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Abstract. The interest in meshfree methods for solving boundary-value problems has
grown rapidly in recent years. A meshless method that has attracted much interest in
the community of computational mechanics is the h-p clouds method. For this kind
of applications it is fundamental to analyze the orders of approximation. In this this
paper we prove a Jackson type inequality for h-p cloud functions. This inequality set
up a general framework for the theoretical analysis of high order error estimates of the
h-p clouds method, with the same remarkable features of Finite Element theory.
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1 INTRODUCTION

In spite of the great success of the finite element method as effective numerical tool for
the solution of boundary-value problems in complex domains, there has been a growing
interest in meshless method over the last decade. The automatic generation of 3-D meshes
presents significant difficulties in the analysis of engineering systems and the development
of techniques which do not require the generation of a mesh is very appealing. In mesh-
less method h-p (spectral) types of approximations are built around a collection of nodes
sprinkled within the domain on which a boundary-value problem has been posed. Asso-
ciated with each node, there is an open set that forms the support for the approximation
basis functions built around the node. The boundary-value problem is then solved using
these h-p functions and a Galerkin method.

A meshless method which has very attrative features is the h-p clouds of C. A. Duarte
and J. T. Oden. The basic idea of the method is to multiply a partition of unity by
polynomials or other class of functions. The resulting functions, called h-p clouds, have
good properties, such as high regularity and compactness; and linear combinations of
these functions can represent polynomials of any degree. This property allows the im-
plementation of p and h-p adaptivity. For this kind of applications, it is fundamental to
analyze the orders of approximation in the context of Sobolev spaces. A partial result in
this direction was given in the seminal works of C. A. Duarte and J. T. Oden.*®

The aim of this paper is to give insight into smoe recent results in the theoretical
analysis of high order error estimates for the h-p clouds method. The results are proven
in details in C. Zuppa.t*1®

A key ingredient for error estimate in Sobolev spaces is polynomial approximation of
Sobolev functions. Here, we have used Verfiirth’s approach since it provides Jackson’s
type inequalities with better bounds. In convex domains for example, the bounds do not
depend on the eccentricity.

The paper is organized as follows. In Section 1 we present a fundamental concept in
this work: the m-modified h-p approximation operators. Section 2 deals with polynomial
approximation of functions in Sobolev spaces in star-shaped domains. In Section 3 we
analyze error estimates for h-p approximation operators modified with Verfiirth’s averaged
polynomials. Finally, applications to h-p cloud functions are discussed; in particular, we
derive error estimates for the approximate solutions of boundary-value problems.

We do not discuss here numerical results but it is worthwhile to mention that there is an
extensive literature in computational mechanics practitioners confirming the theoretical
error estimates (to begin with, see ,*7 for example).

2 H-P FORMULAS

Let  be an open bounded domain in R” and QV denote an arbitrarily chosen set of N
points x; € €2 referred to as nodes:

QN = {x1,29,..., 2N}, x; € Q
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Let Iy = {wi}i]\il denote a finite open covering of Q such that z; € w; , i = 1,..., N,
and let Sy = {W,}fil be a partition of unity subordinate to Zy That is, Sy is class of
functions with the following properties:

W; € C§(R™), s>0ors=+00

spt (W) = Wi

Wi (z) >0, z€uw;

SV W (x)=1, Vzrel.
In particular, for every = € Q, there is at least one W; such that Wj(z) > 0.

Remark 2.1 Here, we assume W; > 0 for simplicity, but this is not an essential require-
ment. With obvious modification, the general case could also be treated.

Assumption: In what follows, we shall not deal with questions related to the differen-
tiability of functions W;. For the sake of simplicity, from now on, we make the assumption
that W, e C5° (R"),i=1,...,N.

The sets w;, @ = 1,..., N are called clouds in meshless methods community (see® for
example).

Notation 2.2 The diameter of w;, d; := sup, ¢, {7 —yl||} and
"= et
will be key ingredients in error estimates. For future use, we set w; = w; N and

i={j:wNuw; #0}.

