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Abstract. La formulacién mixta del problema de Poisson clésico consiste en introducir un flujo como
nueva variable con condiciones de borde adecuadas, obteniendo un sistema de ecuaciones acopladas.
Usando identidades del cdlculo fraccionario, en este trabajo exploramos una formulacién mixta del prob-
lema de Poisson fraccionario y probamos que el problema estd bien planteado. Una discretizacion directa
del problema no parece posible, por lo que siguiendo ideas de Hughes y Masud introducimos una formu-
lacion estabilizada, que da lugar a un problema coercivo y bien planteado. La coercividad implica que
cualquier discretizacion por elementos finitos conforme sea estable. Por ltimo, obtenemos la conver-
gencia de estas discretizaciones y discutimos su implementacion.

Keywords: Fractional laplacian, mixed formulation, finite element method

Abstract. The mixed formulation of the classical Poisson problem consists in the introduction of a
flux as a new variable with adequate boundary conditions, resulting in a system of coupled equation sys-
tem. Using fractional calculus identities, in this work we explore a mixed formulation of the fractional
Poisson problem and prove the well-posedness of the problem. A direct discretization of this problem
seems out of reach, by following Hughes and Masud we are able to introduce a stabilized formulation
that results in a coercive and well-posed problem. The coercivity implies that any confirming finite el-
ement discretization is stable. Lastly, we prove the convergence of this discretization and discuss its
implementations.
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1 INTRODUCTION

In the last years, study of nonlocal operators has been an active area of research in different
branches of mathematics. Nonlocal models have been increasingly used in different areas of
science. Namely, machine learning (Rosasco et al. (2010), Lu et al. (2022), Wei et al. (2020)),
finance (Carr et al. (2002)), image processing (Buades et al. (2010), Gilboa and Osher (2007),
Lou et al. (2010)), magnetohydrodynamic (Schekochihin et al. (2008)), among others. In par-
ticular, the fractional Laplacian has been considered in many applications, including, for ex-
ample, diffusion-reaction problems Yamamoto (2012), quasi-geostrophic flows Constantin and
Wu (1999), transport in porous media De Pablo et al. (2012) and ultrasound Treeby and Cox
(2010).

Let 2 C R? be a bounded, Lipschitz domain. We propose to study a mixed formulation for
the fractional Poisson problem in {2, namely

{pAfu—f in Q,

1
u=0 inQ°:=R"\ Q. )

Above, s € (0,1), f € L*(Q), and (—A)* denotes the fractional Laplacian

(—Afwx%:CﬁLva/‘g@L:%Q@h v €RY, @

ra |z — y|dt2

where 92 ;

*sI'(s+ %)
7201 —s)
Note that (—A)? is an operator of order 2s. For the properties of this operator we refer to Acosta
and Borthagaray (2017), Di Nezza et al. (2012), Lischke et al. (2019) and Daoud and Laamri
(2022).

The fractional Laplacian can be regarded as a composition of certain weighted, nonlocal,
vector calculus operators. Namely, given w: R? — R, we define its fractional gradient of order
s, grad’w: R — RY,

grad’w(z) := p(d, s) /]Rd (wiz) —wly)) (x - y)dy 4)

lx —yltts Jz—y] 7

C(d,s) = 3)

and given ¥: R? — R we define its fractional divergence of order s, div° ¥ : R? — R,
(¥(2) ~¥(y) (x—y),

div'W(x) := u(d, s / : Y, &)
( ) ( ) Rd |l._y|d+s |x_y|
where (d+ b1
s (dtstl
_ 2
pld, s) = 7Td/21"‘(1;s)' (6)

These operators possess the following properties. In first place, we have (e.g. D’Elia et al.
(2021a))
(—A)°w = —divigrad’®w. (7

Additionally, we have an integration by parts formula (e.g. Comi and Stefani (2019)): given
w € CX(RY), ¥ € C*(RYRY),

/d grad’w - ¥ = — /d wdiviW. (8)
R R
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This formula can be extended to a broader class of functions (i.e. the spaces H*(£2) and 272(9)
defined below) via a density argument.
Some spaces we shall need are

