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1 INTRODUCTION

A posteriori error analysis in problems related to fluid dynamics is a subject to the one lot of at-
tention has been paid in the last decades. For instance, for the advective-diffusive model we can
quote the works1–4 among others. Now, for the Stokes problem, the works by Verfürth5,6 and
Bank and Welfert7 laid the basic foundation for the mathematical analysis of practical methods
(see also8 for error estimators in the nonconforming case). More recently, in9,10 and11 a pos-
teriori error estimators rigorously bounding the discretization errors have been addressed. All
previous references deal with stable (in the sense of the discrete inf-sup condition12) discretiza-
tions for the Stokes problem. In13 an a posteriori error analysis of stabilized formulations for
the Stokes problem was performed.

In this work, we propose an a posteriori error estimator on the hierarchical type for a stabi-
lized discretization of the Stokes problem, with and without reaction. Our approach is based on
an idea from10 building an auxiliary problem, whose solution is equivalent with the norm of the
finite element error. Since this auxiliary problem is posed on an infinite dimensional setting, we
build a hierarchical estimation for the solution of this problem, which turns out to be equiva-
lent with this solution, and hence the resulting finite element approximation is equivalent to the
original finite element error.

An outline of the paper is as follows. The model problem is stated in Section 2. Next, in
Section 3 we propose the auxiliary problem (with the discrete residual as right hand side) and
prove a first equivalence result between the norm of the errorand the solution of the auxiliary
problem. As we told before, the auxiliary problem is posed onan infinite dimensional space,
and hence in Section 4 we define a hierarchical a posteriori error estimator to approximate it.
The development of this estimator needs a technical assumption on the local spaces to be used,
and hence in Section 5 we propose a concrete set of local spaces satisfying this technical (LBB)
condition. Finally, in Section 6 we give several numerical results confirming the theoretical
results and showing the good performance of our estimator.

2 THE MODEL PROBLEM

Let Ω ⊆ R
2 a bounded open set with polygonal boundaryΓ. We denote byHm(Ω) the usual

Sobolev space of orderm ≥ 0, with norm‖· ‖m,Ω and seminorm|· |m,Ω, respectively (with the
conventionH0(Ω) = L2(Ω) and|· |0,Ω = ‖· ‖0,Ω). Then, givenf ∈ L2(Ω)2, σ ≥ 0 andν ∈ R

+,
our generalized Stokes problem reads:Find (u, p) ∈ H1(Ω)2×L2

0(Ω) such that

(P )






L(u, p) := σu − ν∆u + ∇p = f in Ω,
div u = 0 in Ω,

u = 0 on Γ,

whereL2
0(Ω) := {q ∈ L2(Ω) : (q, 1)Ω = 0}, where(· , · )D stands for the inner product in

L2(D) (or in L2(D)2, L2(D)2×2, if necessary). Let thenH :=H1
0 (Ω)2 andQ :=L2

0(Ω) be the
functional spaces to be used. The weak formulation of problem (P) reads:Find (u, p) ∈ H×Q
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such that
a(u,v) + b(v, p) + b(u, q) = F (v, q) ∀ (v, q) ∈ H×Q, (1)

where

a(u,v) := σ (u,v)Ω + ν(∇u,∇v)Ω , (2)

b(v, q) := −(q, div v)Ω , (3)

F (v, q) := (f ,v)Ω .

In some places, we will writeaD(· , · ) to denote integration overD ⊆ R
2. Furthermore, let

c : Q×Q→ R be the symmetric bilinear form defined by:

c(p, q) :=
1

ν
(p, q)Ω.

Using bilinear formsa andc we define the following norms:

‖v‖a := a(v,v)1/2 ∀v ∈ H ,

‖q‖c := c(q, q)1/2 ∀q ∈ Q ,

and use them to define the following norm on the product spaceH×Q:

‖(v, q)‖ :=

{
‖v‖2

a + ‖q‖2
c

}1/2

∀(v, q) ∈ H×Q. (4)

Using the classical theory of Babuska-Brezzi (cf.14) we can state the following result.

Lemma 1 Weak problem (1) has a unique solution(u, p) ∈ H×Q.