Let m be any integer > 0. For ¢ = 1, ..., N, P/" denotes the vector space of ¢-Taylor
polynomials at z;

Pl=1Q:Q)= Y a(r—w)

0<[y|<m

Definition 2.3 Let F be some space of functions. Given a linear operator
N
" F =[P (1)
i=1

the associated m-modified h-p approximation operator is the linear operator ST™ : F —

C>(Q) defined by

(2

ST™(u) := ZT;n(u) Wi, w€F and T™(u) = (T™(u);_y. .y -
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In this work, we are mainly interested in the case where (F,|| - ||#) is some Sobolev
space of functions over €. In this context, the problem is to estimate the approximation
error:

lu = ST™(u)]|F
In the general case, however, S7™ is not an approximation operator in the classical sense:

N
Example 2.4 F = [[ P™ and T™ = identity. In this case, ST™(F ) C C*®(Q) is the
i=1

space F ™ of h-p clouds functions of Duarte-Oden.>° If ST" is another m-modified
h-p approximation operator and u € (F,|| - ||7), the following inequality is meaningful:

inf [Ju—Ullr<|ju—S8T (u)|r.

UeFom

These are the kinds of application to h-p clouds functions that we will investigate in the
last section.

Section 4 is dedicated to our main example of m-modified h-p approximation operator.
There, the operator 7™ is built with the help of local averaged Taylor polynomials of
Sobolev functions.

3 POLYNOMIAL APPROXIMATION IN SOBOLEV SPACES

Given u € D'(2) and o € Njj we denote, as usual,

a i 8 Qn
Dau:( > < > u, loj=a1+..+a, al=al --ql

ks oy,

For p > 1 and m € Ny, we call W*(2) the Sobolev space which consists of all the
functions u € LP(§2) such that D*u € LP(Q2) for |a| < m. Given j € Ny, we define

1/p

ulip= [ S0l |

|al=j

therefore, the usual norm in W;"(€2) is defined by

m 1/p
||U||m,p: <Z|u|€p> :

=0

If p = 2, we denote as usual W3*(Q2) = H™(2). When explicit reference to the domain is
needed, we denote || @ ||mp = || |lomp and |u|;, = |uwlq, jp-
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Let U C R™ be an open set with diameter dy. In this section, we are interested in
sharp upper bounds on the constant c,, ; in the Jackson-type inequalities

sup  inf [u = Plip < Cpydi TV 0< 5 <m, (2)

uew () PEP™ |Ulmt1,p

when U is star-shaped w.r.t. at least a point in U. Here, P™ is the space of all polynomials
in n variables of degree at most m. The best estimates of ¢,, j, which are known to us, are
due to Verfiirth!® and Durén.® Here, we shall follow the Verfiirth’s program because his
bounds do not depend on eccentricity in case U is a convex set. Moreover, for non-convex
domains with a re-entrant corner, the bounds are uniform w.r.t. the exterior angle.

Let B C U be a set of positive measure |B|. For any integer m and p > 1, there exists
a projection operator Q3 of W)"(U) onto P, which has the following properties

DY(Qpu) = Q7 (D7), (3)

/B D (u— Qu)(y) dy = 0 (4)

for all u € W*(€2), all 0 < j < m, and all # € N* with |3]| = j. We denote by

1
w5 1) :=®/Bf(y)dy

the mean value of f w.r.t. B.
For any u € W;*(Q) we recursively define polynomials ¢, ..., ¢% in Py, by

m 1 (0% [0
qp(u) = Z 7t (D)
|a|=m
and for k=m,m—1,...,1,
- 1 (o7 [0
qp ' (u) == gh(u) + Y 2 Ta(D%u = g (),
|a|=k—1

we set

Bu = qp(u).
Definition 3.1 Givenu € W () and P, p u, the remainder term is R™u := u— Py, p u.

Definition 3.2 A set U is star-shaped w.r.t. a set B if, for all x € U, the closed convex
hull of {z} U B is a subset of U.
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The star-shaped condition is a key ingredient in polynomial approximation in Sobolev
spaces. In order to state Verfiirth’s results for non-convex but star-shaped domains, we
need to state some more definitions. For z € U, we define

X(2) = max|ly — || / min |ly — 2]

Now, assume that U is non-convex but star-shaped w.r.t. at least one point and let
Sy :={z € U : U is star-shaped w.r.t. z}. It is clear that there exists a point z,, € U
such that x(z,,) = min,es{x(2)}. Then, the number s is defined by

s = X(2m).
The main Verfiirth’s result in'? is:

Theorem 3.3 Let U be a domain star-shaped w.r.t. at least one point. For 1 < p < oo
and m € Ny, there exist constants c,, j, 0 < j < m, such that

|| u — QEU ulljp < Cmyj d;]nJrl_j |Ulmt1p, Yu€ W;TH(U)‘

When U is a convex domain, By = U and ¢y, ; = ¢ j(n,m), i.e., the bounds ¢, ; depend
only on n and m. In the non-convex case, By = B(zm, 0), 0 =dist(zy,0U), and ¢, j =
Cm,j(n,m, 52).

