
STUDY OF THE SUPER-LATE STAGE OF THE TEMPORAL

TRANSITION IN A PLANE CHANNEL FLOW

William I. Machaca Abregu
a, b

, Enzo A. Dari
a, b, c

and Federico E. Teruel
a, b, c

a
Departamento de Mecánica Computacional, Centro Atómico Bariloche, CNEA, Bariloche, Argentina,

william.machaca@ib.edu.ar, http://mecom.cnea.gov.ar/

b
Instituto Balseiro, Centro Atómico Bariloche, CNEA-UNCUYO, Bariloche, Argentina

c
CONICET, Centro Atómico Bariloche, CNEA, Bariloche, Argentina

Keywords: Temporal transition, super-late stage, friction coefficient, plane channel flow, DNS,

Xcompact3d.

Abstract. In this work a temporal laminar-turbulent K-type transition at a subcritical Reynolds number

(Re = 5000) is simulated employing Direct Numerical Simulation (DNS). The configuration is a tempo-

ral developing channel flow driven by a constant flow rate. The study focuses in the description of flow

features before and after the time that corresponds to the peak in the evolution of the friction coefficient

during the transition. Specifically, the evolution of the friction coefficient is described employing the FIK

identity, vortex structures, and the turbulent kinetic energy budget. Results show that during the peak

zone the intensity of the Reynolds shear stress term of the FIK identity is greater than that computed in

the fully developed turbulent regime. Also, a peak is found in the temporal evolution of the magnitude

of the turbulent dissipation in this zone. This agrees with the larger population of vortices found in this

time span with respect to that computed in the fully turbulent regime. Additionally, we show that the

presence of coherent hairpin vortices upstream the peak zone (i.e. before the peak) play a key role in the

peak of the friction coefficient because they generate streamwise vortices (small scales). Downstream of

the peak zone (i.e. after the peak), these vortices lose their coherence and the generation of small scales

decays to the level found in the fully developed turbulent regime.
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1 INTRODUCTION

The physical phenomenon of the laminar-turbulent transition in a fluid flow is a non-completely

understood topic in the scientific community even for flows in simple geometries such as pipes

or rectangular channels (Sano and Tamai, 2016; Lorenzini and Salvigni, 2010; Benhamou

and Galanis, 2004). It is also of interest in the engineering field because parameters like the

friction coefficient and the heat transfer coefficient have a strong variation along the transi-

tion (Minkowycz et al., 2009; Abraham et al., 2010, 2011).

The most common mechanism employed to yield the transition is the one that uses a fi-

nite small disturbance known as Tollmien-Schlichting waves or TS waves (Tolmmien, 1929;

Schlichting, 1933). It was verified experimentally for the first time in a boundary layer flow

by Schubauer and Skramstad (1947) and in channel flow by Nishioka et al. (1975). In this

process, the transition starts with a linear growth of the TS wave perturbation, known in the

literature as the primary instability and well described by the classical linear theory (Drazin,

1981, 2002; Schmid and Henningson, 2001). Then, the process continues with the perturbation

of the primary instability by means of oblique waves, known in the literature as the secondary

instability (i.e., the finite-amplitude TS waves are susceptible to three-dimensional infinitesimal

oblique waves). This process can be described using the Floquet Theory (Orszag and Patera,

1983; Herbert, 1983b,a, 1988), which can predict the generation of the aligned (ordered) Λ-

vortex pattern (known in the literature as the K-type transition (Klebanoff et al., 1962)) or the

staggered Λ-vortex pattern (known in the literature as the H-type transition (Herbert, 1988)).

This mechanism is well described in the literature as for example in Liu and Liu (1995); Chen

and Liu (2011); Lu and Liu (2012); Machaca Abregu et al. (2022).

