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Abstract. Residual stresses and plastic strains are produced by localized heating and cooling
during welding. These stresses can lead to distortion and under certain circumstances even the
premature failure of welded parts. Thus, residual stresses play an important role as far as the
quality and reliability of a welded construction are concerned.

Formation of distortions and residual stresses in weldments depend on many interrelated fac-
tors such as thermal and mechanical fields, phase transformations, material properties, struc-
tural boundary conditions, types of welding operation and welding conditions1,2

In the present work, the previous finite element model developed by the authors3 to study the
thermomechanical behavior of the solidifying metal in welding processes is validated using the
analytical solution of Weiner and Boley.4

Also a kinetics based model was integrated into the same multiphysics finite element program
to provide the time evolution of the microstructure.5 The material properties required for the
non-linear thermomechanical analysis are temperature and phase dependent, and this depen-
dency is accounted for by computing the microstructure evolution and using this information
to estimate the material properties. This is done by assigning temperature dependent material
properties to each phase and applying mixture rules to predict macro material properties.

Finally numerical results are presented to illustrate the evolution of the stress field in a
buttwelded joint.
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1 INTRODUCTION

Various interacting factors, including thermal, mechanical and metallurgical ones, are recog-
nized to be the cause of welding problems. In order to predict distortions, residual stresses and
mechanical properties of the welded joint, a coupled thermal-metallurgical-mechanical analy-
sis must be done. In a previous work3 we focused on the development of a reliable thermal
model with ability to track the evolution of the phase-change problem, validating it against an-
alytic formulations.6 In this paper we analyze the evolution of the material microstructure, the
strain field and the stress field during steel welding processes. A description of the metallurgi-
cal model used to compute thermophysical properties is detailed in section 2. In section 3 we
develop an improved 3D formulation to solve the thermal-mechanical problem. In section 4 we
compare the results obtained using this model with the semi-analytical solution of Weiner and
Boley,4 a validation benchmark widely used to test formulations for continuous casting simula-
tion.7,8 Finally, in section 6 we present numerical results of simulation of a butt weld, obtained
by using the proposed coupled thermo-metallurgical-mechanical model.

2 METALLURGICAL MATERIAL MODEL

Welding operations in steel involve solid state structural transformations. Austenite will form
during heating if the temperature becomes higher enough than Ac3 and it will decompose during
cooling below Ar3. Depending on cooling rate ferrite, pearlite, bainite and/or martensite will
be formed. These transformations generate thermal, metallurgical and mechanical phenomena
in the material, some of which are:

• changes in thermal properties of the material

• changes in mechanical properties of the material

• changes in isotropic specific volume between parent and product phases.

This makes the material properties dependent on temperature and temperature history.
The method we used in this work to account for the temperature dependency of the material

properties is to calculate microstructure evolution and assign temperature dependent material
properties to each phase. The phase properties are combined using a linear mixture rule to
obtain macro material properties.

2.1 Modelling Solid-State phase transformations in metals

In the present work only solid state transformations that occur during the cooling stage of weld-
ing processes are accounted for. We use data obtained from isothermal Temperature-Time-
Transformation (IT) curves to predict the evolution of transformations during continuous cool-
ing.

Austenite decomposition into ferrite, pearlite or bainite is driven mainly by diffusion of car-
bon atoms, and is therefore said to be a diffusive transformation. This case is described by an
isothermal Avrami-type9,10 evolution law (also known as Johnson-Mehl-Avrami-Kolmogorov
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or JMAK law). The use of this equation to calculate the fraction transformed during cooling is
related with the Scheil’s additivity rule,11 which states that the fraction which transforms at any
given temperature is a function only of the proportion of the metal already transformed and the
temperatureT .

The diffusionless transformation from austenite to martensite takes place at the highest cool-
ing rates and it is described by the Koistinen-Marburger formulae.

2.1.1 Diffusive kinetics

The kinetics of diffusion-controlled transformations was extended by Jones and Bhadeshia12

and followed by other authors (e.g. Reti et. al.13 ) to model austenite multi-phase decomposi-
tion.

For an isothermal transformation at temperatureT the volume fractionyi of the product
constituentk at timet is:

yk(t) = Yk(t) [1− exp (−Bkt
mk)] , (1)

(2)

whereBk, mk andYk are parameters that depend on the temperatureT ; andk (ferrite, pearlite,
bainite) are phase products involved in the reaction.