3 THE AUXILIARY PROBLEM AND THE RESIDUAL EQUATION

We start by giving some notations that will be useful in the sequel. First, let{Th}h>0 be a
regular family of triangulations ofΩ and let us denote byEh the set of all sides ofTh with the
usual splittingEh = EΩ ∪ EΓ, whereEΩ stand for the sides lying on the interior ofΩ. Also, for
T ∈ Th, we denote byN (T ) the set of nodes ofT and byE(T ) the set of sides ofT . Also, for
F ∈ Eh we define the following neighborhood:

ωF :=
⋃

F∈E(T ′)

T ′.

Next, forT ∈ Th andF ∈ EΩ, lethT be the diameter ofT , hF := |F |.
In the rest of the paper we will use the notation

a � b⇐⇒ a ≤ K b,

a ≃ b⇐⇒ a � b andb � a,
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where the positive constantK is independent ofh, σ andν.
Finally, we introduce the following finite element spaces

Hh := {ϕ ∈ C(Ω)2 : ϕ|T ∈ P1(T )2, ∀T ∈ Th} ∩H
1
0 (Ω)2,

Qh := {ϕ ∈ C(Ω) : ϕ|T ∈ P1(T ), ∀T ∈ Th} ∩ L
2
0(Ω) ,

and present the stabilized finite element method to be considered in this paper (cf.15): Find
(uh, ph) ∈ Hh×Qh such that:

Aδ((uh, ph), (vh, qh)) = Fδ(vh, qh) ∀(vh, qh) ∈ Hh×Qh , (5)

where

Aδ((uh, ph), (vh, qh)) := a(uh,vh) + b(vh, ph) + b(uh, qh)

−
∑

T∈Th

δT (L(uh, ph),L(vh, qh))T ,

and
Fδ(vh, qh) := F (vh) −

∑

T∈Th

δT (f ,L(vh, qh))T .

If σ > 0, stabilization parameterδT is given by:

δT :=
h2

T

σ h2
T max{λT , 1} + 12 ν

, (6)

where

λT :=
12 ν

σ h2
T

.

If σ = 0, we recover the GLS method16 with δT = h2
T/24ν.

The starting point in the construction of our a posteriori error estimator is the following
auxiliary problem:Find (φ, ψ) such that:

a(φ,v) + c(ψ, q) = F (v, q) − a(uh,v) − b(v, ph) − b(uh, q) , (7)

for all (v, q) in H×Q, or, written in another way

a(φ,v) + c(ψ, q) = Rh(v, q) ∀(v, q) ∈ H×Q , (8)

whereRh : H×Q −→ R stands for the residual functional given by

Rh(v, q) :=F (v, q) − a(uh,v) − b(v, ph) − b(uh, q) .

This auxiliary problem is clearly uncoupled. Indeed, taking alternativelyv = 0 andq = 0 in
(8) we have

a(φ,v) = (f ,v)Ω − a(uh,v) − b(v, ph) =: R1
h(v) ∀v ∈ H , (9)

c(ψ, q) = −b(uh, q) ∀q ∈ Q. (10)
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Remark 2 From (10) we have
∫

Ω

(ν−1ψ − div uh) q dx = 0 ∀q ∈ Q ,

and hence, sinceν−1ψ − div uh ∈ Q, we can see that

ψ = ν div uh ,

from where we have an explicit solution forψ.

In order to give a more precise (and useful in the sequel) expression forR1
h, denoting

εh := ν∇uh − ph I (whereI stands for theR2×2 identity matrix), integration by parts leads
to

R1
h(v) =

∑

T∈Th

(RT ,v)T +
∑

F∈EΩ

(RF ,v)F , (11)

whereRT ∈ L2(T )2 andRF ∈ L2(F )2 are given by

RT := (f − L(uh, ph))|T ,

and
RF := −

[[
εh · n

]]
F
,

where
[[
v
]]

F
stands for the jump ofv acrossF .

We state now the following equivalence result.

Theorem 3 Lete andE be the errors in approximating the velocity and pressure, respectively,
i.e.

e := u − uh , E := p− ph .

Then, the following equivalence result holds

‖φ‖2
a + ν ‖div uh‖

2
0,Ω � ‖e‖2

a + ‖E‖2
c �

(
σ + ν

ν

)2 [
‖φ‖2

a + ν ‖div uh‖
2
0,Ω

]
,

where the equivalence constants are independent ofh, σ andν.