In order to apply this result we need the star shaped condition at least locally:
A0 For every i =1,..., N, w; is star-shaped w.r.t. at least a point y; € w;.

A trivial condition guarantying AO is:
Example 3.4 Q and w;, 1 =1, ..., N are conver sets.

A less trivial example is:

Example 3.5 If Q has a Lipschitz continuous boundary 09, and every w;, i = 1,..., N,
1s a convex set of diameter d;, it is a geometrical fact that there exists oo > 0 such that
(0, Iy) satisfies A0 if sup,_;  n{di} < 0q.

AOL  has a Lipschitz continuous boundary 0f2.

AQ is a key ingredient in our estimates. From now on, and without explicit mention,
we assume:

Condition AQ is satisfied.
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4 TAYLOR AVERAGED H-P FORMULAS

For eachi,i = 1,...N, we can choose a subset B; C w; where Verfiirth’s projection operator
applies (see theorem 3.3). We assume that B; = w; in case w; is a convex set.

Given an integer m > 0 and p > 1, we will define now an m-modified h-p approrimation
operator ST™ : W;”H(Q) — C*®(Q), using Verfiirth’s projection operators.

Let u € WH(Q). For i = 1,..., N, we set Q*u = QB u . Then,

ST™(u) =Y _ Q' uW;. (5)

Remark 4.1 Note that, even when u € W™ (Q) N C(Q), ST™(u)(x;) # u(w;). Then,

ST™(u) is not an interpolant of u.

We are interested in estimating the error v — S7™(u) in Sobolev norms. Several
constants are cornerstones in obtaining error estimates. We begin with:

A1 A measure of the overlap of clouds:

M= sup {#i},

i=1,....N

where #S denotes the number of elements in a finite set S.
Remark 4.2 Other authorst %11 yse the pointwise condition A1P:

M = sup{#(j : © € wj)}.
€2

However, A1 and A1P are different requirements. I could not obtain the results here
assuming A1P.

The following result will be useful in passing from local to global results.

Lemma 4.3 Assume condition A1 holds and let f,g € L*()) be two positive functions.

If
/f(x)dxﬁZ/g(:c)d:c, Viii,..,N

i€t o,
then
[ f@ds <2t [ g(ayas,
Q Q

where M is the constant in condition A1.
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We define now other crucial constants.
For every i, 1 = 1,...N we have a set of bounds ¢, ;(¢) given by theorem 3.3.

A2 For every 7,1 = 1,...N, we define
CM,,; == max {cn;(i)}.

0<j<m
We also need:

A3 Cpymi>0,1=1,..., N, are constants such that

B <m,Vj: jeEi.

Our first local error estimate is:
Theorem 4.4 Assume A1 and A2; and let p > 1,1 < m. Then,

|u—ST™(u) zup < Cong B 0 |zimirp,  Yu € WIHH(Q),
p

where
Cimi = M ?C(n,m) Cp i CVimi (#{a: o] = )7,
hi == max;5{d;}, and CV;,; = max;5{CM,,;}. In particular, there exists a constant
Cm,i - O(Om,O,ia ceey Cm,l,i)a
such that

= ST™(u) lz,0p < Con "

Gamilp,  Vu € WIHQ).
In deriving uniform error estimates, conditions A2 and A3 are changed to:
A2U CM,, > 0is a constant such that
CM,, = ZirllaxN{C’MW”}

A3U Cp,, > 01is a constant such that

C’Dm .
| DPWi | Sd\—él’ 1Bl <m,i=1,..,N.

Using A2U and A3U the following global result can be proved:
Theorem 4.5 Assume A1, A2U and A3U; and let p > 1,1 < m. Then
|u—ST™(W) |ip < Cog W™ sy, Vu:ue WHQ),

where
Coni = (#{a : |a] = 1)Y? M*PC(n,m) Cp y CM,, .
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5 APPLICATION TO H-P CLOUD FUNCTIONS

In h-p cloud methods (see,® for example) the vectorial space F™, which is defined by

N
Fr = {v: v=>_ P"W, Pimepf“,z':l,...,N},

i=1

is utilized to solve elliptic PDEs in a Galerkin scheme over a Sobolev space H™(2). If
u € H™(Q) is the exact solution of the boundary-value problem, by Céa’s lemma,®3
the error is estimated by an expression such as

C inf —V||m,2-
Jnf lu = vl
Since ST™(u) € F™, the results above can be applied in order to obtain error estimates
of the boundary-value problem.
The following Jackson-type inequalities follow from theorem 4.5 .

