections of beam
1 for composite and aluminum.
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Figure 27: Comparison of the circumferential temperature gradientsTm,1(s1) for composite and aluminum
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