The late stage of the transitional process is characterized by the formation of Λ-vortices

induced by the secondary instability. In this stage, the formation of a detached shear layer be-

tween the legs of the Λ-vortex is present and generates a ring-type vortex at its tip. The ring-type

vortex with the legs of the Λ-vortex is known in the literature, after Theodorsen (Theodorsen,

1952), as a hairpin vortex and is composed by three parts: head, neck and two legs (Adrian

et al., 2000; Wang et al., 2016; Machaca Abregu and Teruel, 2016). The hairpin-vortex gives

place to the super-late stage or the spike-stage (Schlatter et al., 2004), where high-velocity fluc-

tuations are present near the walls. These vortices yield downward jets (sweep), which move

high energy from the bulk of the flow towards the wall, and upward jets (ejection), which carry

low-velocity flow patches from the wall towards the bulk (Borodulin et al., 2002; Guo et al.,

2010). The principal characteristic of the ring vortex is that near the neck of the hairpin vortex

the sweep-ejection mechanism yields high shear layer areas that are unstable and yield small

scales structures (Lu et al., 2012) (i.e. small scales structures are generated by multilevel pos-

itive spikes instead of large vortex breakdown (Lu and Liu, 2012)). Then the sweep-ejection

mechanism mixes the flow yielding large shear layer areas that result in an increase of the fric-

tion coefficient. This process continues until the vortices lose their coherence (Lu and Liu,

2012) to give place to the fully turbulent state.

For the case of internal flows (channel or pipe flow), in the last stage of the transitional

process it is commonly found the presence of a peak in the evolution of the friction coeffi-

cient (Gilbert and Kleiser, 1985; Zang and Krist, 1989; Piomelli and Zang, 1991; Sandham and

Kleiser, 1992; Luo and Hui, 2004; Schlatter et al., 2006; He and Seddighi, 2013; Cherubini

et al., 2021). The physics behind this characteristic is not well understood. One investigation

that gives insight into this aspect was carried out by Wu et al. (2020) to show that the peak

zone in the pipe transitional flow is associated with viscous motion because the mid-to-high
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frequency content of the energy spectra exceeds the corresponding levels in fully developed

turbulence (Wu et al., 2020).

In the present contribution DNS is carried out to simulate the temporal K-type channel flow

transition. The analysis of this data allows us to obtain insight regarding the physics involved

in the peak of the evolution of the friction coefficient. In section 2 the numerical method and

the governing equations are presented. Next, the balance of the friction coefficient is calculated

using the Fukagata, Iwamoto and Kasagi (FIK) identity. Later, the physical phenomenon of the

friction coefficient is discussed using the current knowledge of the hairpin vortex growth and

the budget of the turbulent kinetic energy. Finally, conclusions are drawn in the last section.

2 NUMERICAL METHOD

The finite difference code Incompact3d (Laizet and Lamballais, 2009; Laizet et al., 2010) is

used to solve the incompressible and dimensionless Navier-Stokes equations, written in Carte-

sian coordinates as:

∂u⃗

∂t
+

1

2
(▽(u⃗⊗ u⃗) + (u⃗ ⋅ ▽)u⃗) = −▽ p +

1

Re
▽

2
u⃗, (1)

▽ ⋅ u⃗ = 0, (2)

where the distance x⃗, instantaneous velocity u⃗, pressure p and time t are dimensioned with

the channel half-height h, the maximum velocity in the streamwise direction Uo, the constant

density ρ and the constant kinematic viscosity ν. Therefore, Re is the Reynolds number based

on Uo and h. For the spatial differentiation sixth-order centered compact schemes are used,

and the time integration is performed using a third-order Adams-Bashforth scheme. For more

information about the code Incompact3d visit http://www.incompact3d.com/.

The flow is simulated in a channel flow geometry and for a constant flow rate (CFR). The

simulated domain is a parallel channel flow (see Fig. ( 1)) with the x-coordinate chosen as the

streamwise direction. No-slip boundary conditions are ensured in a conventional way at the

top and bottom of the computational domain (y = 0, 2) imposing a Dirichlet condition on the

velocity. In the spanwise direction (z), periodicity is assumed.