H*(Q) = {w € H*(RY): supp w C 01}, )

furnished with the norm, cf. the Poincaré inequality (18),

[|w] Hs(Q) = |w Hs(R%), (10)

where H*(R?) is the well know fractional Sobolev space

H*(RY) := {w € L*(RY): |w

Hs(R9) < OO} (11)

and | - H (RY) is the Gagliardo semi-norm, cf. Di Nezza et al. (2012),

C(d, ) () — w(y)|? : .
|w|HS(Rd) = (T /Rd /Rd ’l’ — y’d+2s dx dy = H(—A)2wHLQ(Rd). (12)

We also define

H(div®; Q) := {¥ € L*(RY,RY): (div°®)|, € L*(Q)}, (13)

with the norm
) 1/2
1€l oy = (1€ ey + (v ) g [Faey) (14)

We will denote by LZ(€2) the space of functions in L2() that are extended by zero to Q.
A crucial property for our analysis is the following lemma. It follows from the Parseval
identity and an equivalent definition of grad® for smooth functions via a convolution with the

Riesz kernel
1 1

I (z)=—

Ca ’:E‘dfa’

€ (0,d), (15)

where
o
I'(3)

F(d%)

Co = D) (16)
This was shown in Shieh and Spector (2015).

Lemma 1 (Equivalence of seminorms). For a given s € (0, 1), we have the equivalence of
seminorms
|w

Hs(R4) >~ ngadstLz(Rd) (17)
forallw € H* ().

Finally, we have the following Poincaré inequality, see (Edmunds and Evans, 2022, Theorem
3.9).
w2 < Cplw|gsmey =~ Cpllgrad®w||2re), Yw € H¥(Q). (18)
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2 PROBLEM FORMULATION

The goal of this work is to consider a mixed formulation of the problem (1), which consists
in the introduction of the flux as a new variable. Therefore, we consider the following fractional
Darcy problem: find (p, @) € L*(Q2) x H(div®; ) such that

® +grad®p =0 inRY,
div’® = f in(, (19)
p=0 1inQ°.

Clearly, (p, ®) solves the problem above if and only if p solves (1) and & = —grad®p. We
remark that, due to the nonlocal nature of the problem, this definition needs to be imposed in
the whole space R? and not just in the domain 2.

Using the integration by parts formula (8), the weak formulation of (19) reads: find (p, ®) €
L2(Q) x H(div*; Q) such that, for all (¢, &) € L2() x H(div*; (),

/diI)-\I’— dpdivs\Il—i-/dqdivs‘I): dfq. (20)
R R R R

We emphasize that all but the first of the integrals above need to be effectively computed in €.
The problem above has a clear saddle-point structure. We introduce some more notation.
First, we define the forms

a: H(div’; Q) x H(div*;Q) - R, a(®, ) = / P U,
Rd
b: L*(Q) x H(div*; Q) - R, b(q, ¥) :/qdiVS\I', 21)
Q

F: L}(Q) = R, F(q):/gfq.

Finally, we introduce _
B: H(div®; Q) — L*(Q) (22)

by its Riesz representative,
(BY, q)12(0) = b(q, ®), V¥ € H(div*;Q), g € L*(). (23)

3 WELL-POSEDNESS

Notice that a 1s symmetric. By standard arguments in the analysis of mixed formulations, to
prove the well-posedness of (20) it suffices to show that

 the form a is coercive in ker B;
* the form b satisfies an inf-sup condition.

The fact that a is coercive in ker B follows straightforwardly upon observing that ker B =
{¥ e H(div*;Q): div*® = 0in Q}. This yields that, for every ¥ € ker B,

a(¥, ) = ||\IIH%2(1Rd) - H\IIH%J(divS;Q)' (24)
The inf-sup condition for b follows by the surjectivity of the div® operator.
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Lemma 2 (inf-sup condition). Let Q C R? be a bounded, Lipschitz domain. The map div®|q
such that div°*|qW® := (div°®)|q maps H(div*; Q) onto L*()). Consequently, b satisfies an
inf-sup condition: there exists 5 > 0 such that

inf  sup b(p, @) > 8. (25)

peL?(Q) ®cH(dive;Q) HpHLZ(Q) H(I)HH(divs;Q) o

As a corollary, we deduce the well-posedness of the fractional Darcy problem (Boffi et al.,
2013, Theorem 4.2.3).