The coefficientsBi = Bi(T ) andmi = mi(T ) can be determined from isothermal transfor-
mation diagrams (IT-diagrams) providing the start and final transformation times for a giving
temperature. The parameterYi = Yi(T ) is the maximum volume fraction of the precipitating
phasei that follows an isothermal transformation at temperatureT and has to be determined
experimentally.

2.1.2 Martensite kinetics

During cooling, when the temperature reaches theMs temperature, austenite starts to transform
into martensite.

The martensitic volume fraction is usually described by the Koistinen-Marburger law:

ym = Ym

(
1− exp

(
−k̃(Ms − T )

))
, T < Ms, (3)

whereYm is the residual volume fraction of austenite atMs, and k̃ describes the martensitic
development as function of temperature (k̃ = 0.011 for steels).

2.1.3 The additivity-rule

We based our approach on the additivity rule, where cooling curve is divided into successive
isothermal steps.
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From the fractionyi
k transformed at the end of the time stepti, the new transformed fraction

at the end of this step (ti+1 = ti + ∆ti+1) is determined by

yi+1
k = Y i+1

k

(
1− exp

(
−Bi+1

k (t̂i + ∆ti+1)mi+1
k

))
, (4)

where parameters are evaluated atT i+1 and in whicht̂i is a fictitious time defined as:

t̂i =


−

ln
(
1− yi

k

Y i+1
k

)

Bi+1
k




1/mi+1
k

(5)

2.1.4 CCT-diagrams

As an example of the implemented formulation, we present here the calculation of a CCT di-
agram. Taking as input an isothermal transformation diagram (figure 1) that describes ferritic
and pearlitic transformations, and applying the multi-phase transformation model for different
constant cooling rates (Ṫ = constant) we obtain a continuous cooling transformation diagram
shown in figure 2. The same data is used later in the welding numerical example.
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Figure 1: IT-diagram

The computed phase fractions vs. time for multi-phase isothermal transformations are also
plotted on figure 3.
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Figure 3: Isothermal evolution of phase fractions of ferrite and pearlite at650◦C

2.2 Mixture Rules and Material Properties

The material properties are computed by assigning temperature dependent properties to each
phase. They are combined by using linear mixture rules to obtain macro materials properties.
The general formula for overall macro properties based on the properties for the differentk
phases is
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P̂ (T, t) =
∑

k

yk(T, t)p̂k(T ) (6)

whereyk = volume fraction of phasek; p̂k = material property for phasek; P̂ = macro
property.

The material properties computed by the mixture rule are heat capacity, heat conductivity,
Young modulus, yield limit, hardening modulus, thermal expansion coefficient and Poisson
ratio.

An instantaneous austenization model was assumed. Therefore no other solid-state phase
than austenite will exist above Ac3 temperature.

2.3 Algorithmic implementation

The present metallurgical model was coded in OOFELIEObject Oriented Finite Elements Led
by an Interactive Executor.14,15

EachElementclass in OOFELIE toolkit includes an instance of theStateclass, where state
variables are stored (e.g. temperatures, phase fractions, time, equivalent plastic strain, and in
general any historical value), and then passed as arguments to theMaterial class methods.

Following the Object Oriented Programming (OOP) philosophy, a newMetallurgicalMaterial
class was derived from the baseMaterial class (see figure 4). An instance of this class contains
all the information related to IT diagrams (TTT Diagram class) and provides methods to do
phase fractions computations (getPhaseFractions(state)). In turn, thisMetallurgicalMaterial
class has pointers to an already instantiatedSingleMetallurgicalMaterialobject, which contains
material data corresponding to parent and product phases. In this way, using polimorphism
and overloading the model can be used either with thermal or mechanical elements. Because
the information is fully encapsulated an Element can call safely the member functionget(state)
knowing that a suitable technique will be automatically used to calculate the desired property
using equation (6).

3 DESCRIPTION OF THE MECHANICAL PROBLEM

Due to the localized nature of the heat application during a thermal welding process, the
area surrounding the seam (usually known as heat affected zone, HAZ) is subjected to expan-
sion/contraction, microstructural transformations and melting/solidifying processes that lead to
plastic strains, which results in undesired residual stresses and permanent deformations.

Thermal strains and stresses in the solid phase will be treated in this section assuming a
transient condition for the thermal problem uncoupled from the mechanical variables. Iner-
tial effects are ignored in momentum balance equations, according to the assumption of null
velocity field within the solid.