Proof. The proof follows from the properties of the bilinear formsa andc and the fact that
ψ = ν div uh. For details, see17 Sections 3 and 4.�

Based on this result in next section we will build an a posteriori error estimator forφ.
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4 THE HIERARCHICAL ERROR ESTIMATOR

Let W h be a finite element space such that

W h = Hh +
∑

T∈Th

Hb
T +

∑

F∈EΩ

Hb
F ,

whereHb
T ⊂ H1

0 (T )2 andHb
F ⊂ H1

0 (ωF )2 are finite dimensional spaces calledbubble sub-
spaces.

Using these notations we define ourhierarchical a posteriori error estimatorηH by

ηH =

{
∑

T∈Th

a(PT φ, PT φ) +
∑

F∈EΩ

a(PF φ, PF φ)

}1/2

, (12)

whereφ is the solution of (9) and, forS = T or S = F , PSφ is the solution of the local
problem:Find PSφ ∈ Hb

S such that

a(PSφ,vS) = R1
h(vS) ∀vS ∈ Hb

S .

Finally, we will suppose that the bubble subspaces satisfy the following inf–sup condition
(LBB): There existsβ > 0, independent ofh, σ andν, such that

sup
BT ∈H

b

T

(BT ,RT )T

aT (BT ,BT )1/2
≥ β θT‖RT‖0,T ∀T ∈ Th ,

sup
BF ∈H

b

F

(BF ,RF )F

aωF
(BF ,BF )1/2

≥ β θF‖RF‖0,F ∀F ∈ EΩ ,

whereθT andθF are the mesh dependent constans given by

θT :=

{
ν−1/2 hT , σ = 0 ,
σ−1/2 min{hT σ

1/2 ν−1/2, 1} , σ > 0 .

θF :=

{
ν−1/2 h

1/2
F , σ = 0 ,

ν−1/4 σ−1/4 min{hF σ
1/2 ν−1/2, 1}1/2 , σ > 0 .

Remark 4 In Section 5, we will give a concrete example of bubble functionspaces satisfying
(LBB).

Under the (LBB) assumption, and using some particular features of the stabilized finite ele-
ment method (5), we can state the following equivalence result, whose proof may be found in17

Theorem 11.
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Theorem 5 Letφ be the solution of (9). If (LBB) holds, then

a(φ,φ) ≃ η2
H ,

whereηH is given by (12) and the equivalence constants are independent ofh, σ andν.

Finally, from Theorems 3 and 5, we can state the following main result.

Theorem 6 Let(u, p), (uh, ph) andφ be the solutions of(1), (5) and(9), respectively. If (LBB)
holds, then the following equivalence holds

∑

T ∈Th

η̃2
H,T � ‖u − uh‖

2
a + ‖p− ph‖

2
c �

(
σ + ν

ν

)2 ∑

T ∈Th

η̃2
H,T ,

where

η̃H,T :=




a(PT φ, PT φ) +
1

2

∑

F ∈E(T )∩EΩ

a(PF φ, PF φ) + ν ‖div uh‖
2
0,T






1/2

.

5 BUBBLE FUNCTION SPACES SATISFYING (LBB) CONDITION

For each elementT ∈ Th we define theelement bubble functionbT by

bT := 27
∏

x∈N (T )

λx, (13)

whereλx denotes the barycentric coordinate associated to nodex. Following Verf̈urth1 let T̂ be
the standard reference element, of vertices(1, 0), (0, 1) and(0, 0). Given any numberα ∈ (0, 1]
denote byΦα : R

2 → R
2 the transformation which maps(x, y) onto(x, αy). Let

T̂α := Φα(T̂ ),

and denote bŷλ1,α, λ̂2,α andλ̂3,α its barycentric coordinates (see Figure 1).

(0, 0) (1, 0)

T̂

(0, 1)

(1, 0)

(0, α)

(0, 0)

T̂α

λ̂1,α

λ̂2,α

Φα(T̂ )

λ̂3,α

Figure 1: TriangleŝT andT̂α.
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Set

b bF ,α :=

{
4 λ̂3,αλ̂1,α on T̂α,

0 on T̂ \ T̂α,

whereF̂ := {(t, 0) ∈ R
2 : 0 ≤ t ≤ 1}. Let F ∈ EΩ and denote byT1, T2 two triangles which

haveF in common. Denote byGF,i, i = 1, 2, the orientation preserving affine transformation
which mapsT̂ ontoTi andF̂ ontoF (see Figure 2).

(0; 0)

(0; 1)

(1; 0)
T̂
F̂

T1F T2GF;2
GF;1

Figure 2: Affine transformationGF,i, i = 1, 2.