In this work, the parallel-flow assumption is taken into consideration assuming periodicity

in the streamwise direction to study the temporal growth of a perturbation. The perturbation

imposed at the initial condition (Zang and Krist, 1989) is calculated with the eigenfunctions of

the most dangerous solution of the Orr-Sommerfeld and Squire eigenvalue problem. Then the

initial condition in Xcompact3d code is prescribed as:

U⃗ + ⃗̃u, (3)

where U⃗ = (U(y), 0, 0) is the Poiseuille laminar flow (i.e. base flow) and ⃗̃u = (ũ, ṽ, w̃) is the

perturbation given by:

⃗̃u(x, y, z, t = 0) = A2dR[( ⃗̂u2d(y))e
iαr2dt]

+
1

2
A3dR[( ⃗̂u+

r3d(y))e
i(αr3dx+βz)] +

1

2
A3dR[( ⃗̂u−

r3d(y))e
i(αr3dx+βz)],

(4)

where A2d and A3d are the amplitude of the bi-dimensional (TS waves) and oblique waves

respectively. The complex eigenfunctions, ⃗̂u2d and ⃗̂u3d, are calculated solving the associated
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Figure 1: Computational domain.

Orr-Sommerfeld and Squire eigenvalue problem for a given Re, wave number in the z-direction

(β), and the wave number in x-direction in two and three dimensions, α2d and α3d, respectively.

In this study the eigenfunctions have been normalized so that the maximum amplitude of their

streamwise component is one for a zero phase-shift. The upper indexes + and − correspond

to the eigenfunctions calculated for β > 0 and β < 0, respectively. It is well known that

perturbations with αr3d = αr2d yield K-type instabilities. This transition type is used in the

present calculation with perturbation parameters given by A2d = 0.06, A3d = 0.001, α2d =

α3d = 1.12, β = ±2.0944 and Re = 5000, that have been widely used in the literature (Schlatter

et al., 2004; Schlatter, 2005; Gilbert and Kleiser, 1985; Sandham and Kleiser, 1992).

DNS is performed in a computational domain Lx ×Ly ×Lz =
2π

α
× 2×

2π

β
= 5.6× 2× 2.99

with a discretization of nx × ny × nz = 160× 161× 160 points in the streamwise, wall-normal

and spanwise directions, respectively. The discretization of the domain is homogeneous in x

and z, the periodic directions, and slightly stretched on the wall-normal direction. For fully

developed turbulent regime, the Reτ ≈ 210 and the near-wall resolution of the grid is given in

plus unit by x
+
= 7.4, y

+
= 0.9 and z

+
= 3.9. Computation was carried out in the cluster of the

Department of Computational Mechanics of the Bariloche Atomic Center employing one node

(20 cores XeonE52660V 3@2.6GHz). The typical run lasted approximately 100 clock-wall

hours.

2.1 Validation

In Fig. (2a) the time evolution of Reτ (a quantity proportional to square root of the friction

coefficient (Quadrio et al., 2016)) is shown. Present results are in good agreement with refer-

ence data also included in the figure (Zang et al., 1990; Schlatter, 2005). It can be seen that

this quantity has approximately a constant value until t ≈ 100. Before this time the primary

instability, the second instability and the late-stage of the transition take place (Sandham and

Kleiser, 1992; Zang and Krist, 1989). Then, the friction coefficient increases its value to reach a

peak at t ≈ 172. This region is known as the super-late stage or spike stage due to the presence

W.I. MACHACA ABREGU, E.A. DARI, F. TERUEL432

Copyright © 2022 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



of high-velocity fluctuations (Schlatter et al., 2004; Machaca Abregu et al., 2022) generated by

hairpin-vortices. Finally, Reτ decays to its fully developed turbulent value that is reached at

t ≈ 210. This region is known in the literature as the post-transitional zone.