After determining the temperature field and microstructural evolution, we make a stress anal-
ysis considering a nonlinear material behavior with parameters strongly dependent on tempera-
ture and microstructure.
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Element
- mater : Material*
- state : State* Material

+ get(state : )

MetallurgicalMaterial
+ get(state : )

SinglePhaseMetallurgicalMaterial
- MaterialData
+ get(state : )

TTT_Diagram
+ getPhaseFractions(state : )

State

Figure 4: Class diagram

It is recognized that finite element techniques with standard constitutive material modelling
yield good solutions in thermal stress analysis even when the solid is subjected to tempera-
tures near the solidification ones. However, there are particular aspects in the formulation for
melting/solidifying problems that need to be carefully considered.

For the mechanical simulation of this process we consider three different configurations for
every material point and its neighborhood (figure 5):

i) the reference configuration (B), in which the particle label is assigned;

ii) the (intermediate) natural configuration (B0) which corresponds to that state where the mate-
rial point solidified just below the zero strength temperature (ZST), and started to develop
mechanical strength;

iii) the current configuration (Bt).

Note that, since the solidification time instant is not the same one for all points in the domain
of analysis, each material point has its own (intermediate) natural configuration.

Defininguo as the displacement from the reference to the natural configuration,ut the dis-
placement from the reference to the current configuration andu the displacement from the
natural to the current configuration, we can write:

ut = u + uo (7)

Usually, when a finite element procedure is used, the mesh is defined in the reference configu-
ration (the set of points at timet = 0) as depicted schematically in figure 5-b.

Let us consider thatX andxo are coordinate systems in the reference and natural configura-
tions, respectively. As a consequence of the assumption of small deformations we introduced to
describe motion, and by assuming the existence of the intermediate deformation gradient in the
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Figure 5: Reference (B), natural (B0) and current (Bt) body configurations in the solidification problem

neighborhood of every point, we have:∇Xxo ≈ 1 The same assumption allows us to evaluate
the strainε = ∇sym

xo u, related to the motion from the natural to the final configurations, by the
following approximation:

ε = ∇sym
xo u ≈ ∇sym

X u (8)

By taking gradients in equation (7) and using the assumptions stated above, we can verify the
validity of the additive decomposition of strains:

εt = ε + εo (9)

whereεt = ∇sym
X ut is the strain tensor at the actual configuration (timet) with respect to the

reference configuration, andεo = ∇sym
X uo is the strain at the natural configuration with respect

to the reference one.
The mechanical strainεM is computed subtracting the thermal strainεT from the actual

strainε:
εM = ε− εT ; εT = β(T )1 (10)

with β(T ) being the thermal expansion function.
Stresses in the solid shell are directly related to the mechanical strains through the constitu-

tive material law.
To test the formulation we selected a standard elastoplastic model, based in the classicalJ2

theory with isotropic hardening16 and the von Mises yield criteria.
We remark that for a correct representation of the steel constitutive behavior in the zone of

interest, it is mandatory to account for the strong dependence of the material parameters on
temperature.
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Figure 6: Evolution of d.o.f.s and strains in solidification problems

3.1 Finite element implementation

The standard quasi-static boundary value problem in solid mechanics, stated in mixedu-p
form,17 consists in finding the displacement fieldu and the mean-stress fieldp that satisfy
the integral equations

∫

Ω

tr (σdev grad w) dV +

∫

Ω

p div w dV =

∫

Ω

ρb ·w dV +

∫

∂Ωσ

t̄ ·w dS, (11)
∫

Ω

[
tr (εM)− p

κ

]
q dV = 0, (12)

throughout the domainΩ, for all the admissible displacement and mean-stress weighting func-
tionsw andq, respectively.

Equation (11) is the weak form of the momentum balance equations, whereρb is the body-
force (per unit volume) and̄t is the traction prescribed over the portion∂Ωσ of the boundary
(displacement boundary conditions over the complementary portion∂Ωu are assumed to hold a
priori).

Appropriate mixed finite elements should be employed in order to deal with the numerical
difficulties eventually caused by the inelastically-incompressible behavior of metals. We refer to
the classical finite element literature17,18 for a detailed discussion of admissibleu- andp-shape
functions that guarantee the fulfillment of the Babuška-Brezzi stability conditions.
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The displacement and mean-stress trial functions are defined as follows:

u =
nu∑
i=1

NiU i = NU , (13)

p =

np∑
j=1

Np jPj = N pP , (14)

Ni being the displacement shape function associated to the displacement nodei = 1, 2, . . . , nu,
U i the nodal displacement,Np j the mean-stress shape function associated to the mean-stress
nodej = 1, 2, . . . , np, andPj the nodal mean stress.