Corollary 5.1 Assume A1U and A2U; and let m be an integer > 0 and p > 1. Then,

. uUu—vy —
sup  inf @gcmylhmﬂ L'vo<i<m,
uew (o) VEF™ | U [mt1p

where

Cra = (#{a : || = INYPM*P(C(n, m)Cp m CM,,).

5.1 Essential boundary conditions

We assume that 0f2 is sufficiently smooth so that all the following arguments are valid.
Assume we want to use F™ in a Galerkin scheme to solve a boundary value problem with
homogeneous Dirichlet boundary condition on 92. A major difficulty is the imposition of
essential boundary conditions. Even if the approximating function satisfies the Kronecker-
delta condition, it is useful to take profit of the high order of the approximation in the same
way as in the p version of FEM. This goal can be achieved by computing an appropriate
H™'/2(99) projection operator.
Let Q) C QY be the set of nodes in the boundary. We reorder indexes so that

{1, N} ={1,.. MYU{M +1,.., N}

and Q) = {{1,..., M }.
For z;, € QY let n; be the normal vector of 9 at z;. We define the space of tangent
Taylor polynomials at x by

Py = {PeP": Dy, (P)=0}.
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Now, the space F5* C HY/2(09) is defined by

M
Fy={ve H'?(0Q) :v="> (Q;W;)|09% Q; € Py;,j=1,...M}.

j=1
If {v).}E_, is the natural basis of F3', we define the projection operator
po: H'(Q) — Fy

by the formula

polu) = kZL; (/@Q(mam o dS> o,

It is not difficult to show that the restriction pry : F™ — F3' is a surjective linear
operator and that we have a canonical decomposition

Fr=LoF

where F" = ker(prs).
The decomposition can be used to prove:

Claim 5.2 Assume A1U, A2U and 0X) is smooth. Let m be an integer > 0, then

lu—v|,

sup  inf < Copy K™ VO <1 <m,

wery (@) Y€ | U m

where

Crny = (#{a : |a] = IN)Y?*M C(n,m) Cpm CM,,.

We will not prove this claim in this work. A more detailed account of this approach is
the subject of a forthcoming paper. Our aim here was to hint a way to handle essential
boundary conditions satisfactorily. This scheme can be generalized to more general non
homogeneous Dirichlet normal boundary value conditions.!?

We assume this fact in the following subsection where we deal with another aspect of
the problem of estimating errors.

5.2 FError estimates

We demonstrate our principal result here in connection with a model problem involving
the following assumptions (see J. T. Oden'?):

e We consider a regularly elliptic boundary value problem

Au = [ inQ

Biju = giondQ 0<j<k-1,
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where A is a 2kth-order elliptic partial differential operator with smooth coefficients,
and {Bj}f;é is a normal system of boundary operators covering A. We consider a
non homogeneous Dirichlet problem.

e The data (f;g;) are such that a solution u* € H"(Q) exists, with > 2k. By (5.61)
of,'2 there exists a constant C' > 0 such that

k—1
|w|l, < C (H I llr—2e+ ) gjllaa,r—qj—1/2> : (6)

J=0

e Let B(u,v) be the bilinear form associated to this problem such that the variational
equivalent problem is to find u € H"(Q) N HF(2) such that

B(u,v) =1(v) Yve H Q).
B(u,v) is assumed to be a continuous, weakly coercive, bilinear form on H*(£2)
x H*(Q), [ is a linear functional on H*(2) generated by (f;g;), and
HS(Q) ={ve H*Q); Bjuv=g;en 99; 0 < j <k — 1}.
It is well known that we can reduce the problem above to an homogeneous Dirichlet

problem and still include the effects of non homogeneous boundary data. Conse-
quently, we assume homogeneous Dirichlet conditions.

e Next, we construct a Galerkin approximation U* of the problem, using the family
0 kE<m+1<2k. Let
e=u"—U"

the approximation error.
e Finally, we assume A1U and A2U.

By Céa’s lemma, there exists a constant C' > 0 such that
lelle <C inf |[u" =Ullx < Cllu" = pp(AT™ (")) |-
UeFy

Then, since || u* ||m1 < ||u* ||+, (5.2) gives
lelly < Cd™ = u |l,.

Finally, in view of (6)

k—1
lelly < Cdmt'F (H Fllmar + > ||9j||asz,r—qj—1/2> :

j=0
This is an example of the FEM error estimates that we could obtain using the estimates
proved in this work.

Remark 5.3 The result above is in fact a theorem once that the problem of essential

boundary conditions was handle and it is valid for natural boundary conditions.
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