Another quantity of interest in the evolution of the flow regime is the shape factor H which

is shown in Fig. (2b) (this parameter gives an idea of the flatness of the streamwise velocity

profile). This quantity is also compared with Zang et al. (1990) and Schlatter (2005) to show

good agreement with the present calculation.
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Figure 2: Time evolution of the friction Reynolds number Reτ (a) and shape factor H (b) for

K-type transition at Re = 5000. Present results, + Zang et al. (1990), and × Schlatter (2005).

3 RESULTS

3.1 Friction coefficient decomposition

The friction coefficient Cf in a plane channel flow is defined in dimensional units as :

Cf =

µ
∂⟨u

∗
⟩

∂y∗

»»»»»»»»y∗=0
1

2
ρU2

0

, (5)

where (∗) refers to dimensional units, and ⟨⟩ means averaged in streamwise (x) and spanwise

(z) directions. This equation can be rewritten in non-dimensional units as:

Cf =
2

Re

∂⟨u⟩

∂y

»»»»»»»»y=0
. (6)

To analyze the physics of the peak in the friction coefficient it is useful to analyze the contri-

bution of the turbulent shear stress, which is closely related to the near-wall vortical structures

(Kasagi et al., 1995). These vortical structures generate the sweep-ejection mechanism that

yields high-shear layer areas near the wall. This can be carried out employing the FIK identity

(Fukagata et al., 2002; Kasagi and Fukagata, 2006; Renard and Deck, 2016; Chen et al., 2021),

which can be derived from the streamwise component of the Reynolds averaged Navier-Stokes

equation:

∂⟨u⟩

∂t
= −

∂⟨p⟩

∂x
+

1

Re

∂
2
⟨u⟩

∂y2
−

∂⟨v
′
u
′
⟩

∂y
. (7)
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Integrating Eq. (7) over y one can obtain:

∫
1

0

∂⟨p⟩

∂x
∂y = −

Cf

2
. (8)

And using Eq. (8) into Eq. (7) and then applying the tripple integration ∫ 1

0
∫ y

0
∫ y

0
, the FIK

identity can be obtained for the temporal transitional channel flow:

Cf = 6
ub

Re
− 6∫

1

0

(1 − y)⟨v
′
u
′
⟩dy − 3∫

1

0

(1 − y)
2∂⟨u⟩

∂t
dy, (9)

where ub = ∫ 1

0
⟨u⟩dy is the bulk velocity. The first term of the right-hand side of Eq. (9)

is recognized as the contribution of the laminar regime to the friction coefficient, the second

one as the contribution of the Reynolds shear stress and finally, the third one, as the temporal

contribution.

In Fig. (3a) the time evolution of the friction coefficient (Cf ) and its different contributions

are shown. For the sake of verification, it is also plotted the sum of the three components of the

right-hand side of Eq. (9) (All).

The Cf has approximately a constant value until t ≈ 100, in this region the principal compo-

nent of the friction coefficient is the laminar component. Then it increases its value to reach a

peak at t ≈ 172 due to the contribution of the shear stress and temporal terms. In the turbulent

region (t > 210), the friction coefficient is approximately 0.0035, which is in good agreement

with the value reported in the literature (Schlatter et al., 2004; Zang et al., 1990).

The physics behind the peak of the friction coefficient can be analyzed with the analysis of

the Reynolds shear stress. At t ≈ 100, the Reynolds shear stress starts to increase its value

showing that the turbulence intensity increases rapidly. Then it peaks, upstream of the friction

coefficient peak and has an intensity greater than that corresponding to the fully developed

turbulent value in the time span of 150 ≲ t ≲ 210 indicating the presence of a large population

of streamwise vortices. The temporal term plays a key role, also in the physics of the peak, but

it does not play a significant role after the peak of the friction coefficient.
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(a) Components of the friction coefficient.
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Figure 3: a) Temporal evolution of the friction coefficient and its components according to the

FIK identity. Cf , Laminar, Reynols shear stress, Temporal, sum of the Cf terms

(All). b) Zoom of the Cf , where the fully developed value in the turbulent regime (Cf = 0.0035)

and some particular times downstream t ≈ 100 are indicated.