After replacingu andp by their respective finite element approximations, and by adopting
the corresponding shape functions as weight functions (Galerkin formulation), it yields

R1 = F int − F ext = 0, (15)

R2 = KT
p U −M pP = 0, (16)

where

F int =

∫

Ω

BT σdev dV + KpP , (17)

F ext =

∫

Ω

NT ρb dV +

∫

∂Ωσ

NT t̄ dS, (18)

Kp =

∫

Ω

BT1N p dV, (19)

M p =

∫

Ω

1

κ
NT

p N p dV, (20)

(21)

In the above equations, symmetric second order tensors like the stress deviatorσdev and the
unit tensor1 are mapped into vectors as usually done in the finite element practice, andB is
the typical finite element matrix defining the the shape functions derivative.

We implemented this formulation using the C++ templates technique. Only one code was
written for all topologies, including linear and quadratic tetrahedron and hexahedron elements.
As pointed out by Lindgren,19,20hexahedral elements are superior to linear tetrahedral elements,
and also better than quadratic tetrahedron elements when plastic deformation occurs, and there-
fore we used hexahedral elements to do the tests.

The discrete equilibrium equations are solved by using a standard Newton-Raphson method.
The Jacobian matrix corresponds to that obtained from an equivalent purely Lagrangian elasto-
plastic quasi-static incremental problem (see for instance Simo et al.16).
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Remarks:

• The strainεo is computed the first time that all nodal temperatures of the considered el-
ement fall below the zero strength temperature (ZST), and is stored at the finite element
Gauss point as an additional tensorial internal variable. TheZero Strength Temperature
is defined as the minimum temperature amongst those at which strength is zero.21 Tem-
peratures corresponding to solid fraction values ranging from 0.65 to 0.80 are commonly
used for this parameter in the literature.22–24

• In this model, the solid phase domain changes with time. This fact introduces some
difficulties concerning the mesh definition for the FE analysis. The procedure we have
implemented consists in defining a mesh that describes the complete domain, including
the liquid and mushy zones. Nodes in the liquid and mushy zones are initially fixed. In
subsequent time steps, when the nodal temperatures fall below the ZST, nodal d.o.f.’s are
freed and the stiffness contribution of the solidified zone is taken into consideration (see
figure 6).

• The described numerical model does not predict the real displacement field inside the
solid phase, because the displacement field of the natural configuration is not recorded.
However, displacements in the natural configuration of the elements located on the solid
surface are known and equal to zero, so the real displacements of the solid surface are
correctly approximated.

• The technique of subtraction of the strain termεo from the total strainεt must be empha-
sized for its simplicity and accuracy. Stress computations based on total strain, without
subtraction of the initial strainεo, give completely unrealistic results, a fact that may be
verified by comparison with results obtained by using the semi-analytical formulation of
Weiner et al. We note also that this approach is less expensive than that used by other
authors based on recording flow strain for liquid elements.25

4 VALIDATION OF THE MECHANICAL MODEL

The thermal stress calculated by the finite element model developed in the present work has
been compared with the semi- analytical solution developed by Weiner and Boley4 for thermal
stresses during one-dimensional solidification of a semi-infinite elastic perfectly plastic body
after a sudden decrease in surface temperature.

The thermal problem they solved corresponds to the Neumann’s classical one, a phase change
1D problem with uniform initial temperatureTs (solidification temperature) and fixed tempera-
tureTw < Ts on one end, beingT o = Ts − Tw defined as the temperature drop.

They took an elastic-perfectly plastic material model for the mechanical problem, with a
constant Young modulusE and yield stressσy varying linearly with temperature:

σy(T ) = σo
y

Ts − T

T o
; T ≤ Ts (22)
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Figure 7: Finite element model for the 1-D numerical validation test).

whereσo
y is the yield stress at temperatureT o.

The Neumann’s solution introduces a characteristic lengthȳ = p
√

t, wheret denotes time
and the parameterp is given by:

p = 2
√

Ksγ ; Ks =
κ

ρCp

; γ ≈
√

T oCp

2L
(γ2 ¿ 1); (23)

The thermal diffusivityKs is the ratio of conductivityκ to densityρ and specific heatCp, while
L is the latent heat.

Weiner et al. introduced also the dimensionless quantities:

ŷ =
y

ȳ
; T̂ =

T − Ts

T o

σ̂ =
(1− ν)σ

αET o
; σ̂y =

(1− ν)σy

αET o
= −mT̂ ; m =

(1− ν)σo
y

αET o

whereα is the thermal expansion coefficient andν the Poisson ratio.