Proposition 1 (well-posedness). Problem (20) has a unique solution (p, ®) € L2(Q)x H(div®; Q2),
and there hold )
[pllz2@) < (1 + Cp)lIfllz2(0)

/ 2 (26)
1@ (aive0) < 24/ 1+ C3l fllz2)-
4 STABILIZATION

Here, we address finite element approximations of (20). A direct discretization of such a
problem is out of reach, because the construction of H(div®)-conforming finite elements a-
la Raviart-Thomas seems unfeasible. Instead, here we follow Masud and Hughes (2002) and
pursue the use of a stabilized method.

To shorten the notation, we write

c: (Z?(Q) x H(divS;Q)> X (Z?(Q) x H(divS;Q)) SR,

L((p, ®), (¢, ®)) := a(®, ¥) - b(p, ¥) + b(q, ®), 7
so that we can rewrite (20) as: find (p, ®) € L2() x H(div®; ) such that
L((p. @), (¢, %)) = Flg), V(g ¥) € L*(Q) x H(div*; ). (28)
We introduce the stabilized form in V := H*(Q) x H(div®; Q2),
Lian: VXV — R,
Luunl (0. ®),(0.9) o= £ @), (0 9) + 5 [ (@4 grad) (-0 + grad’y).
With this, we consider the stabilized problem: find (p, ®) € V such that
Laan((p, @), (¢, ®)) = F(q) V(g,®¥) € V. (30)

We make two important remarks regarding the definition of Lap,. First, we have shrunk the
domain by replacing L?(2) by H*(12) so that the stabilization term is well-defined. Second, the
stabilization term above involves integration on the whole R?. Let us consider the following
norm in V,

1 . 1/2
a0l = |5 (leradalien + 1¥1e0) | 61)

Remark 1 (equivalence). A pair (p, ®) € V solves the problem (30) if and only if it solves (28).
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Lemma 3 (stability/coercivity). We have

Lar((0. @), (p, @) = [|(p. ®)|I* V(p,®) € V. (32)

Proof. Indeed, if (p, ®) € V then

1
Laan((p, @), (p, ®)) = [|®|72(5a) + 3 /d(<1> + grad®p) - (—® + grad’p)
R

1 1 .
= I e + 5 lgrad bl e

Lemma 4 (continuity). We have

Lsian((p; @), (¢, %)) < I (p, @)|l(g, ¥l V(p, ®), (¢, ¥) € V. (33)

Proof. Let (p,®),(q, ¥) € V. Using the integration by parts formula (8) we can rewrite the
stabilized form as

1 1 1
| Lstan ((p, @), (¢, ¥))| = —/ . U+ —/ grad®p - ¥ — —/ grad®q - ®
2 Rd 2 Rd 2 Rd (34)

1
+ 5 / grad’p - grad’q
d

R
therefore by the inequality (a + b)? < 2(a? 4 b*) we deduce

1 S S
[Latan((p, @), (g, )] < 5 (I @ll 2y + llgrad’pll o)) (1922 + llgrad®ql| 2 ee)

< [lIiCe, @)1l Ca, ©)I- (35)
0

As usual, the two lemmas above and the Lax-Milgram theorem give rise to the well posedness
of our problem.

Proposition 2 (well-posedness of stabilized formulation). Given f € L?*(S2), problem (30) has
a unique solution (p, ®) € V. Moreover, we have the stability estimate

ll(p, ®)|| < CpV2||fl2(0)- (36)

Sobolev regularity up to OS2 of u, the solution of (1), was established in Borthagaray and No-
chetto (2023); for f in the Besov space B;f+1/2(Q), the solution u lies in the space N~ H*/275(Q).
Note that the hypothesis on f is weaker than L? when s > 1/2;if f € L?(Q) and s < 1/2, we
have u € NasoH%75(1).

Moreover, we deduce a regularity estimate for the flux by means of the mapping properties
of grad®; if u € H"*(Q) then grad®u € H"(R% R?) := (H"(R%))%, cf. D’Elia et al. (2021b).