W.I. MACHACA ABREGU, E.A. DARI, F. TERUEL434

Copyright © 2022 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



3.2 Vortex structures

The behavior of the friction coefficient in the temporal laminar-turbulent transition channel

flow can be analyzed using the evolution of the vortex structures over time. For the sake of

brevity, the structures in the quasi-linear stage (streamwise perturbation or TS waves) and in

the late-stage (Λ vortices), t < 100, are not shown here (the interested reader can review the

following references (Sandham and Kleiser, 1992; Saiki et al., 1993; Schlatter et al., 2006)). In

Fig. (4) the vortex structures are shown at the times marked in Fig. (3b). These vortices are

visualized using the λ2 vortex visualization technique (Chakraborty et al., 2005; Sengupta et al.,

2019). Fig. (4a) show the hairpin vortices at both walls at t = 140 and for λ2 = −1. These

vortices are symmetric around the z = 1.5 plane and their legs are near the walls but the heads

(ring vortices) are far away from them (note the y = 0.5 plane colored in the Fig. (4)). At this

time the vortices are still located near the z = 1.5 plane and their intensity in magnitude is lower

than that found at later times. Additionally, the increase of the friction coefficient is moderate

respect to its laminar value. In Fig. (4b) (at time t = 150 and for λ2 = −4), the vortices are

still near z = 1.5, but the interaction between both walls is evident. Also, the population of the

streamwise vortices near the walls is higher than that found at t = 140. The friction coefficient

also increases more rapidly than before. At t = 160 (see Fig. (4c)), the vortex packet starts

to spread along z direction with the generation of more streamwise vortices near the walls.

Near the peak of the friction coefficient (t = 170), the vortex structures populate completely

the channel section. At t = 180 (see Fig. (4e)), there are remnants of the ring vortices which

still populate the centerline of the channel. At this instantaneous time, the friction coefficient

decreases rapidly from its peak. Finally, at t = 210, the streamwise vortex structures are located

near the wall and there are no coherent ring vortices in the bulk of the flow.

Using the description of the vortex structures near the peak of the friction coefficient, it

is found that the coherent hairpin vortices at t < 172 play a key role in the increase of the

friction coefficient because they yield streamwise vortices due to the sweep-ejection mechanism

increasing the Reynolds shear stress. At t > 172, the coherence of the ring vortex structure is

not sustained, then the streamwise vortices are not generated and the friction coefficient decays.
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(a) t = 140. (b) t = 150.

(c) t = 160. (d) t = 170.

(e) t = 180. (f) t = 210.

Figure 4: Vortex structures at different instantaneous times for t > 100.

3.3 Budget of the TKE

An important quantity to analyze the contribution of the vortical structures to the friction

coefficient is the turbulent dissipation (Vassilicos, 2015). For this reason, the budget of the

turbulent kinetic energy (TKE =
⟨u

′
u
′
⟩+⟨v

′
v
′
⟩+⟨w

′
w

′
⟩

2
) in the transitional region is analyzed. The
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budget of the TKE is shown in the following equation:

∂TKE

∂t
+ ⟨uj⟩

∂TKE

∂xj

= −⟨u
′

ju
′

i⟩
∂⟨ui⟩

∂xj

...(P )

−
1

2

∂⟨u
′

iu
′

iu
′

j⟩

∂xj

...(TD)

−⟨u
′

i

∂p
′

∂xi

⟩ ...(V − PGCorr.)

+
1

Re

∂
2
TKE

∂xj∂xj

...(V D)

−
1

Re
⟨
∂u

′

i

∂xj

∂u
′

i

∂xj

⟩ ...(Diss.)