We have solved this problem in a prismatic domain using the finite element procedure de-
scribed in subsection 3, and imposing Extended Plane Strain (EPS) Conditions along transversal
directionsz andx, to be consistent with the original hypothesis proposed by Weiner et al.

The FE mesh consists in hexahedral elements, as shown in figure 7. The EPS conditions
(εx = constant εz = constant) are imposed via Lagrange multipliers, constraining all nodal
x- andz-displacements to be identical.

Figure 8 compares the semi-analytical results with the numerical ones. The curves plot the
non-dimensional stress componentσ̂xx(= σ̂zz) along the non-dimensional̂y-line (longitudinal
direction) form = 0.097 andγ = 0.465. The agreement of the numerical FE solution with the
semi-analytical one is evident from the figure.

It should be noted that this semi-analytical solution gives a maximum tensile (compressive)
stress which is constant in time. This behavior is due to the particular thermal boundary con-
ditions adopted (which correspond to a similarity solution) in the mentioned semi-analytical
study.

MECOM 2005 – VIII Congreso Argentino de Mecánica Computacional

926



γ = 0.465;m = 0.097

−0.1

−0.05

0

0.05

0 0.2 0.4 0.6 0.8 1

FEM

Exact

Figure 8: Stress distribution along theŷ-coordinate. Comparison of semi-analytical4 and numerical solutions.

5 THERMO-METALLURGICAL-MECHANICAL COUPLING SCHEME

The coupling is organized using a staggered scheme, where thermal, metallurgical and mechan-
ical resolution follow on from each other at each time step, as shown in figure 9.

Any material property in the heat balance equation is temperature dependent and is assumed
to be given by the mixture low described in§2.2 by equation (6) wherêP = ρ, Cp, κ. Special
treatment has been given to the latent heat associated to the austenite decomposition.

L =
∑

k

Lk(T )ẏk(T, t) (26)

whereLk is heat released during the transformation from austenite into the productk andẏk the
volume fraction derivative with respect to time.

6 NUMERICAL EXAMPLE

In this section, we analyze the strain-stress field in a butt welded joint between strips of 0.3%C
carbon steel.

Figure 10 gives a schematic diagram of the geometry and the finite element mesh. The x,y
and z directions represent the lengthL , width W and thicknessH of the strip.

In thermal and mechanical analysis the domain was discretized with linear tetrahedrons.
The mesh was refined in the HAZ, and was coarsened gradually farther along the longitudinal
direction.
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Figure 9: Thermo-metallurgical-mechanical coupling scheme

xy
z

q

t

Figure 10: Butt welded joint. Geometry and FEM mesh

The welding speed was assumed to be infinite. An external heat input is imposed in the edge
marked in the figure 10. Initial temperature was defined atTo = 373 K, and all faces were
defined as adiabatic boundaries, excepting that atx = L where the temperature was fixed to
Tw = 373 K.

The mechanical boundary conditions wereuz(0, y, 0) = 0, uy(0, 0, 0) = 0, ux(0, y, z) = 0,
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Figure 13: Butt welded joint. Equivalent plastic strain
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assuming a symmetry condition inx = 0.
Figure 11 shows the temperature distribution, obtained with the thermal model previously

developed and validated by the authors.3

Theσx stress field is plotted in figure 12. Even when geometry and material properties were
different, the distribution of tensile and compressive stresses compares well with several case
studies published in the literature.26

The equivalent plastic strain is shown in figure 13.

7 CONCLUDING REMARKS

A model for thermomechanical analysis welding processes have been presented and discussed.
The following conclusions are drawn from the study:

a) The model passed successfully the validations against the semi-analytical solutions of
Osizik (thermal analysis of phase-change problems) and Weiner et al. (thermomechanical
analysis of phase-change problems). This is a solid basement to continue the development
of a software with ability to simulate accurately complex welding processes.

b) The metallurgical material model implemented in the program is able to model the evo-
lution of thermal and mechanical properties associated with solid state phase transforma-
tions. This improves the accuracy of thermal and mechanical results, including the extent
of the HAZ, the residual stress field and the cracking susceptibility.

Future work will include the development of computational tools for simulation of complex
boundary conditions usually found in welding processes (like heat and mass transfer during the
displacement of welding torches or electrodes), and also the implementation of more sophisti-
cated non-linear mixture rules to determine material properties.
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