We summarize this discussion in the following proposition.
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Proposition 3 (Regularity of the solutions). Given f € L*(Q). Consider (p,®) € V the
solution of (30). We have

C

1
||p||ﬁs+%—s(9 + |(I)|H§ e Rd Rd) S —6|1 = 2S| ||f||L2(Q)7 fOVS > 57
C 1
HpHﬁ2s—e(Q) + [ @] e (ra;ray < ﬁ”f“p(g), fors < 2 (37)
1
1Pl 71 ‘o T |(I)|HTE (RY; Rd) < ||f||L2 Q) fors = 2

for any e < max{min{2s, ; + s}, 1}.

S FINITE ELEMENT DISCRETIZATION

By replacing £ with L., we have obtained a coercive formulation. Therefore, if we take
any conforming finite element space, we immediately obtain a stable discretization. For the
sake of this work, we shall consider continuous, piecewise linear discretizations.

Let us then begin by describing the discrete framework that we will use, we closely follow
section 4 of Borthagaray et al. (2019). Notice that we are approximating ®, which is not
compactly supported, and the form « in (21) and the stabilization term in (29) involve integration
in R%. In order to tackle this problem we will consider a ball By containing €2 and such that
H = d(Q, BY).

Let {74},-, be a family of simplicial triangulations of By which we will assume regular,
1.€., there exists a constant ¢ > 0 such that

h
sup sup L= c, (38)
h>0 T€T;, PT

where hy = diam(T') and pr is the diameter of the largest ball contained in 7. We also
assume that the set {T° € T, : T NQ # (} is a simplicial triangulation of . The nodes of
Ty, will be denoted by {z;}. On the triangulation 7}, we define V), as the functions (g, ¥},) €
Pi(Trn) x PX(Tn) C V such that g, vanishes on Q¢ and ¥, vanishes on BS. As usual, we
introduce the Lagrange nodal basis {;}, corresponding to the internal nodes {z;}. We denote
by B; the largest ball centered in z; and contained in supp(p;). We consider the following
discrete problem: find (p,, @) € V), such that

Letab((Pns ®r), (qn, ¥r)) = F(qn)  Y(qn, ¥r) € V. (39)

The coercive formulation and the fact that V;, C V imply the existence and uniqueness of
solutions to (39) and the Galerkin orthogonality.

Proposition 4 (best approximation). Let (p, ®) € V and (py,, ®1) € Vy, be the solutions to (30)
and (39), respectively. We have the following Galerkin orthogonality:

Lsab((p — pr, ® — ®1), (qn, ¥r)) =0 V(gn, ¥y) € V. (40)

Consequently, we obtain

I(p —pn, ® — @) < » mf |H( —qn, D — W) (41)

Copyright © 2024 Asociacion Argentina de Mecénica Computacional


http://www.amcaonline.org.ar

788 W. ANGULO, J.P. BORTHAGARAY, N. DE LEON

To get convergence estimates, we will need interpolation estimates. The usual Lagrange
interpolation does not seem a feasible option in our setting because of the low regularity of
our solutions and the lack of stability and approximation properties with respect to the corre-
sponding low-order fractional Sobolev spaces. Therefore, we will use the quasi-interpolation
operators II; and II; introduced in Chen and Nochetto (2000).

Definition 1 (quasi-interpolation operators). We define 11, : H*(Q) — Py(T;) and I, :

H(div*; Q) — PLT) as
1
g := Z <‘Bz‘ /B Q(x) dl’) Pis

ZiEQ

W= ) (’;i’/&\p(x)dx) ;.

z,€EBg

(42)

We refer to Chen and Nochetto (2000) and Borthagaray et al. (2019) for the properties of
this operator. For a regular family of triangulations, we have the following global interpolation
estimates,

llg — g Ao@) = C(d,c, t)htﬂHQHﬁt(Q)a
O — T, || 2,y mey < O(d, ¢, )R | ¥ gegapa),
for 0 < t < 2. The following lemma gives us a global interpolation estimate for the flux in R

For the sake of simplicity we assume that the origin is contained in {2 and that By is centered
in the origin.