(10)

where the components of the left-hand side of the Eq. (10) are the temporal and the convection

terms, respectively. The convection term, in the present case, is only ⟨v⟩∂TKE

∂y
because the flow

is homogeneous in x and z directions. As the wall-normal velocity, ⟨v⟩, is zero, the convection

term is not relevant. The terms of the right-hand side of the Eq. (10) are respectively: Production

(P ), Turbulent Diffusion (TD), Velocity-Pressure Gradient correlation (V −PGCorr.), Viscous

Diffusion (V D) and Dissipation (Diss.).

In Fig. (5) the six components of the TKE budget are shown in nondimensional units (aver-

aged in streamwise, spanwise and wall-normal directions). It can be seen that for t < 100, in the

scale of the figure all terms are approximately null, which is reflected in the constant value of the

friction coefficient. From t ≈ 100 to t ≈ 210, the dominant terms are the production, dissipation

and temporal terms, and the other terms are of lower order. First, it is noted that the production

term is greater than the dissipation term, which is a consequence of the transfer of the energy

from the mean flow to small scales due to the presence of the coherent ring vortices (see Fig.

(4)). When these vortices lose their coherence, the production of small scales decreases (Lu

and Liu, 2012). This mechanism is reflected in the production and dissipation terms, where for

t > 172, the dissipation term is greater, in magnitude, than the production term, showing that

energy is being dissipated due to the presence of small scales near the centerline (remanents

of ring vortices) and near walls as can be seen in Fig. (4e) at t = 180 (Vassilicos, 2015). For

t > 210, the remnants of ring vortices near the channel center are dissipated to give place to

the fully developed turbulent state. In this region both, production and dissipation terms, are

balanced, and the other components of the budget are approximately zero.
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4 SUMMARY AND CONCLUSIONS

Direct numerical simulation of the temporal laminar-turbulent K-type transition was carried

out to study the peak of the friction coefficient that is present in the super-late stage of the

transitional region. The configuration of the flow was a channel flow with periodic boundary

conditions in streamwise and spanwise directions. The simulation was carried out solving the

Navier-Stokes equations for incompressible flow using the Xcompact3d code. For the temporal

simulation, the initial condition was a Poiseuille laminar flow with a perturbation calculated

solving the Orr-Sommrfeld and Squire equation for the following parameters: A2d = 3%, A3d =

0.1%, α2d = α3d = 1.12, β = ±2.1 and Re = 5000. To validate the present results, the time

evolution of the friction Reynolds number and the shape factor was calculated and compared

with good agreement with the results of Zang et al. (1990) and Schlatter (2005).

The analysis of the evolution of the friction coefficient Cf was made using the FIK identity.

It was found that the Reynolds shear stress term plays a key role in the evolution of this quantity

in the transition region and in the turbulent one. This quantity has a greater value near the peak

of the friction coefficient than that corresponding to the fully developed turbulent regime. This

high value is explained considering the large population of vortices at t = 160, 170 and t = 180.

These coherent hairpin vortices generate streamwise vortices and an overproduction of TKE.

The behavior of the peak zone was also analyzed considering the analysis of the budget of

the TKE. The time evolution of the six terms of the budget was calculated, where the most

important terms were the production, dissipation and temporal terms. For t ≈ 100 to t ≈ 170,

the magnitude of the production term indicates an overproduction of TKE due to the presence

of coherent hairpin vortices. When these vortices lose their coherence, the production of small

scales decreases, which is reflected in the production and dissipation term near the peak of

the friction coefficient. For t > 172 the dissipation term was greater in magnitude than the

production term, indicating that the energy is dissipated due to the presence of small scales in the

channel domain but the generation of small scales due to the presence of the ring vortices near

W.I. MACHACA ABREGU, E.A. DARI, F. TERUEL438

Copyright © 2022 Asociación Argentina de Mecánica Computacional http://www.amcaonline.org.ar



the centerline has diminished. For t > 210, the production and dissipation terms are balanced

and we only found streamwise vortices near the channel walls, which is a characteristic of the

fully turbulent regime.
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