Set

bF,α :=

{
b bF ,α ◦G−1

F,i on Ti, i = 1, 2,

0 on Ω \ ωF .
(14)

Let Π̂ := {(x, 0) : x ∈ R} and letQ̂ : R
2 → Π̂ the orthogonal projection fromR2 to Π̂. We

introduce the lifting operator̂PF̂ : Pk(F̂ ) → Pk(T̂ ) by

P̂F̂ (ŝ) = ŝ ◦ Q̂.

Let Ti ⊆ ωF and letGF,i the affine transformation defined in Figure 2. We define the lifting
operatorPF,Ti

: Pk(F ) → Pk(Ti) by

PF,Ti
(s) = P̂F̂ (s ◦GF,i) ◦G

−1
F,i.

Using these notations, we can define a lifting operator

s ∈ Pk(F ) −→ PF (s) :=

{
PF,T1

(s) in T1 ,
PF,T2

(s) in T2 ,

and, fors = (s1, s2) ∈ Pk(F )2, we denote

P F (s) = (PF (s1), PF (s2)) .
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Finally, for allF ∈ EΩ let αF be the positive parameter given by

αF :=

{
min{ν1/2 σ−1/2 h−1

F , 1} , σ > 0 ,
1 , σ = 0 .

In order to satisfy (LBB) condition we need to impose the following condition onf :
(F) f is a piecewise polynomial function.

Next, we define the following bubble function spaces:

Hb
T := 〈{bT RT}〉 ∀T ∈ Th ,

Hb
F := 〈{bF,αF

P F (RF )}〉 ∀F ∈ EΩ ,

wherebT and bF,αF
are the bubble functions given by (13) and (14), respectively. It can be

proved (see17) that the subspacesHb
T andHb

F defined above satisfy the (LBB) condition.

6 NUMERICAL RESULTS

In this section we report some results obtained for the standard Stokes problem (i.e.σ = 0), and
the generalized one (σ 6= 0). In both cases we show the ability of an adaptive scheme, based on
our a posteriori error estimator, to generate adapted meshes and to improve the discrete solution
without using a highly refined uniform mesh.

6.1 The Stokes problem (σ = 0)

We present three sets of numerical experiments to validate our error estimator. From now on
d.o.f. will denote the degrees of freedom associated with a particular mesh.

6.1.1 An analytical solution

For this test case, the domain is taken as the squareΩ = (0, 1)×(0, 1), ν = 1, andf is set such
as the exact solution of our Stokes problem is given by

u1(x, y) = −256x2(x− 1)2y(y − 1)(2y − 1) ,

u2(x, y) = −u1(y, x) ,

p(x, y) = 150(x− 0.5)(y − 0.5) .

In order to test our a posteriori error estimator in Figure 3 we depict the error, in the norm
defined in (4), and estimator̃ηH ash → 0 using a sequence of uniformily refined meshes. We
can observe that both values are in good accordance, which isconfirmed in Table 1 where we
show the effectivity index

Ei :=
η̃H

‖(u − uh, p− ph)‖
,
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which remains bounded ash → 0. Finally, in order to study the sensitivity of effectivity index
asν → 0, we present in Table 2 the behavior ofη̃H and‖(u − uh, p − ph)‖ for a fixed mesh
and forν = 1, 10−1, . . . , 10−6. We observe that, as was predicted by Theorem 6, estimator
η̃H follows the same pattern of‖(u − uh, p − ph)‖, and hence, the effectivity index remains
bounded independently of the value ofν.

η
‖(u − uh, p − ph)‖

d.o.f

e
r
r
o
r

10000010000100010010

10

1

0.1

0.01

Figure 3: Exact error and the a posteriori error estimate.

d.o.f ‖(u − uh, p− ph)‖ η̃H Ei

39 6.641955 5.216376 0.785367
123 3.292848 2.873238 0.872569
435 1.671618 1.523188 0.911205
1635 0.838908 0.775193 0.924050
6339 0.419710 0.392412 0.934960
24963 0.209854 0.197351 0.940422
99075 0.104919 9.900770e-02 0.943655

Table 1: Exact error, a posteriori error estimator and effectivity index.
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ν ‖(u − uh, p− ph)‖ η̃H Ei

1 0.209854 0.197351 0.940422
1e-01 6.643132e-02 6.244997e-02 0.940068
1e-02 2.309899e-02 2.105384e-02 0.911461
1e-03 3.123896e-02 2.392909e-02 0.766001
1e-04 9.655438e-02 7.305909e-02 0.756662
1e-05 0.305260 0.227342 0.744750
1e-06 0.965315 0.645566 0.668762

Table 2: Sensibility of the estimator toν.