(43)

Lemma 5 (Global interpolation estimates for the flux). Let (p, ®) € V be the solution to (30)
andt € (0,2). We have,

1@ — T1,®| 2, im0y < O(d, Q1) [P 1 (rapay,

_id_g (44)
H(ﬁ - Hh(I)HLZ(B%;Rd) < C(d7 8, Q) : ||pHL2(Q)'
Proof. The first inequality is (43).
For the complement of the ball, as 1T, ® By =0 and grad®p = ®, we have
@ — th)”L?(BfH;Rd) = ||‘I’||L2(B;I;Rd) = ngadspHLQ(B;{;Rd)-
Given x € B¢, by the definition of grad® and the Poincaré inequality (18), we deduce
2
s r—y
frad ) = (o) [ o)
Q [z —y| (45)
1
< Chuld, 3)2|Q|HPH%Q(Q)W'

Therefore, by the inequality d(z, Q) > |x| — diam(Q2) (recall that we are assuming 0 € 2) and
a change of variables to polar coordinates, we deduce the bound

1
d*p||22 ge may < Cpi(d, 5)? 22/—d
|lgra p||L2(BH,Rd)_ u(d, s) [pll7 Q) 5o d(z, Q)@ T 46)

< Culd,s)*H1742q| ||p||%2(9)-

Here we are using the fact that for sufficiently large ball By, its radius and H are comparable.
[
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As a corollary we obtain convergence rates for the numerical scheme.

Corollary 1 (Order of convergence). Let (p, ®) € V and (py, @) € Vy, be the solutions to
(30) and (39), respectively. We have the following order of convergence,

Chz|log bz | fllz2),  fors > 1L,
1
(0 — pr, @ — @)l < § Che|log hl2 ]| fllr2@), fors < 3, (47)
1
Chz|logh| ||f“L2(Q)7 for s = %

Proof. We assume s > 1, the other cases follow by the same argument.
By combining the best approximation property (cf. Proposition 4) with the interpolation
estimates (43) and the Lemma 5, we obtain

P = pn @ = @I < O (Wl + 1By + H ' ey ) . 48)

for t € (0,2). Now, by choosing t = s + 5 — ¢ and ¢ = |log k| ™" (such that h~= is constant for
h < 1), we can estimate the first term in the right hand side of (48) by means of the regularity
estimates (cf. Proposition 3);

W2l 0y < Chllog Al £ 2 v

The same argument with ¢ = 3 — ¢ and € = |log 1| ™" shows
W @[3 gamay < Ch|log hl[| f[172(0y- (50)

For the third term, the choice of H 17972 ~ h|log h| and the stability properties (cf. Proposi-
tion 2) yields
H™ 2 plfaq) < Chllog hl|| f[[72(a). (51)

O

ACKNOWLEDGEMENTS
The authors have been supported by program MATH-AmSud 23MATH-06.

REFERENCES

Acosta G. and Borthagaray J.P. A fractional laplace equation: regularity of solutions and finite
element approximations. SIAM Journal on Numerical Analysis, 55(2):472-495, 2017.

Boffi D., Brezzi E., and Fortin M. Mixed finite element methods and applications, volume 44 of
Springer Ser. Comput. Math. Berlin: Springer, 2013. ISBN 978-3-642-36518-8; 978-3-642-
36519-5. do1:10.1007/978-3-642-36519-5.

Borthagaray J.P. and Nochetto R.H. Besov regularity for the Dirichlet integral fractional
Laplacian in Lipschitz domains. J. Funct. Anal., 284(6):33, 2023. ISSN 0022-1236. doi:
10.1016/;.jfa.2022.109829. 1d/No 109829.

Borthagaray J.P., Nochetto R.H., and Salgado A.J. Weighted sobolev regularity and rate of
approximation of the obstacle problem for the integral fractional laplacian. 2019.

Buades A., Coll B., and Morel J.M. Image denoising methods. a new nonlocal principle. SIAM
review, 52(1):113-147, 2010.

Copyright © 2024 Asociacion Argentina de Mecénica Computacional


http://www.amcaonline.org.ar

790 W. ANGULO, J.P. BORTHAGARAY, N. DE LEON

Carr P., Geman H., Madan D., and Yor M. The fine structure of asset returns: An empirical
investigation. The Journal of Business, 75(2):305-332, 2002. ISSN 00219398, 15375374.
Chen Z. and Nochetto R.H. Residual type a posteriori error estimates for elliptic obstacle

problems. Numerische Mathematik, 84:527-548, 2000.

Comi G.E. and Stefani G. A distributional approach to fractional Sobolev spaces and fractional
variation: existence of blow-up. J. Funct. Anal., 277(10):3373-3435, 2019. ISSN 0022-1236.
doi:10.1016/j.jfa.2019.03.011.

Constantin P. and Wu J. Behavior of solutions of 2d quasi-geostrophic equations. SIAM journal
on mathematical analysis, 30(5):937-948, 1999.

Daoud M. and Laamri E.H. Fractional laplacians: A short survey. Discrete & Continuous
Dynamical Systems-S, 15(1):95-116, 2022.

De Pablo A., Quirds F.,, Rodriguez A., and Vazquez J.L.. A general fractional porous medium
equation. Communications on Pure and Applied Mathematics, 65(9):1242—-1284, 2012.

D’Elia M., Gulian M., Mengesha T., and Scott J.M. Connections between nonlocal operators:
from vector calculus identities to a fractional helmholtz decomposition. 2021a.

D’Elia M., Gulian M., Olson H., and Karniadakis G.E. Towards a unified theory of fractional
and nonlocal vector calculus. 2021b.

Di Nezza E., Palatucci G., and Valdinoci E. Hitchhiker’s guide to the fractional sobolev spaces.
Bulletin des sciences mathématiques, 136(5):521-573, 2012.

Edmunds D.E. and Evans W.D. Fractional Sobolev spaces and inequalities, volume 230. Cam-
bridge University Press, 2022.

Gilboa G. and Osher S. Nonlocal linear image regularization and supervised segmentation.
Multiscale Modeling & Simulation, 6(2):595-630, 2007.

Lischke A., Pang G., Gulian M., Song F., Glusa C., Zheng X., Mao Z., Cai W., Meerschaert
M.M., Ainsworth M., and Karniadakis G.E. What is the fractional laplacian? 2019.

Lou Y., Zhang X., Osher S., and Bertozzi A. Image recovery via nonlocal operators. Journal of
Scientific Computing, 42(2):185-197, 2010.

LuF., An Q., and Yu Y. Nonparametric learning of kernels in nonlocal operators. 2022.

Masud A. and Hughes T.J.R. A stabilized mixed finite element method for Darcy flow. Comput.
Methods Appl. Mech. Eng., 191(39-40):4341-4370, 2002. ISSN 0045-7825. doi:10.1016/
S0045-7825(02)00371-7.

Rosasco L., Belkin M., and Vito E.D. On learning with integral operators. Journal of Machine
Learning Research, 11(30):905-934, 2010.

Schekochihin A.A., Cowley S.C., and Yousef T.A. Mhd turbulence: Nonlocal, anisotropic,
nonuniversal? In IUTAM Symposium on Computational Physics and New Perspectives in
Turbulence: Proceedings of the IUTAM Symposium on Computational Physics and New Per-
spectives in Turbulence, Nagoya University, Nagoya, Japan, September, 11-14, 2006, pages
347-354. Springer, 2008.

Shieh T.T. and Spector D.E. On a new class of fractional partial differential equations. Adv.
Calc. Var., 8(4):321-336, 2015. ISSN 1864-8258. doi:10.1515/acv-2014-0009.

Treeby B.E. and Cox B.T. Modeling power law absorption and dispersion for acoustic prop-
agation using the fractional laplacian. The Journal of the Acoustical Society of America,
127(5):2741-2748, 2010.

Wei Y., Kang Y., Yin W.,, and Wang Y. Generalization of the gradient method with fractional
order gradient direction. Journal of the Franklin Institute, 357(4):2514-2532, 2020.

Yamamoto M. Asymptotic expansion of solutions to the dissipative equation with fractional
laplacian. SIAM Journal on Mathematical Analysis, 44(6):3786-3805, 2012.

Copyright © 2024 Asociacion Argentina de Mecanica Computacional


http://www.amcaonline.org.ar

	INTRODUCTION
	PROBLEM FORMULATION
	WELL-POSEDNESS
	STABILIZATION
	FINITE ELEMENT DISCRETIZATION