6.1.2 The lid-driven cavity problem

For this case we use the same domain as in previous section, wesetf = 0, and the boundary
conditionsu = 0 on [{0}×(0, 1)]∪ [(0, 1)×{0}]∪ [{1}×(0, 1)] andu = (1, 0)t on (0, 1)×{1}.
We show in Figure 4 the initial mesh and the adapted one obtained using our error estimate.
In Figure 5 we depict the discrete pressure field obtained using the initial and adapted meshes
where we note the improvement in the quality of the computed solution since the singular nature
of the pressure is better captured in the adapted mesh.

Figure 4: Initial and adapted meshes.
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Figure 5: The pressure in the initial and adapted meshes.

6.1.3 The backward facing step problem

This test case is posed on the backward facing step configuration. The step is located at(x, y) =
(2.5, 0), the entry of the channel is atx = 0 and the exit of the channel atx = 22. The channel
width is1 at entry and2 at exit. The boundary conditions are inflow parabolic profiles and free
outflow. We assumef = 0. In this case a singularity arises at the step from the re-entrant
corner. Hence we can expect the meshes to be locally refined around the corner. In Figure 6
we depict the initial mesh, and in Figure 7 we show a zoom of theadapted mesh where we
can observe the local behavior of the adapted mesh. Isovalues of the vertical component of the
velocity are depicted in Figure 8 for both meshes. We remark the improvement in the quality of
the discrete solution if we use the adapted mesh.

Figure 6: Initial mesh.
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Figure 7: A zoom, near the singularity, of the adapted mesh.

Figure 8: A zoom, near the singularity, of the normal velocity in the initial and the adapted meshes.

6.2 The generalized problem (σ 6= 0)

6.2.1 An analytical solution

For this test case we use the same analytical solution from Section 6.1.1. In Figures 9 and 10
we present the behavior, whenν = 1 andσ = 1, 106, of the true error and the error estimate
whenh goes to 0 using again a sequence of uniformily refined meshes.In Tables 3 and 4 we
show the same kind of information plus the effectivity index. Note that the exact error is quite
well approached by our a posteriori error estimate.
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η
‖(u − uh, p − ph)‖

d.o.f

e
r
r
o
r

10000010000100010010

10

1

0.1

0.01

Figure 9: Exact error and the a posteriori error estimate (ν = 1 andσ = 1).

d.o.f ‖(u − uh, p− ph)‖ η Ei

39 6.687539 5.263874 0.787116
123 3.298747 2.877562 0.872319
435 1.672377 1.523716 0.911107
1635 0.839004 0.775254 0.924016
6339 0.419722 0.392420 0.934951
24963 0.209856 0.197352 0.940419
99075 0.104919 9.900781e-02 0.943655

Table 3: Error, a posteriori error estimator and effectivity index (ν = 1 andσ = 1).
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η
‖(u − uh, p − ph)‖

d.o.f

e
r
r
o
r

10000010000100010010

1000

100

10

1

0.1

Figure 10: Exact error and the a posteriori error estimate (ν = 1 andσ = 10
6).

d.o.f ‖(u − uh, p− ph)‖ η Ei

39 821.888331 719.153888 0.875001
123 274.845840 238.693702 0.868463
435 78.294327 67.770544 0.865586
1635 20.622990 17.688430 0.857704
6339 5.2790531 4.381471 0.829972
24963 1.3445539 1.005010 0.747467
99075 0.3497008 0.212486 0.607624

Table 4: Error, a posteriori error estimator and effectivity index (ν = 1 andσ = 10
6).

6.2.2 The lid-driven cavity problem

Again, we consider the problem described in Section 6.1.2, but in this case we assumeν = 1
andσ = 106. In Figure 11 we depict the initial and final adapted meshes. We note that our a
posteriori error estimate is able to detect correctly the boundary layer of the solution. In Figure
12 we show a vertical cross section of the first component of the velocity field. This cross
section shows us the quality of the discrete solution computed using the adapted mesh. Note
that the boundary layer is clearly captured.

Rodolfo Araya, Gabriel Barrenechea,  Abner Poza

1225



Figure 11: Initial and final adapted meshes.
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Figure 12: A cross section of the tangential velocity atx =
1

2
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